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R eal Options Analysis provides a novel view of evaluating capital invest-
ment strategies by taking into consideration the strategic decision-making
process. The book provides a qualitative and quantitative description

of real options, the methods used in solving real options, why and when
they are used, and the applicability of these methods in decision-making. In
addition, multiple business cases and real-life scenarios are discussed. This
includes presenting and framing the problems, as well as introducing a step-
wise quantitative process developed by the author for solving these problems
using the different methodologies inherent in real options. Included are tech-
nical presentations of models and approaches used as well as their theoreti-
cal and mathematical justifications.

The book is divided into two parts. The first part looks at the qualitative
nature of real options, providing actual business cases and applications of real
options in the industry, as well as high-level explanations of how real options
provide much-needed insights in decision-making. The second part of the
book looks at the quantitative analysis, complete with worked-out examples
and mathematical formulae.

This book is targeted at both the uninitiated professional as well as those
verbose in real options applications. It is also applicable for use as a second-
year M.B.A.-level or introductory Ph.D.-level textbook. A comprehensive
CD-ROM is included in the book. The CD-ROM consists of Real Options
Analysis Toolkit software with 69 real options models, Crystal Ball® Monte
Carlo Simulation software, and a series of example options analysis spread-
sheets.

For those who are interested in further expanding their knowledge of
real options analysis and applying it to real-life corporate situations, a com-
panion book of business cases and supporting software by the same author
will be available by Wiley in early 2003. Please visit www.wileyfinance.com
for more information. The upcoming book focuses purely on real options
business problems and their step-by-step resolution. The problems are
solved both analytically and using the accompanying real options software.
The methodolgies employed include stochastic forecasting, discounted cash
flow analysis, Monte Carlo simulation, stochastic optimization, and real
options analysis (using binomial lattices, risk-neutral probability, market-
replicating approach, state-pricing, trinomials, and closed-form models).
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PARTone





CHAPTER 1: A NEW PARADIGM?

Introduction

This chapter looks at the issues of new decision-making challenges and pro-
vides an introduction to real options analysis as the solution to these new
challenges. The chapter briefly defines real options analysis and its many
forms, when it is used, who has used it in the past, and why it is used. Exam-
ples provided come from multiple industries, including oil and gas exploration
and production, pharmaceutical research and development, e-commerce val-
uation, IT infrastructure investment justification, prioritization of venture
capital investments, mergers and acquisitions, research and development,
Internet start-up valuation, structuring of venture capital contracts, timing
of investments, parallel portfolio development, profitability profiling, and
so forth. The chapter also profiles the types of options, defines real options
analysis, and introduces several sample business cases of how real options are
used as well as quotations of what the experts are saying. Finally, actual busi-
ness cases from industry are provided in the appendixes. These appendixes
are contributed by major corporations detailing the applications of real options
in their respective companies.

A Paradigm Shift

The new economy provides a challenge for the corporate decision-maker.
Corporate valuation may no longer depend on traditional fundamentals but
rather on future expectations. Investment strategies with high risks and uncer-
tainty or irreversible corporate decisions coupled with managerial flexibil-
ity provide the best candidates for real options. In this chapter, the reader
will find that real options analysis is indeed a new way of thinking rather
than simply the application of advanced analytical procedures.

Sample Business Cases Where Traditional Approaches Break Down

These sections introduce the issues, concerns, and problems of traditional
methods, issues that are addressed using a real options framework. The

3
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sections also introduce several business cases requiring the use of real options
analysis. These cases include IT investments in a new operating system, pri-
oritizing e-commerce strategies, pharmaceutical research and development,
oil and gas exploration, manufacturing contractual decisions, valuation of
different venture capital opportunities, capital structuring and valuation of
an Internet start-up firm, and selecting capital investment projects within
the context of a portfolio. In each of these cases, the reader delves into the
minds of people closest to the analysis and decision-making process, and
examines their thinking and analytical approach.

The Real Options Solution and Issues to Consider

These two sections detail the use of real options in terms of thinking strate-
gically, identifying strategic optionalities, valuing and prioritizing strategies,
optimizing and timing strategies, as well as the overall management of strate-
gies. In addition, they describe where real options value comes from and why
in certain cases the true value of a project may be less than its option value.

Industry Leaders Embracing Real Options

This section details actual corporate cases and Fortune 500 firms embrac-
ing this new valuation concept. Firms highlighted include General Motors,
HP-Compaq, Boeing, and AT&T. Included are consulting success stories of
how these firms have looked at business decisions through the lens of real
options. More industry cases are provided in the appendixes.

What the Experts Are Saying

This section details what the experts are saying in terms of the uses of real
options, including quotations from the Wall Street Journal, Business Week,
Harvard Business Review, CFO, and others. The upshot is that firms are fast
embracing this new hot valuation approach, which has the potential of being
the next new business breakthrough. It would seem apparent from the brief
excerpts that real options analysis is not simply a financial fad but the method-
ology is here to stay for the long-term. A more detailed listing and summary
of research articles, journal publications, and professional articles are pro-
vided at the end of the book, in Appendix 10A.

CHAPTER 2: TRADITIONAL VALUATION APPROACHES

Introduction

This chapter introduces the pitfalls of using only traditional discounted
cash flow analysis and how a real options process framework captures the

4 THEORY



strategic valuation a traditional approach cannot. A brief overview of tra-
ditional analyses includes the income approach, the market approach, and
the cost approach. In addition, the chapter focuses on the issues and concerns
regarding the discounted cash flow analysis. The chapter concludes with two
appendixes discussing the details of financial statement analysis and the cal-
culation of an appropriate discount rate.

The Traditional Views

Traditional analysis includes the income, cost, and market approaches,
which involve using forecast profit and loss statements, comparable multi-
ples, ratio analysis, common sizing, and so forth. The traditional approaches
view risk and return on investment in a very static view. However, not all
uncertainty is risk, and not all risk is bad. Real options view capital invest-
ments in terms of a dynamic approach and view upside risk as an ally that
can be capitalized on.

Practical Issues Using Traditional Valuation Methodologies

This section highlights the pitfalls of the three fundamental approaches:
income approach, cost approach, and market approach. These pitfalls include
the incorrect use of discount rates, risk-free rates, terminal value calculations,
and others.

CHAPTER 3: REAL OPTIONS ANALYSIS

Introduction

This chapter introduces the fundamental concepts of real options through
several simple examples showing why an options framework provides much
better insights than traditional valuation approaches do. In order to compare
the results from different approaches, a simplified example is presented, start-
ing with traditional analyses. The example continues with the application of
Monte Carlo simulation and ends with the use of real options analysis.

The Fundamental Essence of Real Options

This section starts with the example of how an analyst would perform a finan-
cial analysis for the purpose of project selection. It then shows the virtues
of using simulation to capture uncertainties rather than using simple single-
point estimates. The analysis is complicated further by using active and pas-
sive waiting strategies. Finally, this section demonstrates how real options
can be applied to more accurately assess a project’s value by better defining
the variables underlying a project and its potential value creation.
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The Basics of Real Options, and a Simplified Example 
of Real Options in Action

A simple example illustrates the power of real options through the execution
of an option to wait. The option to defer the execution of a second-phase
clinical trial until receiving updated news of market demand adds value to
a pharmaceutical research and development division’s project in general. The
example uses a simple discounted cash flow model to make the case.

Advanced Approaches to Real Options, and
Why Are Real Options Important?

These two sections show the importance of looking at decision-making
processes as a series of dynamic options and describe the types of generic op-
tions that exist in corporate investment strategies. In addition, several advanced
real options techniques are discussed briefly. Some of these techniques—
for example, the use of binomial lattices, Monte Carlo simulation, partial-
differential equations, and closed-form exotic options analysis—are also
discussed.

Comparing Traditional Approaches with Real Options

A protracted example is provided on a sample business case. The example
starts from a simple static discounted cash flow analysis and proceeds with
sensitivity analysis. Then an additional layer of sophistication is introduced,
with the application of Monte Carlo simulation. Finally, real options analy-
sis is applied to the problem. The results are then compared, starting with
a static discounted cash flow approach, to the simulation results, as well as
to the real options results.

CHAPTER 4: THE REAL OPTIONS PROCESS

Introduction, and Critical Steps in Performing Real Options Analysis

This chapter introduces the eight phases in a real options process frame-
work as developed by the author and used by Crystal Ball® Real Options
software—a new software product currently in development by Decisioneer-
ing, Inc. The first phase starts with the qualification of projects through
management screening, which weeds out the projects that management
wishes to evaluate. The second phase starts with the construction of a tra-
ditional discounted cash flow model under the base case condition. Next,
Monte Carlo simulation is applied, and the results are in turn inserted directly
into the real options analysis. This phase covers the identification of strate-
gic options that exist for a particular project under review. Based on the type
of problem framed, the relevant real options models are chosen and executed.

6 THEORY



Depending on the number of projects as well as management-set constraints,
portfolio optimization is performed. The efficient allocation of resources is
the outcome of this analysis. The next phase involves creating reports and
explaining to management the analytical results. This is a critical step in that
an analytical process is only as good as its expositional ease. Finally, the last
phase involves updating the analysis over time. Real options analysis adds
tremendous value to projects with uncertainty, but when uncertainty becomes
resolved through the passage of time, old assumptions and forecasts have
now become historical facts. Therefore, existing models must be updated to
reflect new facts and data. This continual improvement and monitoring is
vital in making clear, precise, and definitive decisions over time.

CHAPTER 5: REAL OPTIONS, FINANCIAL OPTIONS,
MONTE CARLO SIMULATION, AND OPTIMIZATION

Introduction

This chapter explains the differences between financial options and real
options by first describing the fundamentals of financial options theory. The
chapter then goes into the importance of Monte Carlo simulation for finan-
cial analysis and ends with the application of portfolio optimization and the
efficient allocation of resources. The chapter’s technical appendixes discuss
the specifics of financial options, Monte Carlo simulation, financial forecast-
ing, and portfolio optimization.

Real Options versus Financial Options

This section details the basics of financial options and how they relate to real
options. For instance, the underlying asset in most real options analysis is
non-tradable—that is, there usually exists no liquid market for the asset or
project in question. Nonetheless, there exist many similarities between the
two, and the underlying analytics of financial options may be applicable, with
a few exceptions and modifications.

Monte Carlo Simulation

How are simulation techniques important in real options analysis? This dis-
cussion explains how certain key variables are obtained through the use of
Monte Carlo simulation. An example depicts the error of means and why sim-
ulation should be used when uncertainty abounds. Further examples show
the different strategies that would have been executed otherwise without the
use of real options.
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A New Paradigm?

INTRODUCTION

This chapter attempts to demystify the concepts of real options. Specif-
ically, it attempts to answer several basic questions: what are real options,
how are companies using real options, what types of options exist, why

are real options important, who uses real options, where are real options most
appropriately used, and what are the experts saying about real options? The
chapter starts by reviewing the basic concepts of real options as a new para-
digm shift in the way of thinking about and evaluating projects. The chapter
reviews several business cases in different industries and situations involving
pharmaceutical, oil and gas, manufacturing, IT infrastructure, venture cap-
ital, Internet start-ups, and e-business initiatives. The chapter then concludes
with some industry “war stories” on using real options as well as a summary
of what the experts are saying in journal publications and the popular press.

A PARADIGM SHIFT

In the past, corporate investment decisions were cut-and-dried. Buy a new
machine that is more efficient, make more products costing a certain amount,
and if the benefits outweigh the costs, execute the investment. Hire a larger
pool of sales associates, expand the current geographical area, and if the mar-
ginal increase in forecast sales revenues exceeds the additional salary and
implementation costs, start hiring. Need a new manufacturing plant? Show
that the construction costs can be recouped quickly and easily by the increase
in revenues it will generate through new and improved products, and the
initiative is approved.

However, real-life business conditions are a lot more complicated. Your
firm decides to go with an e-commerce strategy, but multiple strategic paths
exist. Which path do you choose? What are the options that you have? If you
choose the wrong path, how do you get back on the right track? How do you
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value and prioritize the paths that exist? You are a venture capital firm with
multiple business plans to consider. How do you value a start-up firm with no
proven track record? How do you structure a mutually beneficial investment
deal? What is the optimal timing to a second or third round of financing?

Real options are useful not only in valuing a firm through its strategic
business options but also as a strategic business tool in capital investment
decisions. For instance, should a firm invest millions in a new e-commerce
initiative? How does a firm choose among several seemingly cashless, costly,
and unprofitable information technology infrastructure projects? Should a
firm indulge its billions in a risky research and development initiative? The
consequences of a wrong decision can be disastrous or even terminal for cer-
tain firms. In a traditional discounted cash flow model, these questions can-
not be answered with any certainty. In fact, some of the answers generated
through the use of the traditional discounted cash flow model are flawed
because the model assumes a static, one-time decision-making process while
the real options approach takes into consideration the strategic managerial
options certain projects create under uncertainty and management’s flexibil-
ity in exercising or abandoning these options at different points in time, when
the level of uncertainty has decreased or has become known over time.

The real options approach incorporates a learning model such that man-
agement makes better and more informed strategic decisions when some
levels of uncertainty are resolved through the passage of time. The discounted
cash flow analysis assumes a static investment decision, and assumes that strate-
gic decisions are made initially with no recourse to choose other pathways
or options in the future. To create a good analogy of real options, visualize
it as a strategic road map of long and winding roads with multiple perilous
turns and forks along the way. Imagine the intrinsic and extrinsic value of hav-
ing such a strategic road map when navigating through unfamiliar territory,
as well as having road signs at every turn to guide you in making the best and
most informed driving decisions. This is the essence of real options.

The answer to evaluating such projects lies in real options analysis, which
can be used in a variety of settings, including pharmaceutical drug develop-
ment, oil and gas exploration and production, manufacturing, e-business,
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start-up valuation, venture capital investment, IT infrastructure, research and
development, mergers and acquisitions, e-commerce and e-business, intellec-
tual capital development, technology development, facility expansion, busi-
ness project prioritization, enterprise-wide risk management, business unit
capital budgeting, licenses, contracts, intangible asset valuation, and the like.
The following section illustrates some business cases and how real options
can assist in identifying and capturing additional strategic value for a firm.

EXPANSION AND COMPOUND OPTIONS:
THE CASE OF THE OPERATING SYSTEM

You are the Chief Technology Officer of a large multinational corporation,
and you know that your firm’s operating systems are antiquated and require
an upgrade, say to the new Microsoft Windows XP series. You arrange a
meeting with the CEO, letting him in on the situation. The CEO quips back
immediately, saying that he’ll support your initiative if you can prove to him
that the monetary benefits outweigh the costs of implementation—a simple
and logical request. You immediately arrange for a demonstration of the new
operating system, and the highly technical experts from Microsoft provide
you and your boss a marvelous presentation of the system’s capabilities and
value-added enhancements that took in excess of a few billion dollars and sev-
eral years to develop. The system even fixes itself in times of dire circum-
stances and is overall more reliable and stable than its predecessors. You get
more excited by the minute and have made up your mind to get the much-
needed product upgrade. There is still one hurdle, the financial hurdle, to
prove not only that the new system provides a better operating environment
but also that the plan of action is financially sound. Granted, the more effi-
cient and sophisticated system will make your boss’s secretary a much hap-
pier person and hence more productive. Then again, so will an extra week’s
worth of vacation and a bigger bonus check, both of which are a lot cheaper
and easier to implement. The new system will not help your sales force sell
more products and generate higher revenues because the firm looks state-
of-the-art only if a customer questions what version of Windows operating
system you are using—hardly an issue that will arise during a sales call. Then
again, when has using the latest software ever assisted in closing a deal, espe-
cially when you are a contract global-freight and logistics solutions provider?

You lose sleep over the next few days pondering the issue, and you finally
decide to assemble a task force made up of some of your top IT personnel.
The six of you sit in a room considering the same issues and trying to brain-
storm a few really good arguments. You link up the value-added propositions
provided in the Microsoft technician’s presentation and come up with a series
of potential cost reduction drivers. Principally, the self-preservation and self-
fixing functionality will mean less technical assistance and help-desk calls,
freeing up resources and perhaps leading to the need for fewer IT people on
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staff. Your mind races through some quick figures, you feel your heart pound-
ing faster, and you see a light at the end of the tunnel. Finally you will have
your long-awaited operating system, and all your headaches will go away.
Wait—not only does it reduce the help-desk time, but also it increases effi-
ciency because employees will no longer have to call or hold for technical
assistance.

Your team spends the next few days scouring through mountains of data
on help-desk calls and issues—thank God for good record-keeping and rela-
tional databases. Looking for issues that could potentially become obsolete
with the new system, you find that at least 20 percent of your help-desk calls
could be eliminated by having the new system in place because it is more
stable, is capable of self-fixing these critical issues, can troubleshoot inter-
nal hardware conflicts, and so forth. Besides, doesn’t employee morale
count? Satisfied with your analysis, you approach the CEO and show him
your findings.

Impressed with your charts and analytical rigor in such a short time
frame, he asks several quick questions and points out several key issues. The
cost reduction in technical assistance is irrelevant because you need these
people to install and configure the new system. The start-up cost and learning
curve might be steep, and employees may initially have a tough time adjust-
ing to the new operating environment—help-desk calls may actually increase
in the near future, albeit slowing down in time. But the firm’s mission has
always been to cultivate its employees and not to fire them needlessly. Besides,
there are five people on staff at the help desk, and a 20 percent reduction
means one less full-time employee out of 5,000 in the entire firm—hardly a
cost reduction strategy! As for the boss’s secretary’s productivity, you noticed
two first-class air tickets to Maui on his desk, and you’re pretty sure one of
them is for her. Your mind races with alternate possibilities—including tak-
ing a trip to Hawaii with a high-powered digital-zoom camera but deciding
against it on your way out. He notices your wandering eyes and tries to
change the subject. You still have not sufficiently persuaded your boss on
getting the new operating system, and you are up a tree and out on a limb.
Thoughts of going shopping for a camera haunt you for the rest of the day.

Sound familiar? Firms wrestle with similar decisions daily, and vendors
wrestling with how to make their products more marketable have to first
address this financial and strategic issue. Imagine you’re the sales director for
Microsoft, or any software and hardware vendor for that matter. How do
you close a sale like this?

Performing a series of simple traditional analyses using a discounted cash
flow methodology or economic justification based on traditional analyses will
fail miserably, as we have seen above. The quantifiable financial benefits do
not exceed the high implementation costs. How do you justify and correctly
value such seemingly cashless and cash-flow draining projects? The answer
lies in real options. Instead of being myopic and focusing on current savings,
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the implementation of large-scale servers or operating systems will generate
future strategic options for the firm. That is, having the servers and system
in place provides you a springboard to a second-, third-, or fourth-phase IT
implementation. That is, having a powerful connected system gives you the
technical feasibility to pursue online collaboration, global data access, video-
conferencing, digital signatures, encryption security, remote installations, doc-
ument recovery, and the like, which would be impossible to do without it.

A New Paradigm? 13

An expansion option provides management the right and ability to expand
into different markets, products and strategies or to expand its current
operations under the right conditions. A chooser option implies that man-
agement has the flexibility to choose among several strategies, including
the option to expand, abandon, switch, contract, and so forth. A sequen-
tial compound option means that the execution and value of future strate-
gic options depend on previous options in sequence of execution.

Hence, the value of upgrading to a new system provides the firm an expan-
sion option, which is the right and ability, but not the obligation, to invest
and pursue some of these value-added technologies. Some of these tech-
nologies such as security enhancements and global data access can be highly
valuable to your global freight company’s supply chain management. You may
further delineate certain features into groups of options to execute at the
same time—that is, create a series of compound options where the success
of one group of initiatives depends on the success of another in sequence.

A compound option means that the execution and value of a strategic
option depend on another strategic option.

Notice that using an extrapolation of the traditional analytic approaches
would be inappropriate here because all these implementation possibilities
are simply options that a senior manager has, and not guaranteed execution
by any means. When you view the whole strategic picture, value is created
and identified where there wasn’t any before, thereby making you able to
clearly justify financially your plans for the upgrade. You would be well on
your way to getting your new operating system installed.

EXPANSION OPTIONS:
THE CASE OF THE E-BUSINESS INITIATIVE

The e-business boom has been upon us for a few years now, and finally the
investment bank you work for has decided to join the Internet age. You get



a decree from the powers that be to come up with a solid e-commerce ini-
tiative. The CEO calls you into his office and spends an hour expounding on
the wisdom of bringing the firm closer to the electronic Web. After hours of
meetings, you are tasked with performing a feasibility analysis, choosing the
right strategy, and valuing the wisdom of going e-commerce. Well, it sounds
simple enough, or so you think.

The next two weeks are spent with boardroom meetings, conference calls
with e-commerce consulting firms, and bottles of Alka Seltzer. Being a newly
endowed expert on the e-business strategies after spending two weeks in Tahiti
on a supposedly world-renowned e-commerce crash course, you realize you
really still know nothing. One thing is for certain: the Internet has revolu-
tionized the way businesses are run. The traditional Sun Tzu business envi-
ronment of “know thy enemy and know thyself and in a hundred battles
you will be victorious” hadn’t met the Internet. The competitive playing field
has been leveled, and your immediate competitors are no longer the biggest
threat. The biggest threat is globalization, when new competitors halfway
around the world crawl out of the woodwork and take half of your market-
share just because they have a fancy Web site capable of attracting, diverting,
and retaining Web traffic, and capable of taking orders around the world, and
you don’t. Perhaps the CEO’s right; it’s a do-or-die scenario. When a 12-year-
old girl can transform her parents’ fledgling trinket store into an overnight
success by going to the Internet, technology seems to be the biggest foe of
all. You either ride the technological wave or are swept under.

Convinced of the necessity of e-commerce and the strong desire to keep
your job, you come up with a strategic game plan. You look at the e-commerce
options you have and try to ascertain the correct path to traverse, knowing
very well that if you pick the wrong one, it may be ultimately disastrous, for
you and your firm, in that particular order. In between updating your cur-
riculum vitae, you decide to spend some time pondering the issues. You real-
ize that there are a large number of options in going e-commerce, and you
have decided on several potential pathways to consider as they are most
appropriate to the firm’s core business.

Do we simply create a static Web site with nice graphics, text explaining
what we do, and perhaps a nice little map showing where we are located and
the hours of availability, and get fired? Do we perhaps go a little further and
provide traditional banking services on the Web? Perhaps a way for our cus-
tomers to access their accounts, pay bills, trade stocks, apply for loans, and
perhaps get some free stock advice or free giveaways and pop-up ads to divert
traffic on the Web? Perhaps we can take it to the extreme and use state-of-the-
art technology to enable items like digital television access, live continuous
streaming technology, equity trading on personal digital assistants and cellu-
lar phones, interaction with and direct access to floor specialists and traders
on the New York Stock Exchange for the larger clients, and all the while
using servers in Enron-like offshore tax havens. The potentials are endless.
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You suddenly feel queasy, and the inkling of impending doom. What
about competition? Ameritrade and a dozen other online trading firms cur-
rently exist. Most major banks are already on the Web, and they provide
the same services. What makes us so special? Then again, if we do not fol-
low the other players, we may be left out in the cold. Perhaps there are some
ways to differentiate our services. Perhaps some sort of geographical expan-
sion; after all, the Internet is global, so why shouldn’t we be? What about
market penetration effects and strategies, country risk analysis, legislative and
regulatory risks? What if the strategy is unsuccessful? What will happen
then? Competitive effects are unpredictable. The threats of new entrants
and low barriers to entry may elicit even more competitors than you cur-
rently have. Is the firm ready to play in the big leagues and fight with the
virtual offshore banking services? Globalization—what an ugly word it is
right about now. What about new technology: Do we keep spending every
time something new comes out? What about market share, market penetra-
tion, positioning, and being first to market with a new and exciting product?
What about future growth opportunities, e-traffic management, and portal
security? The lists go on and on. Perhaps you should take a middle ground,
striking an alliance with established investment banking firms with the appli-
cable IT infrastructure already in place. Why build when you can buy? You
reach for your Alka-Seltzer and realize you need something a lot stronger.

How do you prioritize these potential strategies, perform a financial and
strategic feasibility analysis, and make the right decision? Will the firm sur-
vive if we go down the wrong path? If we find out we are on the wrong path,
can we navigate our way back to the right one? What options can we create
to enable this? Which of these strategies is optimal? Upon identifying what
these strategies are, including all their downstream expansion options, you
can then value each of these strategic pathways. The identification, valuation,
prioritization, and selection of strategic projects are where real options analy-
sis can provide great insights and value. Each project initiative should not be
viewed in its current state. Instead, all downstream opportunities should be
viewed and considered as well. Otherwise, wrong decisions may be made
because only projects with immediate value will be chosen, while projects that
carry with them great future potential are abandoned simply because man-
agement is setting its sights on the short term.

EXPANSION AND SEQUENTIAL OPTIONS:
THE CASE OF THE PHARMACEUTICAL R&D

Being the chief chemist of a small pharmaceutical firm that is thinking of
developing a certain drug useful in gene therapy, you have the responsibility
to determine the right biochemical compounds to create. Understanding very
well that the future of the firm rests on pursuing and developing the right
portfolio of drugs, you take your evaluation task rather seriously. Currently,

A New Paradigm? 15



the firm’s management is uncertain whether to proceed with developing a
group of compounds and is also uncertain regarding the drug development’s
financial feasibility. From historical data and personal experience, you under-
stand that development “home runs” are few and far between. As a matter of
fact, you realize that less than 5 percent of all compounds developed are
superstars. However, if the right compounds are chosen, the firm will own
several valuable patents and bolster its chances of receiving future rounds
of funding. Armed with that future expectation, you evaluate each poten-
tial compound with care and patience.

For example, one of the compounds you are currently evaluating is called
Creatosine. Management knows that Creatosine, when fully developed, can
be taken orally, but has the potential to be directly injected into the blood-
stream, which increases its effectiveness. As there is great uncertainty in the
development of Creatosine, management decides to develop the oral version
for now and wait for a period of several years before deciding on investing
additional funds to develop the injectable version. Thus, management has
created an expansion option—that is, the option but not the obligation 
to expand Creatosine into an injectable version at any time between now
and several years. The firm thus creates no value in developing the injection 
version after that time period. By incorporating real options strategy, your
firm has mitigated its risks in developing the drug into both an oral and
injectable form at initiation. By waiting, scientific and market risks become
resolved through the passage of time, and your firm can then decide whether
to pursue the second injectable phase. This risk-hedging phenomenon is
common in financial options and is applicable here for real options.

However, there are other drug compounds to analyze as well. You go
through the list with a fine-tooth comb and realize that you must evaluate
each drug by not only its biochemical efficacies, but also by its financial
feasibility. Given the firm’s current capital structure, you would need to not
only value, prioritize, and select the right compounds, but also find the
optimal portfolio mix of compounds, subject to budget, timing, and risk
constraints. On top of that, you would have to value your firm as a whole
in terms of a portfolio of strategic options. The firm’s value lies not only in
its forecast revenues less its costs subject to time valuation of money but also
in all the current research and development initiatives under way, where a
single home run will double or triple the firm’s valuation. These so-called
future growth options, which are essentially growth opportunities that the
firm has, are highly valuable. These growth options are simply expansion
options because your firm owns the right infrastructure, resources, and tech-
nology to pursue these future opportunities but not the obligation to do so
unless both internal research and external market conditions are amenable.

Another approach you decide to use is to create a strategic development
road map, knowing that every drug under development has to go through
multiple phases. At each phase, depending on the research results, management
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can decide to continue its development to the next phase or abandon it
assuming it doesn’t meet certain pre-specified criteria. That is, management
has the option to choose whether a certain compound will continue to the
next stage. Certain drugs in the initial phases go through a sequential com-
pound option, where the success of the third phase, for example, depends on
the success of the second phase, which in turn depends on the success of
the first phase in the drug development cycle. Valuing such sequences of
options using a traditional approach of taking expected values with respect
to the probabilities of success is highly dubious and incorrect. The valuation
will be incorrect at best and highly misleading at worst, driving management
to select the wrong mix of compounds at the wrong time.

EXPANSION AND SWITCHING OPTIONS: THE CASE
OF THE OIL AND GAS EXPLORATION AND PRODUCTION

The oil and gas industry is fraught with strategic options problems. This is
because oil and gas exploration and production involves significant amounts
of risk and uncertainty. For example, when drilling for oil, the reservoir
properties, fluidic properties, trap size and geometry, porosity, seal contain-
ment, oil and gas in place, expulsion force, losses due to migration, devel-
opment costs, and so forth are all unknowns. How then is a reservoir engineer
going to recommend to management the value of a particular drill site? Let’s
explore some of the more frequent real options problems encountered in
this industry.

Being a fresh M.B.A. graduate from a top finance program, you are hired
by a second-tier independent oil and gas firm, and your first task is to value
several primary and secondary reservoir recovery wells. You are called into
your boss’s office, and she requests you to do an independent financial analy-
sis on a few production wells. You were given a stack of technical engineer-
ing documents to review. After spending a fortnight scouring through several
books on the fundamentals of the oil and gas industry, you finally have some
basic understanding of the intricacies of what a secondary recovery well is.
Needing desperately to impress your superiors, you decide to investigate a
little further into some new analytics for solving these types of recovery-
well problems.

Based on your incomplete understanding of the problem, you begin to
explore all the possibilities and come to the conclusion that the best analyt-
ics to use may be the application of a Monte Carlo simulation and real options
analysis. Instead of simply coming up with the value of the project, you decide
to also identify where value can be added to the projects by incorporating
strategic real optionality.

Suppose that the problem you are analyzing is a primary drilling site
that has its own natural energy source, complete with its gas cap on one side
and a water drive on the other. These energy sources maintain a high upward
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pressure on the oil reservoir to increase the ease of drilling and, therefore,
the site’s productivity. However, knowing that the level of energy may not
be sustainable for a long time and its efficacy is unknown currently, you rec-
ognize that one of the strategies is to create an expansion option to drill a
secondary recovery well near the primary site. Instead of drilling, you can
use this well to inject water or gas into the ground, thereby increasing the
upward pressure and keeping the reservoir productive. Building this sec-
ondary well is an option and not an obligation for the next few years.

The first recommendation seems to make sense given that the geologi-
cal structure and reservoir size are difficult to estimate. Yet these are not the
only important considerations. The price of oil in the market is also some-
thing that fluctuates dramatically and should be considered. Assuming that
the price of oil is a major factor in management’s decisions, your second rec-
ommendation includes separating the project into two stages. The first stage
is to drill multiple wells in the primary reservoir, which will eventually max-
imize on its productivity. At that time a second phase can be implemented
through smaller satellite reservoirs in the surrounding areas that are available
for drilling but are separated from the primary reservoir by geological faults.
This second stage is also an expansion option on the first; when the price
of oil increases, the firm is then able to set up new rigs over the satellite
reservoirs, drill, and complete these wells. Then, using the latest technol-
ogy in subsurface robotics, the secondary wells can be tied back into the pri-
mary platform, thereby increasing and expanding the productivity of the
primary well by some expansion factor. Obviously, although this is a strate-
gic option that the firm has, the firm does not have the obligation to drill
secondary wells unless the market price of oil is favorable enough. Using
some basic intuition, you plug some numbers into your models and create
the optimal oil price levels such that secondary drillings are profitable. How-
ever, given your brief conversation with your boss and your highly uncer-
tain career future, you decide to dig into the strategy a little more.

Perhaps the company already has several producing wells at the reser-
voir. If that is so, the analysis should be tweaked such that instead of being
an expansion option by drilling more wells, the firm can retrofit these exist-
ing wells in strategic locations from producers into injectors, creating a
switching option. Instead of drilling more wells, the company can use the
existing wells to inject gas or water into the surrounding geological areas
in the hopes that this will increase the energy source, forcing the oil to sur-
face at a higher rate. Obviously, these secondary production wells should be
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switched into injectors when the recovery rate of the secondary wells is rel-
atively low and the marginal benefits of the added productivity on primary
wells far outstrip the retrofit costs. In addition, some of the deep-sea drilling
platforms that are to be built in the near future can be made into expansion
options, where slightly larger platforms are built at some additional cost (pre-
mium paid to create this option), such that if oil prices are optimally high,
the flexible capacity inherent in this larger platform can be executed to boost
production.

Finally, depending on the situation involved, you can also create a sequen-
tial compound option for the reservoir. That is, the firm can segregate its
activities into different phases. Specifically, we can delineate the strategic
option into four phases. Phases I to III are exploration wells, and Phase IV
is a development well.

Phase I: Start by performing seismic surveys to get information on the
structures of subsurface reservoirs (the costs incurred include shooting
the survey, processing data, mapping, etc.).
Phase II: If auto-clines and large structures are found, drill an explo-
ration well; if not, then abandon now.
Phase III: If the exploration well succeeds industrially or commercially
(evaluated on factors such as cost, water depth, oil price, rock, reser-
voir, and fluid properties), drill more delineation or “step out” wells to
define the reservoir.
Phase IV: If the reservoir is productive enough, commit more money
for full development (platform building, setting platform, drilling devel-
opment wells).

ABANDONMENT OPTIONS:
THE CASE OF THE MANUFACTURER

You work for a mid-sized hardware manufacturing firm located in the heart-
land of America. Having recently attended a corporate finance seminar on
real options, you set out to determine whether you can put some of your
new-found knowledge to good use within the company. Currently, your firm
purchases powerful laser-guided robotic fabrication tools that run into tens
and even hundreds of millions of dollars each. These tools have to be spe-
cially ordered more than a year in advance, due to their unique and advanced
specifications. They break down easily, and if any one of the three machines
that your firm owns breaks down, it may be disastrous because part of the
manufacturing division may have to be shut down temporarily for a period
exceeding a year. So, is it always desirable to have at least one fabrication
tool under order at all times, just as a precaution? A major problem arises
when the newly ordered tool arrives, but the three remaining ones are fully
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functional and require no replacement. The firm has simply lost millions of
dollars. In retrospect, certainly having a backup machine sitting idle that
costs millions of dollars is not optimal. On the other hand, millions can also
be lost if indeed a tool breaks down and a replacement is a year away. The
question is, what do you do, and how can real options be used in this case,
both as a strategic decision-making tool and as a valuation model?

Using traditional analysis, you come to a dead end, as the tool’s break-
down has never been consistent and the ordered parts never arrive on sched-
ule. Turning to real options, you decide to create a strategic option with the
vendor. Instead of having to wait more than a year before a new machine
arrives, while during that time not knowing when your existing machines will
break down, you decide to create a mutually agreeable contract. Your firm
decides to put up a certain amount of money and to enter into a contractual
agreement whereby the vendor will put you on its preferred list. This cuts
down delivery time from one year to two months. If your firm does not
require the equipment, you will have to pay a penalty exit fee equivalent to
a certain percentage of the machine’s dollar value amount, within a specified
period, on a ratcheted scale, with different exit penalties at different exit
periods. In essence, you have created an abandonment option whereby your
firm has the right not to purchase the equipment should circumstances force
your hand, but hedging yourself to obtain the machine at a moment’s notice
should there be a need. The price of the option’s premium is the contrac-
tual price paid for such an arrangement. The savings come in the form of not
having to close down part of your plant and losing revenues. By incorpo-
rating real options insights into the problem, the firm saves millions and ends
up with the optimal decision.

EXPANSION AND BARRIER OPTIONS:
THE CASE OF THE LOST VENTURE CAPITALIST

You work in a venture capital firm and are in charge of the selection of strate-
gic business plans and performing financial analysis on their respective feasi-
bility and operational viability. The firm gets more than a thousand business
plans a year, and your boss does not have the time to go through each of
them in detail and relies on you to sniff out the ones with the maximum
potential in the least amount of time. Besides, the winning plans do not wait
for money. They often have money chasing after them. Having been in 
the field of venture capital funding for 10 years and having survived the
bursting of the dot-com bubble, your judgment is highly valued in the firm,
and you are more often than not comfortable with the decisions made.
However, with the changing economic and competitive landscape, even
seemingly bad ideas may turn into the next IPO success story. Given the
opportunity of significant investment returns, the money lost on bad ideas
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is a necessary evil in not losing out on the next eBay® or Yahoo®! just be-
cause the CEO is not a brilliant business plan author. Your qualitative judg-
ment may still be valid, but the question is what next? What do you do after
you’ve selected your top 100 candidates? How do you efficiently allocate
the firm’s capital to minimize risk and maximize return? Picking the right
firms the wrong way only gets you so far, especially when banking on start-
ups hoping for new technological breakthroughs. A diversified portfolio of
firms is always prudent, but a diversified portfolio of the right firms is much
better. Prioritizing, ranking, and coming up with a solid financing structure
for funding start-ups is tricky business, especially when traditional valuation
methodologies do not work.

The new economy provides many challenges for the corporate decision-
maker. Market equity value of a firm now depends on expectations and
anticipation of future opportunities in novel technologies rather than on a
traditional bricks-and-mortar environment. This shift in underlying funda-
mentals from tangible goods to technological innovation has created an issue
in valuing the firm. Even the face of the intangibles created by technologi-
cal innovation has changed. In most cases, a significant portion of a firm’s
value or its strategic investment options is derived from the firm’s intangi-
bles. Intangibles generally refer to elements in a business that augment the
revenue-generating process but do not themselves have a physical or mone-
tary appearance while still holding significant value to the firm. Intangibles
may range from more traditional items like intellectual property, property
rights, patents, branding, and trademarks to a new generation of so-called
e-intangibles created in the new economy.

Examples of this new generation of e-intangibles include items like
marketing intangibles, process and product technologies, trade dress, cus-
tomer loyalty, branding, proprietary software, speed, search engine efficiency,
online data catalogs, server efficiency, traffic control and diversion, streaming
technology, content, experience, collaborative filtering, universal-resource-
locator-naming conventions, hubs, Web page hits, imprints, and community
relationships. New entries in the e-commerce economy over the past few years
include the financial sector (bank wires, online bill payments, online invest-
ing), health care sector (cross-border medical teaching), publication and retail
auctions (e-pocket books, Web magazines, Web papers, eBay, Web-Van, Auto-
Web). The new trend seems to continue, and new start-ups emerge in scores
by the minute to include sophisticated and complex structures like online
cross-border banking services, virtual offshore banks, cross-border medical
diagnostic imaging, and online-server game-playing. However, other less
sophisticated e-business strategies have also been booming of late, including
service-based Web sites, which provide a supposedly value-added service at no
charge to consumers, such as online greeting cards and online e-invitations.
Lower barriers to entry and significant threat of new entrants and substitu-
tion effects characterize these strategies.
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Even using fairly well-known models like the discounted cash flow analy-
sis is insufficient to value these types of firms. For instance, as a potential
venture capitalist, how do you go about identifying the intangibles and intel-
lectual property created when traditional financial theory is insufficient to jus-
tify or warrant such outrageous price-to-earnings multiples? Trying to get on
the bandwagon in initial public offerings with large capital gains is always a
good investment strategy, but randomly investing in start-ups with little to
no fundamental justification of potential future profitability is a whole other
issue. Perhaps there is a fundamental shift in the way the economy works
today or is expected to work in the future as compared to the last decade.
Whether there is indeed an irrational exuberance in the economy, or whether
there is perhaps a shift in the fundamentals, we need a newer, more accurate,
and sophisticated method of quantifying the value of such intangibles.

How do you identify, value, select, prioritize, justify, optimize, time, and
manage large corporate investment decisions with high levels of uncertainty
such that when a decision is made, the investment becomes irreversible?
How do you value and select among several start-up firms to determine
whether they are ideal venture candidates, and how do you create an optimal
financing structure? These types of cashless return investments provide no
immediate increase in revenues, and the savings are only marginal compared
to their costs. How do you justify such outrageous market equity prices?

There must be a better way to value these investment opportunities.
Having read press releases by Motley Fool on Credit Suisse First Boston,
and how the firm used real options to value stocks of different companies,
you begin looking into the possibilities of applying real options yourself.
The start-up firm has significant value even when its cash flow situation 
is hardly something to be desired because the firm has strategic growth
options. That is, a particular start-up may have some technology that may
seem untested today, but it has the option to expand into the marketplace
quickly and effortlessly should the technology prove to be highly desirable in
the near future. Obviously the firm has the right to also pursue other ancillary
technologies but only if the market conditions are conducive. The venture
firm can capitalize on this option to expand by hedging itself with multiple
investments within a venture portfolio. The firm can also create strategic

22 THEORY

A barrier option means that the execution and value of a strategic option
depend on breaching an artificial barrier.

value through setting up contractual agreements with a barrier option where
for the promise of seed financing, the venture firm has the right of first
refusal, but not the obligation, to invest in a second or third round should
the start-up achieve certain management-set goals or barriers. The cost of



this barrier option is seed financing, which is akin to the premium paid on a
stock option. Should the option be in-the-money, the option will be executed
through second- and third-round financing. By obtaining this strategic option,
the venture firm has locked itself into a guaranteed favorable position should
the start-up be highly successful, similar to the characteristics of a financial
call option of unlimited upside potential. At the same time, the venture firm
has hedged itself against missing the opportunity with limited downside pro-
portional to the expenditure of a minimal amount of seed financing.

When venture capital firms value a group of companies, they should
consider all the potential upsides available to these companies. These strategic
options may very well prove valuable. A venture firm can also hedge itself
through the use of barrier-type options. The venture firm should then go
through a process of portfolio optimization analysis, to decide what propor-
tion of its funds should be disseminated to each of the chosen firms. This port-
folio optimization analysis will maximize returns and minimize the risks borne
by the venture firm on a portfolio level subject to budget or other constraints.

COMPOUND EXPANSION OPTIONS:
THE CASE OF THE INTERNET START-UP

In contrast, one can look at the start-up entrepreneur. How do you obtain
venture funding, and how do you position the firm such that it is more attrac-
tive to the potential investor? Your core competency is in developing software
or Web-enabled vehicles on the Internet, not financial valuation. How do
you then structure the financing agreements such that your firm will be more
attractive yet at the same time the agreements are not detrimental to your
operations, strategic plans, or worse, your personal equity stake? What are
your projected revenues and costs? How do you project these values when
you haven’t even started your business yet? Are you undervaluing your firm
and its potential such that an unscrupulous venture firm will capitalize on
your lack of sophistication and take a larger piece of the pie for itself? What
are your strategic alternatives when you are up and running, and how do
you know it’s optimal for you to proceed with the next phase of your busi-
ness plan?

All these questions can be answered and valued through a real options
framework. Knowing what strategic options your firm has is significant
because this value-added insight not only provides the firm an overall strate-
gic road map but also increases its value. The real option that may exist in this
case is something akin to a compound expansion option. For example, the
firm can expand its product and service offerings by branching out into ancil-
lary technologies or different applications, or expanding into different ver-
tical markets. However, these expansions will most certainly occur in stages,
and the progression from one stage to another depends heavily on the suc-
cess of the previous stages.
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THE REAL OPTIONS SOLUTION

Simply defined, real options is a systematic approach and integrated solu-
tion using financial theory, economic analysis, management science, decision
sciences, statistics, and econometric modeling in applying options theory in
valuing real physical assets, as opposed to financial assets, in a dynamic and
uncertain business environment where business decisions are flexible in the
context of strategic capital investment decision-making, valuing investment
opportunities, and project capital expenditures.

Real options are crucial in:

� Identifying different corporate investment decision pathways or proj-
ects that management can navigate given the highly uncertain business
conditions;

� Valuing each strategic decision pathway and what it represents in terms
of financial viability and feasibility;

� Prioritizing these pathways or projects based on a series of qualitative
and quantitative metrics;

� Optimizing the value of your strategic investment decisions by evaluat-
ing different decision paths under certain conditions or using a different
sequence of pathways to lead to the optimal strategy;

� Timing the effective execution of your investments and finding the opti-
mal trigger values and cost or revenue drivers; and

� Managing existing or developing new optionalities and strategic decision
pathways for future opportunities.

ISSUES TO CONSIDER

Strategic options do have significant intrinsic value, but this value is only
realized when management decides to execute the strategies. Real options
theory assumes that management is logical and competent and that it 
acts in the best interests of the company and its shareholders through the
maximization of wealth and minimization of risk of losses. For example,
suppose a firm owns the rights to a piece of land that fluctuates dramati-
cally in price. An analyst calculates the volatility of prices and recommends
that management retain ownership for a specified time period, where within
this period there is a good chance that the price of real estate will triple.
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Therefore, management owns a call option, an option to wait and defer sale
for a particular time period. The value of the real estate is therefore higher
than the value that is based on today’s sale price. The difference is simply
this option to wait. However, the value of the real estate will not command
the higher value if prices do triple but management decides not to execute
the option to sell. In that case, the price of real estate goes back to its origi-
nal levels after the specified period and then management finally relinquishes
its rights.
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Was the analyst right or wrong? What was the true value of the piece
of land? Should it have been valued at its explicit value on a deterministic
basis where you know what the price of land is right now and, therefore,
this is its value; or should it include some type of optionality where there
is a good probability that the price of land could triple in value and, hence,
the piece of land is truly worth more than it is now and should therefore
be valued accordingly? The latter is the real options view. The additional
strategic optionality value can only be obtained if the option is executed;
otherwise, all the options in the world are worthless. This idea of explicit
versus implicit value becomes highly significant when management’s com-
pensation is tied directly to the actual performance of particular projects or
strategies.

To further illustrate this point, suppose the price of the land in the mar-
ket is currently $10 million. Further, suppose that the market is highly liquid
and volatile, and that the firm can easily sell it off at a moment’s notice
within the next five years, the same amount of time the firm owns the rights
to the land. If there is a 50 percent chance the price will increase to $15
million and a 50 percent chance it will decrease to $5 million within this
time period, is the property worth an expected value of $10 million? If
prices rise to $15 million, management should be competent and rational
enough to execute the option and sell that piece of land immediately to cap-
ture the additional $5 million premium. However, if management acts inap-
propriately or decides to hold off selling in the hopes that prices will rise
even further, the property value may eventually drop back down to $5 mil-
lion. Now, how much is this property really worth? What if there happens
to be an abandonment option? Suppose there is a perfect counterparty to
this transaction who decides to enter into a contractual agreement whereby
for a contractual fee, the counterparty agrees to purchase the property for
$10 million within the next five years, regardless of the market price and
executable at the whim of the firm that owns the property. Effectively, a

Strategic optionality value can only be obtained if the option is exe-
cuted; otherwise, all the options in the world are worthless.



safety net has been created whereby the minimum floor value of the prop-
erty has been set at $10 million (less the fee paid). That is, there is a limited
downside but an unlimited upside, as the firm can always sell the property
at market price if it exceeds the floor value. Hence, this strategic abandon-
ment option has increased the value of the property significantly. Logically,
with this abandonment option in place, the value of the land with the option
is definitely worth more than $10 million.

INDUSTRY LEADERS EMBRACING REAL OPTIONS

Industries using real options as a tool for strategic decision-making started
with oil and gas as well as mining companies, and later expanded into util-
ities, biotechnology, pharmaceuticals, and now into telecommunications,
high-tech, and across all industries. Below are some examples of how real
options have been or should be used in different industries.

Automobile and Manufacturing Industry. In automobile manufacturing,
General Motors (GM) applies real options to create switching options in pro-
ducing its new series of autos. This is essentially the option to use a cheaper
resource over a given period of time. GM holds excess raw materials and has
multiple global vendors for similar materials with excess contractual obliga-
tions above what it projects as necessary. The excess contractual cost is out-
weighed by the significant savings of switching vendors when a certain raw
material becomes too expensive in a particular region of the world. By spend-
ing the additional money in contracting with vendors as well as meeting their
minimum purchase requirements, GM has essentially paid the premium on
purchasing a switching option. This is important especially when the price of
raw materials fluctuates significantly in different regions around the world.
Having an option here provides the holder a hedging vehicle against pricing
risks.

Computer Industry. In the computer industry, HP-Compaq used to forecast
sales of printers in foreign countries months in advance. It then configured,
assembled, and shipped the highly specific printers to these countries. How-
ever, given that demand changes rapidly and forecast figures are seldom 
correct, the preconfigured printers usually suffer a higher inventory hold-
ing cost or the cost of technological obsolescence. HP-Compaq can create
a delay option through building assembly plants in these foreign countries.
Parts can then be shipped and assembled in specific configurations when
demand is known, possibly weeks in advance rather than months in advance.
These parts can be shipped anywhere in the world and assembled in any
configuration necessary, while excess parts are interchangeable across dif-
ferent countries. The premium paid on this option is building the assembly
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plants, and the upside potential is the savings from not making wrong demand
forecasts.

Airline Industry. In the airline industry, Boeing spends billions of dollars
and several years to decide if a certain aircraft model should even be built.
Should the wrong model be tested in this elaborate strategy, Boeing’s com-
petitors may gain a competitive advantage relatively quickly. Because so many
technical, engineering, market, and financial uncertainties are involved in the
decision-making process, Boeing can conceivably create an option to choose
through parallel development of multiple plane designs simultaneously, know-
ing very well the increased cost of developing multiple designs simultaneously
with the sole purpose of eliminating all but one in the near future. The added
cost is the premium paid on the option. However, Boeing will be able to decide
which models to abandon or continue when these uncertainties and risks
become known over time. Eventually, all the models will be eliminated save
one. This way, the company can hedge itself against making the wrong ini-
tial decision, as well as benefit from the knowledge gained through multi-
ple parallel development initiatives.

Oil and Gas Industry. In the oil and gas industry, companies spend millions
of dollars to refurbish their refineries and add new technology to create an
option to switch their mix of outputs among heating oil, diesel, and other
petrochemicals as a final product, using real options as a means of making
capital and investment decisions. This option allows the refinery to switch its
final output to one that is more profitable based on prevailing market prices,
to capture the demand and price cyclicality in the market.

Telecommunications Industry. In the telecommunications industry, in the past,
companies like Sprint and AT&T installed more fiber-optic cable and other
telecommunications infrastructure than other companies in order to create
a growth option in the future by providing a secure and extensive network,
and to create a high barrier to entry, providing a first-to-market advantage.
Imagine having to justify to the Board of Directors the need to spend bil-
lions of dollars on infrastructure that will not be used for years to come.
Without the use of real options, this would have been impossible to justify.

Utilities Industry. In the utilities industry, firms have created an option to
switch by installing cheap-to-build, inefficient energy generator peaker plants
only to be used when electricity prices are high and to shut down when prices
are low. The price of electricity tends to remain constant until it hits a cer-
tain capacity utilization trigger level, when prices shoot up significantly.
Although this occurs infrequently, the possibility still exists, and by having
a cheap standby plant, the firm has created the option to turn on the switch
whenever it becomes necessary, to capture this upside price premium.
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Real Estate Industry. In the real estate arena, leaving land undeveloped cre-
ates an option to develop at a later date at a more lucrative profit level. How-
ever, what is the optimal wait time? In theory, one can wait for an infinite
amount of time, and real options provide the solution for the optimal tim-
ing option.

Pharmaceutical Research and Development Industry. In pharmaceutical
research and development initiatives, real options can be used to justify the
large investments in what seems to be cashless and unprofitable under the
discounted cash flow method but actually creates compounded expansion
options in the future. Under the myopic lenses of a traditional discounted cash
flow analysis, the high initial investment of, say, a billion dollars in research
and development may return a highly uncertain projected few million dol-
lars over the next few years. Management will conclude under a net-present-
value analysis that the project is not financially feasible. However, a cursory
look at the industry indicates that research and development is performed
everywhere. Hence, management must see an intrinsic strategic value in
research and development. How is this intrinsic strategic value quantified?
A real options approach would optimally time and spread the billion-dollar
initial investment into a multiple-stage investment structure. At each stage,
management has an option to wait and see what happens as well as the option
to abandon or the option to expand into the subsequent stages. The ability
to defer cost and proceed only if situations are permissible creates value for
the investment.

High-Tech and e-Business Industry. In e-business strategies, real options can
be used to prioritize different e-commerce initiatives and to justify those
large initial investments that have an uncertain future. Real options can 
be used in e-commerce to create incremental investment stages, options to
abandon, and other future growth options, compared to a large one-time
investment (invest a little now, wait and see before investing more).

All these cases where the high cost of implementation with no apparent pay-
back in the near future seems foolish and incomprehensible in the traditional
discounted cash flow sense are fully justified in the real options sense when
taking into account the strategic options the practice creates for the future,
the uncertainty of the future operating environment, and management’s flex-
ibility in making the right choices at the appropriate time.

WHAT THE EXPERTS ARE SAYING

The trend in the market is quickly approaching the acceptance of real options,
as can be seen from the following sample publication excerpts.1
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According to an article in Bloomberg Wealth Manager (November 2001):

Real options provide a powerful way of thinking and I can’t think
of any analytical framework that has been of more use to me in the
past 15 years that I’ve been in this business.

According to a Wall Street Journal article (February 2000):

Investors who, after its IPO in 1997, valued only Amazon.com’s
prospects as a book business would have concluded that the stock
was significantly overpriced and missed the subsequent extraordi-
nary price appreciation. Though assessing the value of real options is
challenging, without doing it an investor has no basis for deciding
whether the current stock price incorporates a reasonable premium
for real options or whether the shares are simply overvalued.

CFO Europe (July/August 1999) cites the importance of real options in that:

[A] lot of companies have been brainwashed into doing their valua-
tions on a one-scenario discounted cash flow basis . . . and some-
times our recommendations are not what intuition would suggest,
and that’s where the real surprises come from—and with real options,
you can tell exactly where they came from.

According to a Business Week article (June 1999):

The real options revolution in decision-making is the next big thing
to sell to clients and has the potential to be the next major business
breakthrough. Doing this analysis has provided a lot of intuition 
you didn’t have in the past . . . and as it takes hold, it’s clear that a
new generation of business analysts will be schooled in options
thinking. Silicon Valley is fast embracing the concepts of real options
analytics, in its tradition of fail fast so that other options may be
sought after.

In Products Financiers (April 1999):

Real options are a new and advanced technique that handles uncer-
tainty much better than traditional evaluation methods. Since many
managers feel that uncertainty is the most serious issue they have to
face, there is no doubt that this method will have a bright future as
any industry faces uncertainty in its investment strategies.

A Harvard Business Review article (September/October 1998) hits home:

Unfortunately, the financial tool most widely relied on to estimate
the value of a strategy is the discounted cash flow which assumes
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that we will follow a predetermined plan regardless of how events
unfold. A better approach to valuation would incorporate both 
the uncertainty inherent in business and the active decision-making
required for a strategy to succeed. It would help executives to think
strategically on their feet by capturing the value of doing just that—
of managing actively rather than passively and real options can
deliver that extra insight.

This book provides a novel approach in applying real options to
answering these issues and more. In particular, a real options framework is
presented. It takes into account managerial flexibility in adapting to ever-
changing strategic, corporate, economic, and financial environments over
time as well as the fact that in the real business world, opportunities and
uncertainty exist and are dynamic in nature. This book provides a real options
process framework to identify, justify, time, prioritize, value, and manage
corporate investment strategies under uncertainty in the context of applying
real options.

The recommendations, strategies, and methodologies outlined in this
book are not meant to replace traditional discounted cash flow analysis but
to complement it when the situation and the need arise. The entire analy-
sis could be done, or parts of it could be adapted to a more traditional
approach. In essence, the process methodology outlined starts with tradi-
tional analyses and continues with value- and insight-adding analytics,
including Monte Carlo simulation, real option analysis, and portfolio opti-
mization. The real options approach outlined is not the only viable alter-
native nor will it provide a set of infallible results. However, if utilized
correctly with the traditional approaches, it may lead to a set of more
robust, accurate, insightful, and plausible results. The insights generated
through real options analytics provide significant value in understanding a
project’s true strategic value.

SUMMARY

Real options analysis simply defined is the application of financial options,
decision sciences, corporate finance, and statistics to evaluating real or phys-
ical assets as opposed to financial assets. Industry analysts, experts, and aca-
demics all agree that real options provide significant insights to project
evaluation that traditional types of analysis like the discounted cash flow
approach cannot provide. Sometimes the simple task of thinking and fram-
ing the problem within a real options context is highly valuable. The simple
types of real options discussed include expansion, abandonment, contrac-
tion, chooser, compound, barrier, growth, switching, and sequential com-
pound options.
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CHAPTER 1 QUESTIONS

1. What are some of the characteristics of a project or a firm that is best
suited for a real options analysis?

2. Define the following:

a. Compound option
b. Barrier option

c. Expansion option

3. If management is not credible in acting appropriately through profit-
maximizing behavior, are strategic real options still worth anything?
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The Timken Company
on Real Options in R&D

and Manufacturing

The following is contributed by Kenneth P. English, Director of R&D Emerg-
ing Technology, The Timken Company, Canton, Ohio. The Timken Company
is a public company traded on the NYSE, and is a leading international man-
ufacturer of highly engineered bearings, alloy and specialty steels and compo-
nents, as well as related products and services. With operations in 24 countries,
the company employs about 18,700 associates worldwide and recorded 2001
sales of U.S. $2.4 billion.

The Timken Company’s journey toward real options analysis began approx-
imately six years ago in 1996 when the corporation made the decision to
focus on profitably growing the business by 10 percent per year. We started
with the creation of a gate-type process to identify and evaluate project oppor-
tunities that would generate the necessary profits for our growth require-
ments. During the numerous gate meetings, the process actually highlighted
gaps in our process more than the anticipated growth project opportunities
we had expected. The first group of gaps identified during the process was
the lack of expertise in project management and market research; the second
was poorly defined and documented product and corporate strategies; and,
finally, financial evaluation capabilities. The gaps identified in project man-
agement, market research, and strategy were addressed over the following
years by recruiting various consulting firms to assist with those disciplines.
The financial evaluation gap was initially addressed with the assistance of our
internal financial department by applying the same financial modeling tools
used when the corporation built new physical plants. These models focused
on NPV, payback, and project terminal value. Project terminal value caused
considerable controversy with the reviewers.

APPENDIX 1A
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As these parallel consulting efforts continued for months/years, the cor-
poration became more adroit at the terminology of product development. As
the refinements and understanding of these other areas evolved, it was real-
ized that the financial model used on the gate templates was not adequate for
the dynamic uncertain environment of product development. At this time,
Monte Carlo simulation was being used in benchmarked growth industries
to determine the range of risk for projects. Our first response was to acquire
books on the subject of Monte Carlo simulation.

The financial department was familiar with the model but was not pre-
pared to assist with implementation of it in the product development envi-
ronment. After some time and frustration, the Crystal Ball® software product
for Monte Carlo simulation at a company named Decisioneering, Inc. was
discovered. The timing was excellent, since the corporation was reviewing
a high-profile project that contained hidden ranges of risk. The Crystal Ball®

product was immediately purchased and inserted into our gate templates to
address the issue of risk. Within weeks, some of our corporate leadership was
looking at risk with a much different perspective. Previously, we identified
risk and noted it, then proceeded on a product development path without
sensitivity to the dynamic ramifications of the risk. The Monte Carlo simu-
lation put focus on the importance of the corporation’s gaps in detailed mar-
ket research and the absence of aligned product and corporate strategy for
Horizon II projects. The software made the complex and time-consuming
financial formulas into a quick, user-friendly tool to assist with the difficult
task of defining the range of risk and promoting timely decision-making. It
was painfully obvious that the real object of successful product development
was to enable speedy decisions to either fund or kill projects and not the joy
of being comfortable with seeing the old favorite projects and connected
potential acquisitions lingering on with several lives.

Two and a half years into the quest for profitable growth, we identified
the next barrier to our success. That barrier was the absence of a project port-
folio process. The major issue with any initially installed gate-oriented process
in a previous incremental corporate culture structure is that the gatekeepers
only have the opportunity to evaluate the presented projects against other
projects presented during that particular gate meeting. This situation exerts
pressure to find a tool/process that will allow the gatekeepers to prioritize
all the product and project efforts of the corporation to give maximum return
on investment. The concept of projects in a portfolio becomes very impor-
tant to the corporate allocation of funds. Portfolio management was a very
foreign concept to us since our corporate orientation to projects was based
on NPV and payback and not mitigation of risk, maximizing efforts, and cost
of capital. We responded to the corporate learning piece of the puzzle by
creating a manual portfolio simulation exercise to sensitize our executives
and gatekeepers to how they looked at projects and their synergies. It also
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broadened their view of the significant impact that strategic fit, selection,
and timing has with respect to financial success.

With the success of the portfolio simulation, we were then sensitized to
the issue of the corporate benefit of cultivating a mindset of timing projects
(timing options) in a way that could maximize the impact to our growth
requirements. The writings regarding real options began appearing in the
business literature, magazines, and seminars, but the application was initially
geared toward the practice of financial options. Again, we were put in a
position of educating ourselves (the change agents) and subsequently the
corporate culture to a different way of thinking. We searched the available
real options course selection taught at the university level. The universities
were interested in real options but did not have coursework in place to con-
duct educational sessions.

The Timken Company established the R&D Emerging Technology
Department in June of 2002. The focus of the department is to scan the
world for dispersed technologies that are not part of the present corporate
portfolio. These technologies contain varying degrees of risk, which require
an even higher level of evaluation techniques to take advantage of numerous
options.

Publicity from Decisioneering, Inc. about the upcoming real options
software and the one-day lecture and workshop on real options appeared to
be the best vehicle to take us to the next level of portfolio decision-making.
We contacted Dr. Mun to give a real options lecture and workshop to bring
our financial department and executives up to speed. The time spent was
very useful, and the culture is starting to communicate in real option terms.
We at The Timken Company are anticipating that the new software for real
options from Decisioneering, Inc. will get us closer to the target of achiev-
ing more confident corporate project decisions, resulting in assisting us in
our goal of sustained profitability and growth.
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Schlumberger on Real Options
in Oil and Gas

The following is contributed by William Bailey, Ph.D., Senior Research Engi-
neer at Schlumberger—Doll Research, Ridgefield, Connecticut. The company
is involved in global technology services, with corporate offices in New York,
Paris, and The Hague. Schlumberger has more than 80,000 employees, repre-
senting 140 nationalities, working in nearly 100 countries. The company con-
sists of two business segments: Schlumberger Oilfield Services, which includes
Schlumberger Network Solutions, and Schlumberger-Sema. Schlumberger Oil-
field Services supplies products, services, and technical solutions to the oil and
gas exploration and production (E&P) industry, with Schlumberger Network
Solutions providing information technology (IT) connectivity and security solu-
tions to both the E&P industry and a range of other markets. Schlumberger-
Sema provides IT consulting, systems integration, managed services, and related
products to the oil and gas, telecommunications, energy and utilities, finance,
transport, and public-sector markets.

Long gone are those heady days in the petroleum industry when a pith-
helmeted geologist could point to an uninspiring rock outcrop, declare con-
fidently “drill here,” and then find an oil field the size of a small country. Over
the past 30 years, however, the situation for the oil industry has become
very different indeed. As we search to replenish our ever-decreasing hydro-
carbon supplies, oil explorationists now find themselves looking in some of
the most inaccessible parts of the globe and in some of the deepest and most
inhospitable seas. What could have been achieved in the past with a rela-
tively small investment is now only attainable at a considerably greater cost.
In other words, developing an oil and/or gas field nowadays is subject to
considerably larger investments in time, money, and technology. Further-
more, such large investments are almost always based on imperfect, scant,
and uncertain information. It is no accident, therefore, that when teaching
the concepts of risk analysis, many authors cite the oil industry as a classic

APPENDIX 1B

36



case in point. This is not by accident for few other industries exhibit such a
range of uncertainty and possible downside exposure (in technical, financial,
environmental, and human terms). Indeed this industry is almost ubiquitous
when demonstrating risk analysis concepts.

Consequently real options have a natural place in the oil industry man-
agement decision-making process. The process and discipline in such an
analysis captures the presence of uncertainty, limited information, and the
existence of different—but valid—development scenarios. The fact that
petroleum industry management are faced with multi-million (sometimes
billion) dollar decisions is nothing new. Such people are used to making crit-
ical decisions on a mixture of limited information, experience, and best
judgment. What is new is that we now have a coherent tool and framework
that explicitly considers uncertainty and available choices in a timely and
effective manner.

This short appendix is intended to provide just a brief glimpse into the
types of applications real options have been used for in the petroleum indus-
try. To guide the reader unfamiliar with the finer points of the oil and gas
industry, it may be prudent to outline the basic process in an “average” petro-
leum development. In so doing, the reasons why the oil industry is deemed
such a prime example for use of real options (and risk analysis in general)
will become clear.

In the 1959 film of Jules Verne’s 1864 novel Journey to the Center of the
Earth, James Mason and others found themselves sailing on a dark sea in a
mighty cavern many miles down in the earth’s crust. This was, of course, just
science fiction, not science fact. Unfortunately it is still a common miscon-
ception that oil is found in such “caverns” forming black lakes deep beneath
our feet. While such images may be romantic and wishful, reality is far more
intricate. For the most part oil (and gas) is found in the microscopic pore
spaces present between individual grains making up the rock. For example,
hydrocarbon-bearing sandstone may have porosity levels (the percentage of
pore space in the rock) of about 15 percent. This means that if all the pore
space in the rock is full of oil, then 15 percent of the total rock volume
contains oil. Of course, things are not as simple as that because water and
other minerals serve to reduce the available pore volume.1 As oil and gas
are liquid, they will flow. Unless the rock itself provides some form of seal
(or trap) to contain these fluids, over time they will simply seep to the sur-
face and be lost. (Azerbaijan has some good examples of such seepage with
whole hillsides being awash with flame from seeping gas for as long as
recorded history.) So not only do we need a rock that contains oil (or gas)
but also the oil (or gas) must be trapped somehow, ready for exploitation.
For a readable and well-informed summary of petroleum geology, refer to
Selley (1998).2

Extraction of oil (and/or gas) from a virgin field is undertaken in typi-
cally four stages: exploration and appraisal; development; production; and
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abandonment. This is a gross simplification, of course, for within each phase
there are a multitude of technical, commercial, and operational considerations.
Keeping one eye on real options, in their crudest form these phases can be
briefly described as follows:

� Exploration and Appraisal. Seismic data is obtained and a picture of the
subsurface is then revealed. Coupled with geological knowledge, expe-
rience, and observations, it is then possible to generate a more detailed
depiction of a possible hydrocarbon-bearing zone. Seismic data cannot
tell what fluids are present in the rock, so an exploratory well needs to
be drilled, and from this one is then able to better establish the nature,
size, and type of an oil and gas field.

Exploration and Appraisal Phase—Where Real Options Come In. The
decision-maker has numerous options available to him/her, which may
include:
� Extent of investment needed in acquiring seismic data. For example

should one invest in 3D seismic studies that provide greater resolution
but are significantly more expensive? Should 4D (time-dependent)
seismic data be considered? While advanced seismic data (and inter-
pretation) certainly provides improved representation of the subsurface
environment, one needs to assess whether it is worthwhile investing
in this information. Will it reduce uncertainty concerning the size and
nature of the reservoir sufficiently to pay off the investment?

� Given inherent uncertainty about the reserves, if possible, how much
should the company share in the risk (extent of contract partnership)?

� How many exploration wells are appropriate to properly delineate the
field? One, two, five, or more?

� Development. Once sufficient data has been obtained (from seismic or
exploratory wells) to make an educated judgment on the size of the prize,
we enter into the development phase. Here we decide upon the most
commercially viable way for exploiting this new resource by engineer-
ing the number (and type) of producing wells, process facilities, and
transportation. We must also establish if, at all, any pressure support is
necessary.3

Development Phase—Where Real Options Come In. This is where
decision-makers face possibly the greatest number of valid alternatives.
Valid development options include:
� How many wells should be drilled? Where should they be located?

In what order should they be drilled?
� Should producers be complex (deviated/horizontal) wells located at

the platform, or should they be simple but tied-back to a sub-sea
manifold?
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� How many platforms or rigs will be needed? If offshore, should they
be floating or permanent?

� What potential future intervention should be accommodated? Inter-
vention refers to an ability to re-enter a well to perform either routine
maintenance or perform major changes—referred to as a work-over.

� How many injectors (if any at all) should be drilled? Where should
they be located?

� How large should the processing facility4 be? If small, then capital
expenditure will be reduced but may ultimately limit throughput (the
amount of hydrocarbons sent to market thereby restricting cash flow).
If the process facility is made too large, then it may be costly and also
operationally inefficient.

� Are there adjacent fields waiting to be developed? If so, should the
process facility be shared? Is this a valid and reasonable future pos-
sibility in anticipation of uncertain future throughput?

� Should a new pipeline be laid? If so, where would it be best to land
it, or is it possible to tie it into an existing pipeline elsewhere with
available capacity? Should other transportation methods be consid-
ered (e.g., FPSO5)?

The number of different engineering permutations available at this stage
means that management may be faced with several viable alternatives—which
are contingent upon the assumptions on which they were developed. Real
options enable uncertainty to be explicitly quantified at this stage.

� Production. Depending on the size of the reserve (and how prolific the
wells are) the engineer must manage this resource as carefully as any other
valuable asset. Reservoir management (the manner and strategy in which
we produce from a field) has become increasingly important over the past
few years. Older, less technically advanced, production methods were
inefficient, often leaving 75 percent or more of the oil in the ground—
oil that cannot be easily extracted afterward, if at all. Increasing the effi-
ciency of our production from our reservoirs is now a crucial part of any
engineering effort (unfortunately, nature prevents us from extracting
100 percent of the oil; there will always be some left behind).

Production Phase—Where Real Options Come In. Valid production
options include:

� Are there any areas of the field that are un-swept6 and can be exploited
by drilling more wells?

� Should we farm-out (divest) some, or all, of the asset to other com-
panies?

� Should we consider further seismic data acquisition?
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� Should we consider taking existing production wells and converting
them into injection wells to improve the overall field performance?

� What options does one have to extend the life of the field?
� Should we consider reentering certain wells and performing various

actions to improve their performance (e.g., re-perforating some or all
of the well, shutting off poorly producing zones, drilling a smaller
branch-well [known as a sidetrack] to access un-swept reserves, etc.)?
What information needs to be collected to be able to make these oper-
ational decisions? How is such information best obtained? At what
cost and at what operational risk? (Reentering a well may be a haz-
ardous and potentially damaging act.)

Once again, there are many opportunities during the production phase to
make decisions that are still subject to considerable uncertainty. Even though
the field may be mature and much experience has been accumulated, the oper-
ator is still faced with many management options that can impact ultimate
reservoir performance and economic viability.

� Decommissioning (also known as Abandonment). Once reserves have been
depleted, the infrastructure can either be left to decay or—increasingly—
it must be dismantled in an environmentally and economically efficient
manner. This is especially true for the North Sea and offshore USA.
Decommissioning Phase—Where Real Options Come In. Valid production
options include:
� What will the ultimate abandonment cost be, and what is the likeli-

hood that this will remain true at the end of the life of the field?
� Should the full cost of abandonment be included in the initial devel-

opment strategy, or is there a way to hedge some or all of this cost?
� What contingency should be built in to account for changes in legis-

lation?
� At what threshold does abandonment cost make the project unprof-

itable, and how would this impact our initial development strategy?

This brief (and admittedly incomplete) list of bullet points at least demon-
strates why the oil industry is ideally suited for a real options-type analysis
because they exhibit all the necessary ingredients:

� Large capital investments.

� Uncertain revenue streams.

� Often long lead times to achieve these uncertain cash flows.
� Uncertainty in the amount of potential production (reservoir size and

quality).
� Numerous technical alternatives at all stages of development.
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� Political risk and market exposure (external influences outside the con-
trol of the operating company).

FINAL WORD

Early examples of options-based analysis are found in the oil and gas indus-
try.7 The impact and wholesale adoption so far has been limited. Why this
is the case in the oil industry raises important issues that should be kept in
mind when considering adopting real options as a practice in any company.

Real options are technically demanding, with a definite learning curve
in the oil industry, and have three main hurdle classifications:8

� Marketing Problem. Selling real options to management, appreciating
the utility and benefit, understanding their capabilities and strengths (as
well as weaknesses), and ultimately communicating these ideas (com-
panies usually have a few volunteer champions/early adopters, but they
often remain isolated unless there is suitable communication of these
concepts, particularly in a non-technical capacity, which may be easier
said than done).

� Analysis Problem. Problem framing and correct technical analysis (not
too difficult to resolve if suitably trained technical people are available—
and have read this book).

� Impact Problem. Not really the interpretation of results but rather act-
ing on them, implementing them, monitoring and benchmarking them,
then communicating them (a recurring theme), and finally managing the
whole process.

These issues should be kept in mind when communicating the concepts and
results of a real options analysis.
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Intellectual Property Economics 
on Real Options in Patent and

Intangible Valuation

The following is contributed by A. Tracy Gomes, President and CEO of Intel-
lectual Property Economics, LLC, located in Dallas, Texas. Gomes’s firm spe-
cializes in the valuation of intellectual property and intangibles, for the
purposes of corporate financial planning and tax transactions.

Real options analysis is designed to explicitly incorporate and analyze risk
and uncertainty associated with real assets. Intellectual property (IP), whether
defined in its strictest, most narrow legal sense—patents, trademarks, trade
secrets, and copyrights—or more broadly to encompass all intellectual/
intangible assets created from human conceptual endeavor, is the poster
child of uncertainty, and exemplifies the great challenge and promise that
is real options analysis.

In this information- and knowledge-based age that is the post-modern
economy, IP is the most fundamental and valuable asset in business today.
From 1978 to 1998, the composition of market value of the S&P 500 has
been transformed from 80 percent physical assets, 20 percent intangible assets,
to 20 percent physical assets, 80 percent intangible assets.1 Since 1990, the
annual revenue realized from just the licensing of patented technology has
grown from less than $10 billion to nearly $120 billion (not counting the
direct administrative and maintenance costs, which are likely less than one-
half of one percent; that is $120 billion in net, bottom-line profit).

But this is just the IP that is visible, that the marketplace can actually
see and has already put a value on. The goal and application for real options
analysis lies in the vast uncovered trove of IP that is unseen and hidden, and
like a giant iceberg lies just below the surface. For younger, emerging com-
panies, this is likely to be IP that is in process—research and development
projects in varying stages of development. For older companies, IP value is
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likely to be found not only in those efforts still in the pipeline but perhaps
even more so in those efforts long ago completed and placed on the shelf.

Kevin Rivette, in his seminal book, Rembrandts in the Attic, recounts
the embarrassing legacy of Xerox, which discarded such “worthless” ideas 
as the PC, laser printing, the Ethernet, and graphical user interface (GUI),
only to see them transformed from trash to cash by someone else. Leading
industry companies have gotten religious and are fast about combing through
their patent portfolios. Procter & Gamble, after a three-year internal audit,
estimates that it is utilizing only about 10 percent of its 25,000-patent port-
folio. Dupont has allocated each of its 29,000 patents to one of 15 business
units. And IBM has literally thrown open its vaults, declaring each and every
patent, each technology and process, even trade secrets as potentially “up
for sale.”

Recognizing that something is of potential value, and knowing what the
value of that something is, are two different things. Information and knowl-
edge are the guideposts of strategic business decision-making and the glue
of economic transactions. When information is incomplete or unknown, busi-
ness decisions tend to be delayed and markets fail to clear. Stereotypical
examples in the case of IP are the individual sole inventors who think their
ideas are worth millions and the giant multinational corporations who are
only willing to pay pennies. Unfortunately, the reality of today’s IP business
transactions is all too often characterized by divergent bid/offer sheets,
lengthy negotiations, and tortured contractual terms,2 leading to excessively
high and wasteful transaction costs. Perhaps even more disheartening are the
thousands of IP deals in which buyer and seller don’t even get a chance to
meet—IP left orphaned on countless Internet exchanges, or projects aban-
doned or put back on the shelf because they are thought to be too costly or
their markets too remote or too shallow.

It is here that real options analysis holds so much promise, to be applied
to those IP assets and projects that were thought to be too vague, too unknown,
and too iffy. Not that it can predict the future success or failure of IP devel-
opment or the creation of some still hypothetical market, or that it can turn
perennial duds into potential deals. Real options analysis is not magic, nor
does it make risk or uncertainty vanish and go away. What it does do is
attempt to make risk and uncertainty explicit through rational statistical
means. In this way, uncertainty is bounded and risk quantified such that
information becomes more clear and tangible, and the knowledge base
expanded, thereby aiding decision-making.

Unlike financial assets, there are no existing liquid markets for intangi-
ble “real” assets. Real options analysis seeks to change that by providing a
means to demystify the risk and uncertainty surrounding IP and supply poten-
tial buyers and sellers with objective, quantifiable information to shortcut
uncertainty, clarify risk, and clear the path to shorter, smoother, and less
costly IP deal-making. Two examples provide a case in point.
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A small automotive engineering start-up identifies a cutting-edge tech-
nology being developed by a private research institute. They approach the
institute, seeking the acquisition or license of the technology. Given that the
technology is a couple years from commercialization, and the expectant
market, which is being driven by governmental regulation (and resisted by
manufacturers), is several more years into the future, instead of jumping
into negotiations, the two sides agree to an outside independent economic
analysis.

Due to cost considerations, simplified real options analysis was performed
modeling future auto demand and holding government regulation constant.
The real options valuation, though nearly twice as high as the conventional
DCF analysis, gave both parties a clearer view of uncertainty and amount of
risk facing the technology. After the two-month analysis, the parties entered
into negotiations and within two months completed discussions, and drafted
and signed an agreement.

A second case involves a medium-sized contract research organization
with a proprietary portfolio of nearly 400 patents, processes, trade secrets,
and disclosures spread over an area of half a dozen different fields of tech-
nology. Seeking to extract value from its IP assets, and develop an additional
revenue stream, the firm selected a sampling of assets (in varying stages of
development) from several of its portfolio segments and contracted for a risk
assessment—the beginning stages of an options analysis prior to modeling.
The assessment identified several key parameters, including various risks
(technical, competition, and regulatory) as well as timing issues, both tech-
nical and market. And, while not a complete options analysis, the assessment
did provide management with valuable, tangible information with which to
assess and prioritize the sampling of assets, and develop a template to eval-
uate all its IP on a go-forward basis.

Uncertainty and risk are nowhere more real and tangible than in the case
of intellectual property. Understandably, this uncertainty makes firms hesitant
in decision-making regarding IP, and virtually hamstrung in IP deal-making.
The role of real options analysis in IP is to identify (and quantify) uncertainty,
to illuminate risk, and thereby to increase confidence and realize the full
value of the IP.
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Gemplus on Real Options
in High-Tech R&D

The following is contributed by Jim Schreckengast, Sr. Vice President of Gem-
plus International SA, the world’s leading provider of smart cards and solu-
tions for the telecommunications, financial, government, and IT industries.
Gemplus is one of the most innovative companies of its kind, carrying a sig-
nificant investment in research and development (R&D) aimed at driving for-
ward the state-of-the-art in secure, ultra-thin computing platforms, wireless
security, identity, privacy, content protection, and trusted architectures.

Gemplus is a high-tech company. Such companies assign great importance
to R&D, because high-tech companies often derive their primary compet-
itive advantage through technology, and R&D plays a pivotal role in
determining the technology position of these companies. Effective man-
agement of R&D is difficult and involves significant uncertainty. Moreover,
company resources are limited, so it is critical for management to invest
R&D resources wisely, considering the many types of value that can be pro-
duced by these resources. Gemplus recognizes the complexity of managing
R&D efforts in rapidly changing and competitive environments and has
used real options analysis to improve the effectiveness of R&D investment
decisions.

One of the most significant challenges in R&D is the management of
innovation. Management of this process is difficult, because successful inno-
vation usually involves the discovery and generation of knowledge, while
exploiting existing knowledge and capabilities in an attempt to generate value
through new products and services, to differentiate existing offerings, to
lower costs, and to disrupt the competitive landscape. Each successful inno-
vation may be used as a building block for further R&D efforts, enabling the
firm to create a sustainable competitive advantage through a cohesive R&D
program that blends and builds upon previous results. For example, a firm
pursuing low-power, wireless communications technologies for tiny wearable
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computers might discover that their latest approach to reducing power
requirements has the capability to generate fine-grained location and speed
information as a side effect of communication. This location information
could enable the firm to begin generating a new family of location-based serv-
ices, while enhancing routing and switching in dynamic wireless networks.
Further, the company might recognize that expansion of investment in fine-
grained location technologies could position the firm favorably to compete
in context-rich service delivery, if the market for these services materializes in
two years. In addition, the R&D director might conclude that investment
in this technology will improve the firm’s ability to manage bandwidth and
resource utilization, if the results of current research in peer-to-peer network
architectures prove promising.

The chain of loosely connected innovations in the previous example is
surprisingly representative of the events that unfold in practice within a “high-
tech” industry. While prediction of a specific sequence of innovations is usu-
ally infeasible, successful companies often develop innovation systems that
recognize the potential for these chains and develop R&D systems that can
stimulate their creation while retaining the flexibility to capitalize on the most
promising among them over time.

The complexities of analyzing technical uncertainty, market uncertainty,
and competitive movements in a rapidly changing industry often drive man-
agement to either shorten the time horizon of R&D projects to the extent
that each project has a very predictable (and often unremarkable) outcome,
or to assemble R&D projects as a collection of desperate “bets” in the hopes
of finding one that “wins” for the company. The former approach tends to
restrict flexibility, since project managers will focus energy and resources on
short-term tasks that are directly linked to the limited scope of each project.
The latter approach dilutes R&D resources across many unrelated projects
and overlooks potential synergies between the outcomes of these efforts. Fur-
thermore, by viewing the R&D portfolio as a collection of “bets,” management
may fail to recognize the many opportunities that usually exist to control,
refine, and combine the intermediate results of these projects in a way that
enhances the total value of R&D.

Traditional valuation techniques for R&D (e.g., decision trees and NPV)
may exacerbate the fundamental problems associated with investment analy-
sis and portfolio management, because these techniques rely solely on infor-
mation that is available at the time of the analysis and cannot accurately value
flexibility over time. The limitations of these techniques often go unrecog-
nized by decision-makers, resulting in suboptimal R&D investment decisions.

Gemplus uses an R&D management approach that recognizes three key
realities for its industry:

1. Uncertainties are resolved on a continuous basis as R&D is conducted,
competitive conditions change, and market expectations evolve.
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2. There is a significant lag that exists between the time a company begins
to invest in a technology and the time when the company can wield that
technology effectively to generate new products and services.

3. The most valuable R&D investments are those that simultaneously build
on existing, distinctive competencies while generating capabilities that
enhance the firm’s flexibility in light of existing uncertainties.

These realities compel Gemplus to manage R&D on a continuous basis, and
to invest while significant uncertainties exist, valuing the flexibility that is cre-
ated by R&D investments. Each R&D project carries a primary purpose but
may also carry a number of secondary objectives that relate to the value of real
options associated with expected capabilities delivered by the project. Gem-
plus manages a portfolio of R&D innovation efforts in the context of a tech-
nology road map that makes the most significant real options apparent, and
relates the strategic direction of the company to the flexibility and compet-
itive advantage sought by its R&D efforts.

Once the most significant real options have been identified, each R&D
project is valued in the context of this road map. Research proposals are eval-
uated based on the value of the information generated by the work, together
with the relevant capabilities that may be generated and the flexibility this
affords the company. Gemplus has seen up to 70 percent of the value of
a research proposal arise from the real options generated by the research.
Development projects are typically valued for their primary purpose and for
real options arising from R&D management flexibility (i.e., expansion and
contraction in the course of portfolio management), technology switching
capabilities (e.g., when it is unclear which technology will emerge as a dom-
inant design), and real options created in the context of the technology 
road map (e.g., multipurpose technologies). Although a development proj-
ect usually has a much smaller percentage of its value attributed to real
options, the difference can be significant enough to alter R&D investment
decisions that would have otherwise favored a less flexible or less synergis-
tic effort.

R&D efforts also result in the generation of intellectual property. Patents
are of particular interest, because they can affect the firm’s ability to protect
products and services derived from the patented technology. Further, patents
may be licensed, sold, or used to erect barriers (i.e., entry, switching, substi-
tution, and forward or backward integration), as well as to counter infringe-
ment claims by third parties. Thus, patents may carry significant value for
the firm, and this value reflects the real options associated with the inven-
tion now and in the future. Gemplus believes that correct valuation of intel-
lectual property, and patents in particular, leads to improved intellectual
property strategies and more effective research prioritization. Thus, Gem-
plus has changed its intellectual property strategy and valuation process to
explicitly incorporate the value of real options created by R&D patents.
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Acquiring technology from outside the firm is often an integral element
of a good technology strategy. Thus, R&D managers must determine how
to value technologies accurately. Like direct R&D investments, technology
acquisitions may carry a significant value associated with real options. Acqui-
sition valuation should include comparables, the value for direct exploitation
of the technology, and the value of real options associated with the technol-
ogy. Such valuation should also consider real options forgone by the current
technology owner and the game theoretic aspects of bidding competitively
for the technology with others. Gemplus considers real options analysis to
be a critical ingredient to accurate valuation of technology acquisitions and
has augmented its process to include this analysis.

It should be noted that recognition of the value associated with real
options in R&D must be combined with a process for acting on the decisions
associated with these real options. If real options are not effectively linked
with the ongoing R&D management process, it may be difficult to realize the
values projected by the real options analysis. For instance, Gemplus found
that the value of R&D management options was highly dependent upon the
life cycle and review that was applied to projects and programs. For exam-
ple, a hardware development project often follows a traditional “waterfall”
life cycle with natural checkpoints at the conclusion of investigation, spec-
ification, design, and implementation. These checkpoints present an oppor-
tunity to take advantage of what has been learned over time, and to alter the
course of the project. The project could be expanded or reduced, changed
to incorporate a new capability from a recently completed research project,
or perhaps altered in a more fundamental way. Software development proj-
ects, on the other hand, may follow a more iterative life cycle, with less time
between cycles and fewer natural checkpoints. These differences should be
considered carefully when identifying management options associated with
a project.

Of course, all of the activity associated with real options analysis in R&D
is aimed at more accurately valuing technological choices, so that the best
decisions are made for the firm. The experience at Gemplus thus far suggests
that these efforts are worthwhile. Real options analysis is a powerful finan-
cial tool that meshes nicely with the complexities of managing a collection of
projects and research activities that inherently carry significant uncertainty,
but also represent great potential value for the firm.
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Sprint on Real Options
in Telecommunications

The following is contributed by Marty Nevshemal (FMDP, Global Markets
Division) and Mark Akason (FMDP, Local Telecommunications Division) of
Sprint. Sprint is a global communications company serving 23 million busi-
ness and residential customers in more than 70 countries. With more than
80,000 employees worldwide and $23 billion in annual revenues, the West-
wood, KS-based company is represented on the New York Stock Exchange by
the FON group and the PCS group. On the wireline side, the Sprint FON
Group (NYSE: FON) comprises Sprint’s Global Markets Group and the Local
Telecommunications Division, as well as product distribution and directory
publishing businesses. On the wireless side, the Sprint PCS Group (NYSE:
PCS) consists of Sprint’s wireless PCS operations. Sprint is widely recognized
for developing, engineering, and deploying state-of-the-art technologies in
the telecommunications industry, including the nation’s first nationwide 
all-digital, fiber-optic network. The Global Markets Group provides a broad
suite of communications services to business and residential customers. These
services include domestic long-distance and international voice service; data
service like Internet, frame relay access and transport, Web hosting, and man-
aged security; and broadband.

In the twentieth century, telecommunications has become ubiquitous in
developed countries. In 1999, total telecommunications revenues in the
United States were in excess of $260 billion and had grown in excess of 10
percent per year for the prior four years.1 By December 2000, there were
more than 100 million mobile wireless subscribers in the United States.2 Even
more staggering is the capital intensity necessary to drive this revenue and
provide this service. In 2000, the largest telecom company, AT&T, required
assets of $234 billion to drive revenue of $56 billion, a ratio of greater than
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4:1.3 Not only is simple growth in population and locations driving the
industry, but also new technologies and applications such as wireless and the
Internet are fueling that growth. Given the capital intensity and sheer size of
the investments, to be successful in the telecom industry it is critical that com-
panies make decisions that properly value and assess the new technologies
and applications. This is where real options can play a role.

The goal of any company is to make the right decision regarding its
investments. One of the goals of any investment decision is to optimize value
while preserving flexibility. Often though, optimum value and flexibility are
at odds. An example of this dichotomy is that one can choose a strategy of
leading the industry by investing in and implementing new, unproven tech-
nologies that will hopefully become the platform(s) for future profitable prod-
ucts and services. Or one can choose a wait-and-see strategy, holding back
on investments until the technology standard is recognized industry-wide.
Both strategies have obvious advantages and disadvantages. The first strat-
egy opens a telecom company up to the risk of investing in a technology that
may not become the industry standard, may be a dead end (remember BETA
tapes?), or may not meet all the desired specifications. Furthermore, the
magnitude of the “cutting edge” technology bet, if it does not work, could
adversely impact the financial viability of the firm.

Therefore, it is critically important for a telecommunications company
such as Sprint to ensure that their decision-making process includes a struc-
tured method that recognizes both the benefits and pitfalls of a particular
technology investment as soon as information about that technology becomes
available. This method should quickly get information in usable form to
decision-makers so that they can take appropriate action. Finally, this struc-
tured method must ensure that timely decision points be identified, where
actions can be taken to either improve the development results or give the
option to re-deploy resources to better opportunities.

One of the ways that Sprint believes that this strategic flexibility for tech-
nology investments can be systematically implemented throughout the organ-
ization is through the adoption of real options analysis. The very nature of
the analysis forces managers to think about the growth and flexibility options
that may be available in any technology investment decision. Real options
analysis has a process for valuing these options, and it identifies decision
points along the way.

Systemic to the telecom industry is the requirement of management to
make critically important strategic decisions regarding the implementation
and adaptation of various telecom technologies that will have significant
impact on the value of their firm over the long term. Overall, these tech-
nologies are extremely capital intensive, especially in the start-up phase, and
take an extended period to develop and implement, and have an extended
payoff period.
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Here are a couple of examples of capital-intensive telecom technology
bets that a telecom company has to make:

� Selection of wireless technology (e.g., TDMA—Time Division Multi-
ple Access, CDMA—Code Division Multiple Access, or GSM—Global
System for Mobile Communications).

� Third Generation (3G) build-out and timing of a commercial rollout.

� 3G wireless technology applications.
� Location and construction of Metropolitan Area Networks (MANs), Cen-

tral Offices (COs), and Points-of-Presence (POPs).
� Capacity of its backbone fiber network.

� Technology of the backbone network (ATM—Asynchronous Transfer
Mode versus IP—Internet Protocol).

Generally speaking, there are three basic outcomes to any technology
decision using a strategy to lead. Each outcome has distinct effects on the
company, both operationally and financially:

� The right technology choice generally leads to success in its many
forms: sustainable competitive advantage in pricing/cost structure, first-
to-market benefits, greater market share, recognition as a superior
brand, operational efficiencies, superior financial results, and industry
recognition.

� The wrong technology choice without strategic options to redirect the
assets or re-deploy resources could lead to a sustained competitive dis-
advantage and/or a technology dead end from which it takes consider-
able financial and operational resources to recover.

� However, the wrong initial choice can also lead to success eventually—
if viable strategic and tactical options are acted upon in a timely manner.
At a minimum, these options can help avoid financial distress and/or
reduce its duration and/or the extent of a competitive disadvantage.

It is important to implement valuation techniques that improve the analy-
sis of business opportunities, but perhaps more important, telecom managers
should strive to implement a structured thought/analysis process that builds
operational flexibility into every business case.

This is where real options analysis has shown to have definite benefits.
More specifically, the thought process that forces management to look for and
demand strategic flexibility is critical. Furthermore, similar to the value of
Monte Carlo simulations that educate management to better understand the
input variables as opposed to concentrating on a final output NPV (net pres-
ent value), real options analysis also forces management to better understand
these input variables. However, it goes a couple of steps further by valuing
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strategic flexibility and identifying trigger points where the direction of 
the business plan may be amended. The challenge is how to implement the
mechanics of real options analysis.

In the telecom industry there are typically no natural trigger points where
hard-stop reviews are required as there are in the pharmaceutical industry
or in the oil and gas industry. Within the pharmaceutical industry, for exam-
ple, there are natural gates/decision points, such as FDA reviews, that act as
trigger points where the strategic direction of the product/project can be and
typically must be revisited.

For technology companies like Sprint, these trigger points are not implicit.
Instead, they need to be actively defined by management and built into a
structured analysis. These trigger points can be based on fixed time line
reviews (monthly/quarterly/yearly) or can occur when a technology reaches
a natural review stage such as the completion of product design, product
development, market analysis, or pricing. Other milestones include when
financial and operational thresholds are realized (project overspent/compet-
ing technology introduced/growth targets exceeded).

When implementing new technology, historical benchmark data regard-
ing the chance that a particular event will occur is not available. For exam-
ple, there is no historical precedent to show the percentage chance that CDMA
rather than GSM technology will be the preferred wireless technology in the
United States over the long run. Yet, the adoption of one technology over
the other may have serious financial ramifications for the various wireless car-
riers. Therefore, management, in many cases, will base the value of the option
on their subjective analysis of the situation. With real options, the final out-
come of management’s analysis is determined through thorough analysis and
critical thinking, and the result has considerable value.

Similar cases are present throughout the telecom industry and may result
in considerable subjective leeway that allows for wide swings in the value
of any particular option. This is not to say that this dilutes the value of real
options analysis. On the contrary, just having the structured thought process
that recognizes that there is value in strategic flexibility and in trying to put
a value on this flexibility is important unto itself.

In summary, applying the key principles of real options analysis is impor-
tant and valuable; and overall, real options analysis complements traditional
analysis tools and in many cases is an improvement over them.

The following examples are telecom-specific areas where various types
of real options can be used to determine the financial viability of the project.

� Wireless Minutes of Use (MOU) and Replacement of Wireline MOU. In
today’s competitive wireless landscape, most, if not all, of the nationwide
wireless carriers are offering long-distance plans as part of their wireless
package. As wireless penetration increases, this drives MOU to the long-
distance carriers and may change the economics of the wireline build-out
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for some carriers. Furthermore, because wireless subscribers have long
distance bundled into their monthly recurring charge (MRC), many are
replacing their wireline phones with wireless phones for long distance.
Therefore, real options analysis can be done to place a value on both
wireless and wireline carriers.

� Valuing New Technologies Using Sequential Compound and Re-Deploy
Resources Options. 3G can be seen as both a sequential compound and
re-deploy resources option. Some wireless carriers in the United States,
such as Sprint, will be able to implement 3G by deploying software
upgrades throughout the existing network, while others will need to
build-out new networks. Companies that find 3G a sequential compound
option can upgrade their network to 3G capable with very little (if any)
incremental investment over what the wireless company would normally
invest to build-out capacity. In addition, the subscribers of these com-
panies will be able to utilize existing phones that are not 3G capable for
voice services.

� Wireless companies that cannot upgrade sequentially to 3G must re-
deploy resources from the existing wireless network. These compa-
nies must spend billions of dollars acquiring the spectrum to enable
the build-out of 3G networks. In Europe alone, an estimated $100
billion was spent acquiring the spectrum to allow 3G. These compa-
nies must re-deploy these significant resources to build-out their 
3G-capable network, while maintaining their existing networks. In
addition, the customers of these companies must purchase new hand-
sets because their existing phones will not function on the new 3G-
capable networks.

� The options that wireless carriers face today can be traced back to
an option that faced the companies years ago. As stated earlier, a real
option existed between CDMA, TDMA, and GSM for wireless tech-
nologies that the industry is just now getting better visibility on. The
decisions made then have consequences today and in the future for
the viability of these companies’ 3G offerings.

� Leveraging Local Assets Using New Market Penetration and Change Tech-
nology Options. Incumbent local exchange carriers (ILEC) are in a
unique competitive position and therefore can use a new market pene-
tration option analysis when valuing expenditures on their existing local
infrastructure. This can be used to offer long-distance service with min-
imal infrastructure upgrade to allow the ILECs to enter new markets as
well as to offer new technologies like high speed data, video, and the
Internet to existing local customers.

� The change of technology option is one that is facing or will be
facing all major ILECs. The existing circuit-switched network is not
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efficient enough to handle the increasing amount of traffic from both
data and voice. Carriers built their networks to handle peak voice
traffic during the business day, but in actuality the peak times of the
network now occur during the evening because of Internet and data
use. The change to a packet-based data network is an option that
local carriers are facing today. The change to packet technology will
create a much more efficient network that will handle both the
increasing voice and data traffic. This change technology option to a
packet-based network also enables more options in the future by
opening the possibility of creating new markets and products that
cannot exist on the old circuit-based network.

� Infrastructure Build-Out (Expand versus Contract Options). The expand/
contract option is gaining more and more validity in the current tele-
com environment. Network build-out is a capital-intensive requirement
that has forced many carriers to leverage their balance sheets with a large
amount of debt. However, demand for telecommunications services has
not kept up with supply, resulting in excess fiber capacity. Depending on
the location and availability of excess capacity, it may be cheaper for 
a telco to lease existing capacity from another telco than to build out
its own network. In addition, due to the strained finances of some car-
riers, this capacity may be acquired at prices that offer a considerable
discount to any unilateral build-out scenario.

54 THEORY



5555

Traditional Valuation Approaches

INTRODUCTION

This chapter begins with an introduction to traditional analysis, namely,
the discounted cash flow model. It showcases some of the limitations
and shortcomings through several examples. Specifically, traditional

approaches underestimate the value of a project by ignoring the value of its
flexibility. Some of these limitations are addressed in greater detail, and
potential approaches to correct these shortcomings are also addressed. Fur-
ther improvements in the areas of more advanced analytics are discussed,
including the potential use of Monte Carlo simulation, real options analy-
sis, and portfolio resource optimization.

THE TRADITIONAL VIEWS

Value is defined as the single time-value discounted number that is repre-
sentative of all future net profitability. In retrospect, the market price of an
asset may or may not be identical to its value. (Assets, projects, and strate-
gies are used interchangeably.) For instance, when an asset is sold at a sig-
nificant bargain, its price may be somewhat lower than its value, and one
would surmise that the purchaser has obtained a significant amount of
value. The idea of valuation in creating a fair market value is to determine
the price that closely resembles the true value of an asset. This true value
comes from the physical aspects of the asset as well as the non-physical,
intrinsic, or intangible aspect of the asset. Both aspects have the capabilities
of generating extrinsic monetary or intrinsic strategic value. Traditionally,
there are three mainstream approaches to valuation, namely, the market
approach, the income approach, and the cost approach.

Market Approach. The market approach looks at comparable assets in the
marketplace and their corresponding prices and assumes that market forces

CHAPTER 2



will tend to move the market price to an equilibrium level. It is further
assumed that the market price is also the fair market value, after adjusting
for transaction costs and risk differentials. Sometimes a market-, industry-,
or firm-specific adjustment is warranted, to bring the comparables closer 
to the operating structure of the firm whose asset is being valued. These
approaches could include common-sizing the comparable firms, performing
quantitative screening using criteria that closely resemble the firm’s industry,
operations, size, revenues, functions, profitability levels, operational efficiency,
competition, market, and risks.

Income Approach. The income approach looks at the future potential
profit or free-cash-flow-generating potential of the asset and attempts to
quantify, forecast, and discount these net free cash flows to a present value.
The cost of implementation, acquisition, and development of the asset is then
deducted from this present value of cash flows to generate a net present value.
Often, the cash flow stream is discounted at a firm-specified hurdle rate, at
the weighted average cost of capital, or at a risk-adjusted discount rate based
on the perceived project-specific risk, historical firm risk, or overall busi-
ness risk.
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The three approaches to valuation include the market approach, income
approach, and cost approach.

Cost Approach. The cost approach looks at the cost a firm would incur if
it were to replace or reproduce the asset’s future profitability potential,
including the cost of its strategic intangibles if the asset were to be created
from the ground up. Although the financial theories underlying this approach
are sound in the more traditional deterministic view, they cannot reasonably
be used in isolation when analyzing the true strategic flexibility value of a
firm, project, or asset.

Other Approaches. Other approaches used in valuation, more appropri-
ately applied to the valuation of intangibles, rely on quantifying the eco-
nomic viability and economic gains the asset brings to the firm. There are
several well-known methodologies to intangible-asset valuation, particularly
in valuing trademarks and brand names. These methodologies apply the
combination of the market, income, and cost approaches described above.

The first method compares pricing strategies and assumes that by hav-
ing some dominant market position by virtue of a strong trademark or
brand recognition—for instance, Coca-Cola—the firm can charge a pre-
mium price for its product. Hence, if we can find market comparables pro-
ducing similar products, in similar markets, performing similar functions,



facing similar market uncertainties and risks, the price differential would
then pertain exclusively to the brand name. These comparables are gener-
ally adjusted to account for the different conditions under which the firms
operate. This price premium per unit is then multiplied by the projected
quantity of sales, and the outcome after performing a discounted cash flow
analysis will be the residual profits allocated to the intangible. A similar
argument can be set forth in using operating profit margin in lieu of price
per unit. Operating profit before taxes is used instead of net profit after
taxes because it avoids the problems of comparables having different capi-
tal structure policies or carry-forward net operating losses and other tax-
shield implications.

Another method uses a common-size analysis of the profit and loss
statements between the firm holding the asset and market comparables. This
takes into account any advantage from economies of scale and economies
of scope. The idea here is to convert the income statement items as a per-
centage of sales, and balance sheet items as a percentage of total assets. In
addition, in order to increase comparability, the ratio of operating profit to
sales of the comparable firm is then multiplied by the asset-holding firm’s
projected revenue structure, thereby eliminating the potential problem of
having to account for differences in economies of scale and scope. This
approach uses a percentage of sales, return on investment, or return on asset
ratio as the common-size variable.

PRACTICAL ISSUES USING TRADITIONAL 
VALUATION METHODOLOGIES

The traditional valuation methodology relying on a discounted cash flow
series does not get at some of the intrinsic attributes of the asset or invest-
ment opportunity. Traditional methods assume that the investment is an all-
or-nothing strategy and do not account for managerial flexibility that exists
such that management can alter the course of an investment over time when
certain aspects of the project’s uncertainty become known. One of the
value-added components of using real options is that it takes into account
management’s ability to create, execute, and abandon strategic and flexible
options.

There are several potential problem areas in using a traditional dis-
counted cash flow calculation on strategic optionalities. These problems
include undervaluing an asset that currently produces little or no cash flow,
the nonconstant nature of the weighted average cost of capital discount rate
through time, the estimation of an asset’s economic life, forecast errors in
creating the future cash flows, and insufficient tests for plausibility of the
final results. Real options when applied using an options theoretical frame-
work can mitigate some of these problematic areas. Otherwise, financial
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profit level metrics like net present value (NPV), or internal rate of return
(IRR), will be skewed and not provide a comprehensive view of the entire
investment value. However, the discounted cash flow model does have its
merits:

Discounted Cash Flow Advantages

� Clear, consistent decision criteria for all projects.

� Same results regardless of risk preferences of investors.

� Quantitative, decent level of precision, and economically rational.

� Not as vulnerable to accounting conventions (depreciation, inventory
valuation, etc.).

� Factors in the time value of money and risk structures.

� Relatively simple, widely taught, widely accepted.

� Simple to explain to management: “If benefits outweigh the costs, do it!”

In reality, there are several issues that an analyst should be aware of
prior to using discounted cash flow models, as shown in Table 2.1. The most
important aspects include the business reality that risks and uncertainty
abound when decisions have to be made and that management has the strate-
gic flexibility to make and change decisions as these uncertainties become
known over time. In such a stochastic world, using deterministic models like
the discounted cash flow may potentially grossly underestimate the value of
a particular project. A deterministic discounted cash flow model assumes at
the outset that all future outcomes are fixed. If this is the case, then the dis-
counted cash flow model is correctly specified as there would be no fluc-
tuations in business conditions that would change the value of a particular
project. In essence, there would be no value in flexibility. However, the
actual business environment is highly fluid, and if management has the flex-
ibility to make appropriate changes when conditions differ, then there is
indeed value in flexibility, a value that will be grossly underestimated using
a discounted cash flow model.

Figure 2.1 shows a simple example of applying discounted cash flow
analysis. Assume that there is a project that costs $1,000 to implement at
Year 0 that will bring in the following projected positive cash flows in the
subsequent five years: $500, $600, $700, $800, and $900. These projected
values are simply subjective best-guess forecasts on the part of the analyst.
As can be seen in Figure 2.1, the timeline shows all the pertinent cash flows
and their respective discounted present values. Assuming that the analyst
decides that the project should be discounted at a 20 percent risk-adjusted
discount rate using a weighted average cost of capital (WACC), we calculate
the NPV to be $985.92 and a corresponding IRR of 54.97 percent.1 Further-
more, the analyst assumes that the project will have an infinite economic
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life and assumes a long-term growth rate of cash flows of 5 percent. Using
the Gordon constant growth model, the analyst calculates the terminal value
of the project’s cash flow at Year 5 to be $6,300. Discounting this figure for
five years at the risk-adjusted discount rate and adding it to the original
NPV yields a total NPV with terminal value of $3,517.75.
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Decisions are made now, and
cash flow streams are fixed
for the future. 

Uncertainty and variability in future outcomes.
Not all decisions are made today, as some may
be deferred to the future, when uncertainty
becomes resolved.

Projects are “mini firms,”
and they are interchangeable 
with whole firms. 

With the inclusion of network effects,
diversification, interdependencies, and synergy,
firms are portfolios of projects and their
resulting cash flows. Sometimes projects cannot
be evaluated as stand-alone cash flows. 

Once launched, all projects
are passively managed.

Projects are usually actively managed through
project life cycle, including checkpoints, decision
options, budget constraints, and so forth. 

Future free cash flow streams
are all highly predictable 
and deterministic.

It may be difficult to estimate future cash flows
as they are usually stochastic and risky 
in nature.

Project discount rate used 
is the opportunity cost of
capital, which is proportional
to non-diversifiable risk.

There are multiple sources of business risks with
different characteristics, and some are
diversifiable across projects or time.

All risks are completely
accounted for by the 
discount rate.

Firm and project risk can change during the
course of a project.

Unknown, intangible, or
immeasurable factors are
valued at zero.

Many of the important benefits are intangible
assets or qualitative strategic positions.

All factors that could affect
the outcome of the project
and value to the investors 
are reflected in the DCF
model through the NPV 
or IRR.

Because of project complexity and so-called
externalities, it may be difficult or impossible 
to quantify all factors in terms of incremental
cash flows. Distributed, unplanned outcomes
(e.g., strategic vision and entrepreneurial
activity) can be significant and strategically
important.

TABLE 2.1 Disadvantages of DCF: Assumptions versus Realities

DCF Assumptions Realities



The calculations can all be seen in Figure 2.1, where we further define
w as the weights, d for debt, ce for common equity, and ps for preferred
stocks, FCF as the free cash flows, tax as the corporate tax rate, g as the
long-term growth rate of cash flows, and rf as the risk-free rate.

Even with a simplistic discounted cash flow model like this, we can see
the many shortcomings of using a discounted cash flow model that are wor-
thy of mention. Figure 2.2 lists some of the more noteworthy issues. For
instance, the NPV is calculated as the present value of future net free cash
flows (benefits) less the present value of implementation costs (investment
costs). However, in many instances, analysts tend to discount both benefits
and investment costs at a single identical market risk-adjusted discount rate,
usually the WACC. This, of course, is flawed.

The benefits should be discounted at a market risk-adjusted discount
rate like the WACC, but the investment cost should be discounted at a
reinvestment rate similar to the risk-free rate. Cash flows that have market
risks should be discounted at the market risk-adjusted rate, while cash flows
that have private risks should be discounted at the risk-free rate. This is
because the market will only compensate the firm for taking on the market
risks but not private risks. It is usually assumed that the benefits are subject
to market risks (because benefit free cash flows depend on market demand,
market prices, and other exogenous market factors), while investment costs
depend on internal private risks (such as the firm’s ability to complete build-
ing a project in a timely fashion or the costs and inefficiencies incurred
beyond what is projected). On occasion, these implementation costs may
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FIGURE 2.1 Applying Discounted Cash Flow Analysis
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also be discounted at a rate slightly higher than a risk-free rate, such as a
money-market rate or at the opportunity cost of being able to invest the sum
in another project yielding a particular interest rate. Suffice it to say that
benefits and investment costs should be discounted at different rates if they
are subject to different risks. Otherwise, discounting the costs at a much
higher market risk-adjusted rate will reduce the costs significantly, making
the project look as though it were more valuable than it actually is.
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FIGURE 2.2 Shortcomings of Discounted Cash Flow Analysis
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The discount rate that is used is usually calculated from a WACC, capi-
tal asset-pricing model (CAPM), multifactor asset-pricing model (MAPT), or
arbitrage pricing theory (APT), set by management as a requirement for the
firm, or as a hurdle rate for specific projects.2 In most circumstances, if we
were to perform a simple discounted cash flow model, the most sensitive
variable is usually the discount rate. The discount rate is also the most dif-
ficult variable to correctly quantify. Hence, this leaves the discount rate 
open to potential abuse and subjective manipulation. A target NPV value can

Variables with market risks should be discounted at a market risk-
adjusted rate, which is higher than the risk-free rate, which is used to
discount variables with private risks.



be obtained by simply massaging the discount rate to a suitable level. In
addition, certain input assumptions required to calculate the discount rate
are also subject to question. For instance, in the WACC, the input for cost
of common equity is usually derived using some form of the CAPM. In the
CAPM, the infamous beta (�) is extremely difficult to calculate. In finan-
cial assets, we can obtain beta through a calculation of the covariance
between a firm’s stock prices and the market portfolio, divided by the vari-
ance of the market portfolio. Beta is then a sensitivity factor measuring the
co-movements of a firm’s equity prices with respect to the market. The
problem is that equity prices change every few minutes! Depending on the
time frame used for the calculation, beta may fluctuate wildly. In addition,
for non-traded physical assets, we cannot reasonably calculate beta this way.
Using a firm’s tradable financial assets’ beta as a proxy for the beta on a
project within a firm that has many other projects is ill-advised.

There are risk and return diversification effects among projects as well
as investor psychology and overreaction in the market that are not accounted
for. There are also other more robust asset-pricing models that can be used
to estimate a project’s discount rate, but they require great care. For instance,
the APT models are built upon the CAPM and have additional risk factors
that may drive the value of the discount rate. These risk factors include
maturity risk, default risk, inflation risk, country risk, size risk, nonmarket-
able risk, control risk, minority shareholder risk, and others. Even the firm’s
CEO’s golf score can be a risk hazard (e.g., rash decisions may be made after
a bad game or bad projects may be approved after a hole-in-one, believ-
ing in a lucky streak.) The issue arises when one has to decide which risks
to include and which not to include. This is definitely a difficult task, to say
the least.3

One other method that is widely used is that of comparability analysis.
By gathering publicly available data on the trading of financial assets by
stripped-down entities with similar functions, markets, risks and geograph-
ical location, analysts can then estimate the beta (a measure of system-
atic risk) or even a relevant discount rate from these comparable firms. 
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For instance, an analyst who is trying to gather information on a research
and development effort for a particular type of drug can conceivably gather
market data on pharmaceutical firms performing only research and devel-
opment on similar drugs, existing in the same market, and having the same
risks. The median or average beta value can then be used as a market proxy

The methods to find a relevant discount rate include using a WACC,
CAPM, APT, MAPT, comparability analysis, management assumptions,
and a firm- or project-specific hurdle rate.



for the project currently under evaluation. Obviously, there is no silver bul-
let, but if an analyst were diligent enough, he or she could obtain estimates
from these different sources and create a better estimate. Monte Carlo sim-
ulation is most preferred in situations like these.4 The analyst can define the
relevant simulation inputs using the range obtained from the comparable
firms and simulate the discounted cash flow model to obtain the range of
relevant variables (typically the NPV or IRR).

Now that you have the relevant discount rate, the free cash flow stream
should then be discounted appropriately. Herein lies another problem: fore-
casting the relevant free cash flows and deciding if they should be discounted
on a continuous basis or a discrete basis, versus using end-of-year or mid-
year conventions. Free cash flows should be net of taxes, with the relevant
noncash expenses added back.5 Because free cash flows are generally cal-
culated starting with revenues and proceeding through direct cost of goods
sold, operating expenses, depreciation expenses, interest payments, taxes,
and so forth, there is certainly room for mistakes to compound over time.

Forecasting cash flows several years into the future is oftentimes very
difficult and may require the use of fancy econometric regression modeling
techniques, time-series analysis, management hunches, and experience. A
recommended method is not to create single-point estimates of cash flows at
certain time periods but to use Monte Carlo simulation and assess the rel-
evant probabilities of cash flow events. In addition, because cash flows in
the distant future are certainly riskier than in the near future, the relevant
discount rate should also change to reflect this. Instead of using a single dis-
count rate for all future cash flow events, the discount rate should incor-
porate the changing risk structure of cash flows over time. This can be done
by either weighing the cash flow streams’ probabilistic risks (standard devi-
ations of forecast distributions) or using a stepwise technique of adding the
maturity risk premium inherent in U.S. Treasury securities at different matu-
rity periods. This bootstrapping approach allows the analyst to incorporate
what the market experts predict the future market risk structure looks like.

Finally, the issue of terminal value is of major concern for anyone using
a discounted cash flow model. Several methods of calculating terminal val-
ues exist, such as the Gordon constant growth model (GGM), zero growth
perpetuity consul, and the supernormal growth models. The GGM is the most
widely used, where at the end of a series of forecast cash flows, the GGM
assumes that cash flow growth will be constant through perpetuity. The GGM
is calculated as the free cash flow at the end of the forecast period multiplied
by a relative growth rate, divided by the discount rate less the long-term
growth rate. Shown in Figure 2.2, we see that the GGM breaks down when
the long-term growth rate exceeds the discount rate. This growth rate is also
assumed to be fixed, and the entire terminal value is highly sensitive to this
growth rate assumption. In the end, the value calculated is highly suspect
because a small difference in growth rates will mean a significant fluctuation
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in value. Perhaps a better method is to assume some type of growth curve in
the free cash flow series. These growth curves can be obtained through some
basic time-series analysis as well as using more advanced assumptions in
stochastic modeling. Nonetheless, we see that even a well-known, generally
accepted and applied discounted cash flow model has significant analytical
restrictions and problems. These problems are rather significant and can com-
pound over time, creating misleading results. Great care should be given in
performing such analyses. Later chapters introduce the concepts of Monte
Carlo simulation, real options, and portfolio optimization. These new ana-
lytical methods address some of the issues discussed above. However, it
should be stressed that these new analytics do not provide the silver bullet
for valuation and decision-making. They provide value-added insights, and
the magnitude of insights and value obtained from these new methods
depend solely on the type and characteristic of the project under evaluation.

The applicability of traditional analysis versus the new analytics across
a time horizon is depicted in Figure 2.3. During the shorter time period,
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FIGURE 2.3 Using the Appropriate Analysis
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holding everything else constant, the ability for the analyst to predict the
near future is greater than when the period extends beyond the historical
and forecast periods. This is because the longer the horizon, the harder it
is to fully predict all the unknowns, and hence, management can create
value by being able to successfully initiate and execute strategic options.

The traditional and new analytics can also be viewed as a matrix of
approaches as seen in Figure 2.4, where the analytics are segregated by its
analytical perspective and type. With regard to perspective, the analytical
approach can be either a top-down or a bottom-up approach. A top-down
approach implies a higher focus on macro variables than on micro variables.
The level of granularity from the macro to micro levels include starting
from the global perspective, and working through market or economic con-
ditions, impact on a specific industry, and more specifically, the firm’s com-
petitive options. At the firm level, the analyst may be concerned with a
single project and the portfolio of projects from a risk management per-
spective. At the project level, detail focus will be on the variables impacting
the value of the project.
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SUMMARY

Traditional analyses like the discounted cash flow are fraught with prob-
lems. They underestimate the flexibility value of a project and assume that
all outcomes are static and all decisions made are irrevocable. In reality,
business decisions are made in a highly fluid environment where uncer-
tainties abound and management is always vigilant in making changes in
decisions when the circumstances require a change. To value such decisions
in a deterministic view may potentially grossly underestimate the true intrin-
sic value of a project. New sets of rules and methodology are required in
light of these new managerial flexibilities. It should be emphasized that real
options analysis builds upon traditional discounted cash flow analysis, pro-
viding value-added insights to decision-making. In later chapters, it will be
shown that discounted cash flow analysis is a special case of real options
analysis when there is no uncertainty in the project.

CHAPTER 2 QUESTIONS

1. What are the three traditional approaches to valuation?

2. Why should benefits and costs be discounted at two separate discount
rates?

3. Is the following statement true? Why or why not? “The value of a firm
is simply the sum of all its individual projects.”

4. What are some of the assumptions in order for the CAPM to work? 
5. Using the discrete and continuous discounting conventions explained in

Appendix 2A, and assuming a 20 percent discount rate, calculate the
net present value of the following cash flows: 

Year 2002 2003 2004 2005 2006 2007

Revenues $100 $200 $300 $400 $500
Operating Expenses $ 10 $ 20 $ 30 $ 40 $ 50
Net Income $ 90 $180 $270 $360 $450
Investment Costs ($450)
Free Cash Flow ($450) $ 90 $180 $270 $360 $450
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Financial Statement Analysis

This appendix provides some basic financial statement analysis concepts used
in applying real options. The focus is on calculating the free cash flows used
under different scenarios, including making appropriate adjustments under
levered and unlevered operating conditions. Although many versions of free
cash flows exist, these calculations are examples of more generic free cash
flows applicable under most circumstances. An adjustment for inflation and
the calculation of terminal cash flows are also presented here. Finally, a market
multiple approach that uses price-to-earnings ratios is also briefly discussed.

FREE CASH FLOW CALCULATIONS

Below is a list of some generic financial statement definitions used to generate
free cash flows based on GAAP (Generally Accepted Accounting Principles):

� Gross Profits � Revenues � Cost of Goods Sold.
� Earnings Before Interest and Taxes � Gross Profits � Selling Expenses

� General and Administrative Costs � Depreciation � Amortization.
� Earnings Before Taxes � Earnings Before Interest and Taxes � Interest.
� Net Income � Earnings Before Taxes � Taxes.

� Free Cash Flow � Net Income � Depreciation � Amortization � Cap-
ital Expenditures � Change in Net Working Capital � Principal Repay-
ments � New Debt Proceeds � Preferred Debt Dividends.

FREE CASH FLOW TO A FIRM

An alternative version of the free cash flow for an unlevered firm can be
defined as:

� Free Cash Flow � Earnings Before Interest and Taxes [1 � Effective Tax
Rate] � Depreciation � Amortization � Capital Expenditures � Change
in Net Working Capital.

APPENDIX 2A
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LEVERED FREE CASH FLOW

For a levered firm, the free cash flow becomes:

� Free Cash Flow � Net Income � � [Depreciation � Amortization] � �
[Change in Net Working Capital] � � [Capital Expenditures] � Principal
Repayments � New Debt Proceeds � Preferred Debt Dividends

where

� is the equity-to-total-capital ratio; and 
(1 � �) is the debt ratio.

INFLATION ADJUSTMENT

The adjustments below show an inflationary adjustment for free cash flows
and discount rates from nominal to real conditions:
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where

CF is the cash flow series;
� is the inflation rate;
E[�] is the expected inflation rate; and
� is the discount rate.

TERMINAL VALUE

The following are commonly accepted ways of getting terminal free cash flows
under zero growth, constant growth, and supernormal growth assumptions:
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� Punctuated Growth: 
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where

FCF is the free cash flow series;
WACC is the weighted average cost of capital;
g is the growth rate of free cash flows;
t is the individual time periods;
T is the terminal time at which a forecast is available;
N is the time when a punctuated growth rate occurs;
� is the respective weights on each capital component;
ke is the cost of common equity;
kd is the cost of debt; 
kpe is the cost of preferred equity; and
� is the effective tax rate.

PRICE-TO-EARNINGS MULTIPLES APPROACH

Related concepts in valuation are the uses of market multiples. An example
is using the price-to-earnings multiple, which is a simple derivation of the
constant growth model shown above, breaking it down into dividends per
share (DPS) and earnings per share (EPS) components.

The derivation starts with the constant growth model:
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We then use the fact that the dividend per share next period (DPS1) is the
earnings per share current period multiplied by the payout ratio (PR),
defined as the ratio of dividends per share to earnings per share, which is
assumed to be constant, multiplied by one plus the growth rate (1 + g) of
earnings:

DPS1 � EPS0[PR](1 � gn)

Similarly, the earnings per share the following period is the same as the earn-
ings per share this period multiplied by one plus the growth rate:

EPS1 � EPS0(1 � gn)



Substituting the earnings per share model for the dividends per share in the
constant growth model, we get the pricing relationship:

P0 � �
EPS0[

k
P

e

R
�

](1
gn

� gn)
�

Because we are using price-to-earnings ratios, we can divide the pric-
ing relationship by earnings per share to obtain an approximation of the
price-to-earnings ratio (PE):
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Assuming that the PE and EPS ratios are fairly stable over time, we can esti-
mate the current pricing structure through forecasting the next term EPS
we obtain:

�
P0 � EPS1[PE1]

Issues of using PE ratios include the fact that PE ratios change across dif-
ferent markets. If a firm serves multiple markets, it is difficult to find an
adequate weighted average PE ratio. PE ratios may not be stable through
time and are most certainly not stable across firms. If more efficient firms
are added to less efficiently run firms, the average PE ratio may be skewed.
In addition, market overreaction and speculation, particularly among high-
growth firms, provide an overinflated PE ratio. Furthermore, not all firms
are publicly held, some firms may not have a PE ratio and if valuation of
individual projects is required, PE ratios may not be adequate because it is
difficult to isolate a specific investment’s profitability and its corresponding
PE ratio. Similar approaches include using other proxy multiples, including
Business Enterprise Value to Earnings, Price to Book, Price to Sales, and so
forth, with similar methods and applications.

DISCOUNTING CONVENTIONS

In using discounted cash flow analysis, there are several conventions that
require consideration: continuous versus discrete discounting, mid-year versus
end-of-year convention, and beginning versus end-of-period discounting.

Continuous versus Discrete Periodic Discounting

The discounting convention is important when performing a discounted
cash flow analysis. Using the same compounding period principle, future
cash flows can be discounted using the effective annualized discount rate.
For instance, suppose an annualized discount rate of 30 percent is used on
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a $100 cash flow. Depending on the compounding periodicity, the calcu-
lated present value and future value differ (see Table 2A.1).

TABLE 2A .1 Continuous versus Periodic Discrete Discounting

Periodicity Periods/Year Interest Factor Future Value Present Value

Annual 1 30.00% $130.00 $76.92
Quarterly 4 33.55% $133.55 $74.88
Monthly 12 34.49% $134.49 $74.36
Daily 365 34.97% $134.97 $74.09
Continuous � 34.99% $134.99 $74.08

To illustrate this point further, a $100 deposit in a 30 percent interest-
bearing account will yield $130 at the end of one year if the interest com-
pounds once a year. However, if interest is compounded quarterly, the deposit
value increases to $133.55 due to the additional interest-on-interest com-
pounding effects. For instance,

Value at the end of the first quarter � $100.00(1 � 0.30/4)1 � $107.50
Value at the end of the second quarter � $107.50(1 � 0.30/4)1 � $115.56
Value at the end of the third quarter � $115.56(1 � 0.30/4)1 � $124.23
Value at the end of the fourth quarter � $124.23(1 � 0.30/4)1 � $133.55

That is, the annualized discount rate for different compounding periods is
its effective annualized rate, calculated as 
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For the quarterly compounding interest rate, the effective annualized rate is 
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Applying this rate for the year, we have $100(1 � 0.3355) � $133.55.
This analysis can be extended for monthly, daily, or any other period-

icities. In addition, if the interest rate is assumed to be continuously com-
pounding, the continuous effective annualized rate should be used, where 
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For instance, the 30 percent interest rate compounded continuously yields
e0.3 � 1 � 34.99%. Notice that as the number of compounding periods
increases, the effective interest rate increases until it approaches the limit
of continuous compounding.

lim
periods →�
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The annual, quarterly, monthly, and daily compounding is termed dis-
crete periodic compounding, as compared to the continuous compounding
approach using the exponential function. In summary, the higher the num-
ber of compounding periods, the higher the future value and the lower the
present value of a cash flow payment. When applied to discounted cash flow
analysis, if the discount rate calculated using a weighted average cost of cap-
ital is continuously compounding (e.g., interest payments and cost of capi-
tal are continuously compounding), then the net present value calculated
may be overoptimistic if discounted discretely.

Full-Year versus Mid-Year Convention

In the conventional discounted cash flow approach, cash flows occurring in
the future are discounted back to the present value and summed, to obtain
the net present value of a project. These cash flows are usually attached to
a particular period in the future, measured usually in years, quarters, or
months. The time line in Figure 2A.1 illustrates a sample series of cash flows
over the next five years, with an assumed 20 percent discount rate. Because
the cash flows are attached to an annual time line, they are usually assumed
to occur at the end of each year. That is, $500 will be recognized at the end
of the first full year, $600 at the end of the second year, and so forth. This
is termed the full-year discounting convention.
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FIGURE 2A .1 Full-Year versus Mid-Year Discounting
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However, under usual business conditions, cash flows tend to accrue
throughout the entire year and do not arrive in a single lump sum at the
end of the year. Instead, the mid-year convention may be applied. That is,
the $500 cash flow gets accrued over the entire first year and should be dis-
counted at 0.5 years, rather than 1.0 years. Using this midpoint supposes
that the $500 cash flow comes in equally over the entire year.
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End-of-Period versus Beginning-of-Period Discounting

Another key issue in discounting involves the use of end-of-period versus
beginning-of-period discounting. Suppose the cash flow series are generated
on a time line such as in Figure 2A.2:
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FIGURE 2A .2 End-of-Period versus Beginning-of-Period Discounting
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Further suppose that the valuation date is January 1, 2002. The $500 cash
flow can occur either at the beginning of the first year (January 1, 2003) or
at the end of the first year (December 31, 2003). The former requires the
discounting of one year and the latter, the discounting of two years. If the
cash flows are assumed to roll in equally over the year—that is, from Janu-
ary 1, 2002, to January 1, 2003—the discounting should only be for 0.5 years.

In retrospect, suppose that the valuation date is December 31, 2002,
and the cash flow series occurs at January 1, 2003, or December 31, 2003.
The former requires no discounting, while the latter requires a one-year dis-
counting using an end-of-year discounting convention. In the mid-year con-
vention, the cash flow occurring on December 31, 2003, should be discounted
at 0.5 years.



Discount Rate versus 
Risk-Free Rate

Generally, the weighted average cost of capital (WACC) would be used as
the discount rate for the cash flow series. The only mitigating circumstance
is when the firm wishes to use a hurdle rate that exceeds the WACC to com-
pensate for the additional uncertainty, risks, and opportunity costs the firm
believes it will face by investing in a particular project. As we will see, the
use of a WACC is problematic, and in the real options world, the input is
instead a U.S. Treasury spot rate of return with its maturity corresponding
to the economic life of the project under scrutiny.

In general, the WACC is the weighted average of the cost components
of issuing debt, preferred stock, and common equity: WACC � �dkd (1 � �)
� �pkp � �eke , where � are the respective weights, � is the corporate effec-
tive tax rate, and k are the costs corresponding to debt1 d, preferred stocks2

p, and common equity3 e.
However, multiple other factors affect the cost of capital that need to

be considered, including:

1. The company’s capital structure used to calculate the relevant WACC
discount rate may be inadequate, because project-specific risks are usu-
ally not the same as the overall company’s risk structure.

2. The current and future general interest rates in the economy may be
higher or lower, thus bond coupon rates may change in order to raise
the capital based on fluctuations in the general interest rate. Therefore,
an interest-rate-bootstrapping methodology should be applied to infer
the future spot interest rates using forward interest rates.

3. Tax law changes over time may affect the tax shield enjoyed by debt
repayments. Furthermore, different tax jurisdictions in different coun-
tries have different tax law applications of tax shields.

APPENDIX 2B
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4. The firm’s capital structure policy may have specific long-term targets
and weights that do not agree with the current structure, and the firm
may find itself moving toward that optimal structure over time.

5. Payout versus retention rate policy may change the dividend policy and
thereby change the projected dividend growth rate necessary to calcu-
late the cost of equity.

6. Investment policy of the firm, including the minimum required return
and risk profile.

7. Dynamic considerations in the economy and industry both ex post and
ex ante.

8. Measurement problems on specific security cost structure.

9. Small business problems making it difficult to measure costs correctly.

10. Depreciation-generated funds and off-balance sheet items are generally
not included in the calculations.

11. Geometric averages and not simple arithmetic averages should be used
for intra-year WACC rates.4

12. Market value versus book value weightings5 in calculating the WACC.

13. The capital asset-pricing model (CAPM) is flawed.

THE CAPM VERSUS THE MULTIFACTOR
ASSET-PRICING MODEL

The CAPM model states that under some simplifying assumptions, the rate
of return on any asset may be expected to be equal to the rate of return on
a riskless asset plus a premium that is proportional to the asset’s risk rela-
tive to the market. The CAPM is developed in a theoretical and hypothet-
ical world with multiple assumptions6 that do not hold true in reality, and
therefore it is flawed by design.7

The alternative is to use a multifactor model that adequately captures
the systematic risks experienced by the firm. In a separate article, the author
used a nonparametric multifactor asset-pricing model and showed that the
results are more robust. However, the details exceed the scope of this book.

Other researchers have tested the CAPM and found that a single fac-
tor, beta, does not sufficiently explain expected returns. Their empirical
research finds support for the inclusion of both size (measured using mar-
ket value) and leverage variables. The two leverage variables found to be
significant were the book-to-market ratio and the price-to-earnings ratio.
However, when used together, the book-to-market ratio and size variable
absorb the effects of the price-to-earnings ratio. With empirical support that
beta alone is insufficient to capture risk, their model relies on the addition

Discount Rate versus Risk-Free Rate 75



of the natural logarithm of both the book-to-market ratio and the size of
the firm’s market equity as

E[Ri,t] � [Rf,t] � � i,t (E [Rm,t] � Rf,t) � � i,t ln(BMEi,t) � 	 i,t ln(MEi,t)

where Ri,t , Rm,t , and Rf,t are the individual expected return for firm i, the
expected market return, and the risk-free rate of return at time t, respec-
tively. BMEi,t and MEi,t are the book-to-market ratio and the size of the
total market equity value for firm i at time t, respectively.

Other researchers have confirmed these findings, that a three-factor
model better predicts expected returns than the single-factor CAPM. Their
main conjecture is that asset-pricing is rational and conforms to a three-
factor model that does not reduce to the standard single-factor CAPM. One
of the major problems with the single-factor CAPM is that of determining
a good proxy for the market, which should truly represent all traded secu-
rities. In addition, the expected return on the market proxy typically relies
on ex-post returns and does not truly capture expectations. Therefore, the
multifactor model is an attempt to recover the expected CAPM results
without all the single-factor model shortcomings. A variation of the three-
factor model is shown as

E[Ri,t] � [Rf,t] � � i,t (E [Rm,t] � Rf,t) � 
 i,t ln(SMBi,t) � � i,t ln(HMLi,t)

where SMBi,t is the time-series of differences in average returns from the
smallest and largest capitalization stocks. HMLi,t is the time-series of dif-
ferences in average returns from the highest to the lowest book-to-market
ratios, after ranking the market portfolios into differing quartiles.

We can adapt this multifactor model to accommodate any market and
any industry. The factors in the model above can be sector- or industry-
specific. The macroeconomic variables used will have to be highly corre-
lated to historical returns of the firm. If sufficient data are available, a mul-
tifactor regression model can be generated, and variables found to be
statistically significant can then be used. Obviously, there is potential for
abuse and misuse of the model.8 If used correctly, the model will provide a
wealth of information on the potential risks that the project or asset holds.
However, in the end, the jury is still out on what constitutes a good dis-
count rate model.

76 THEORY



7777

Real Options Analysis

INTRODUCTION

This chapter introduces the fundamental essence of real options, pro-
viding the reader several simplified but convincing examples of why a
real options approach provides more insights than traditional valuation

methodologies do. A lengthy but simplified example details the steps an ana-
lyst might go through in evaluating a project. The example expounds on the
different decisions that will be made depending on which methodology is
employed, and introduces the user to the idea of adding significant value to
a project by looking at the different optionalities that exist, sometimes by
even creating strategic optionalities within a project, thereby enhancing its
overall value to the firm.

THE FUNDAMENTAL ESSENCE OF REAL OPTIONS

The use of traditional discounted cash flow alone is inappropriate in valu-
ing certain strategic projects involving managerial flexibility. Two finance
professors, Michael Brennan and Eduardo Schwartz, provided an example
on valuing the rights to a gold mine. In their example, a mining company
owns the rights to a local gold mine. The rights provide the firm the option,
and not the legal obligation, to mine the gold reserves supposedly abundant
in said mine. Therefore, if the price of gold in the market is high, the firm
might wish to start mining and, in contrast, stop and wait for a later time
to begin mining should the price of gold drop significantly in the market.
Suppose we set the cost of mining as X and the payoff on the mined gold
as S, taking into consideration the time value of money. We then have the
following payoff schedule:

S � X if and only if S � X

0 if and only if S 	 X

CHAPTER 3



This payoff is identical to the payoff on a call option on the underlying asset,
the value of the mined gold. If the cost exceeds the value of the underlying
asset, the option is left to expire worthless, without execution; otherwise,
the option will be exercised. That is, mine if and only if S exceeds X; other-
wise, do not mine.

As an extension of the gold mine scenario, say we have a proprietary
technology in development or a patent that currently and in the near future
carries little or no cash flow but nonetheless is highly valuable due to the
potential strategic positioning it holds for the firm that owns it. A traditional
discounted cash flow method will grossly underestimate the value of this
asset. A real options approach is more suitable and provides better insights
into the actual value of the asset. The firm has the option to either develop
the technology if the potential payoff exceeds the cost or abandon its devel-
opment should the opposite be true.

For instance, assume a firm owns a patent on some technology with a
10-year economic life. To develop the project, the present value of the total
research and development costs is $250 million, but the present value of
the projected sum of all future net cash flows is only $200 million. In a
traditional discounted cash flow sense, the net present value will be –$50
million, and the project should be abandoned. However, the proprietary
technology is still valuable to the firm given that there’s a probability it 
will become more valuable in the future than projected or that future proj-
ects can benefit from the technology developed. If we apply real options to
valuing this simplified technology example, the results will be significantly
different. By assuming the nominal rate on a 10-year risk-free U.S. Trea-
sury note is 6 percent and simulating the standard deviation of the
projected cash flow, we calculate the value of the research and development
initiative to be $2 million. This implies that the value of flexibility is $52
million or 26 percent of its static NPV value.1 By definition, a research and
development initiative involves creating something new and unique or devel-
oping a more enhanced product. The nature of most research and develop-
ment initiatives is that they are highly risky and involve a significant
investment up-front, with highly variable potential cash flows in the future
that are generally skewed toward the low end. In other words, most research
and development projects fail to meet expectations and generally produce
lower incremental revenues than deemed profitable. Hence, in a traditional
discounted cash flow sense, research and development initiatives are usu-
ally unattractive and provide little to no incentives. However, a cursory
look at the current industry would imply otherwise. Research and devel-
opment initiatives abound, implying that senior management sees signifi-
cant intrinsic value in such initiatives. So there arises a need to quantify
such strategic values.
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THE BASICS OF REAL OPTIONS

Real options, as its name implies, use options theory to evaluate physical or
real assets, as opposed to financial assets or stocks and bonds. In reality, real
options have been in the past very useful in analyzing distressed firms and
firms engaged in research and development with significant amounts of man-
agerial flexibility under significant amounts of uncertainty. Only in the past
decade has real options started to receive corporate attention in general.

A SIMPLIFIED EXAMPLE OF REAL OPTIONS IN ACTION

Suppose a client is currently researching and developing new pharmaceuti-
cal products, and the initial outlay required for initiating this endeavor is
$100 million. The projected net revenues, using free cash flow as a proxy,
resulting from this research and development effort brings about positive
cash flows of $8 million, $12 million, $15 million, $12 million, $11 million,
and $10 million for the first six years, starting next year. Furthermore,
assume that there is a salvage value of $155 million in year six.2 These cash
flows result from routine business functions associated with the firm’s
research and development efforts (assuming the firm is a specialized firm
engaged strictly in research and development). Panel A in Table 3.1 shows a
simple discounted cash flow series resulting in a discounted net present value
of $24.85 million using a given 12 percent market risk-adjusted weighted
average cost of capital (WACC).

Assume that the research and development efforts are successful and
that in three years, there is a potential to invest more funds to take the prod-
uct to market. For instance, in the case of the pharmaceutical firm, suppose
the first two to three years of research have paid off, and the firm is now
ready to produce and mass-market the newly discovered drug. Panel B shows
the series of cash flows relevant to this event, starting with an initial outlay
of another $382 million in year three, which will in turn provide the posi-
tive free cash flows of $30 million, $43 million, and $53 million in years
four through six. In addition, a terminal value of $454 is calculated using
the Gordon constant growth model for the remaining cash flows based on
economic life considerations. The net present value is calculated as –$24.99
million for this second phase. The total net present value for Panels A and
B is therefore –$0.14 million, indicating that the project is not viable. Using
this traditional net present value calculation underestimates the value of the
research and development effort significantly.

There are a few issues that need to be considered. The first is the dis-
count rate used on the second initial outlay of $382 million. The second is
the optionality of the second series of cash flow projections.

Real Options Analysis 79



All positive cash flow projections are discounted at a constant 12 per-
cent WACC, but the second initial outlay is discounted at 5.5 percent, as
seen in Panel B in Table 3.1. In reality, the discount rate over time should
theoretically change slightly due to different interest rate expectations as
risks change over time. An approach is to use a recursive interest rate boot-
strap based on market-forward rates adjusted for risk; but in our simple
analysis, we assume that the 12 percent does not change much over time.
The three-year spot Treasury risk-free rate of 5.5 percent is used on the sec-
ond investment outlay because this cash outflow is projected at present and
is assumed to be susceptible only to private risks and not market risks;

80 THEORY

TABLE 3.1 Comparing Real Options and Discounted Cash Flow

Panel A

($ millions)
Time 0 1 2 3 4 5 6
Initial Outlay $(100.00)
Cash Flow $8.00 $12.00 $15.00 $12.00 $11.00 $ 10.00
Terminal Value $155.00
Net Cash Flow $(100.00) $8.00 $12.00 $15.00 $12.00 $11.00 $165.00
Discount Rate 0% 12% 12% 12% 12% 12% 12%
Present Value $(100.00) $7.14 $ 9.57 $10.68 $ 7.63 $ 6.24 $ 83.59
Net Present 

Value $ 24.85

Panel B

($ millions)
Time 0 1 2 3 4 5 6
Initial Outlay $(382.00)
Cash Flow $30.00 $43.00 $ 53.00
Terminal Value $454.00
Net Cash Flow $(382.00) $30.00 $43.00 $507.00
Discount Rate 5.50% 12% 12% 12%
Present Value $(325.32) $19.07 $24.40 $256.86
Net Present 

Value $(24.99)
Total NPV $ (0.14)
Calculated

Call Value $ 73.27
Value of the 

Investment $ 98.12



hence, the outlay should be discounted at the risk-free rate. If the cost out-
lay is discounted at the 12 percent WACC, the true value of the investment
will be overinflated. To prepare for this payment in the future, the firm can
set aside the funds equal to $382 million for use in three years. The firm’s
expected rate of return is set at the corresponding maturity spot Treasury
risk-free rate, and any additional interest income is considered income from
investing activities. The 12 percent market risk-adjusted weighted average
cost of capital should not be used because the firm wants a 12 percent rate
of return on its research and development initiatives by taking on risk of
failure where the future cash flows are highly susceptible to market risks;
but the $382 million is not under similar risks at present. In financial the-
ory, we tend to separate market risks (unknown future revenues and free
cash flow streams that are susceptible to market fluctuations) at a market
risk-adjusted discount rate—in this case, the 12 percent WACC—and pri-
vate risks (the second investment outlay that may change due to internal
firm cost structures and not due to the market, meaning that the market will
not compensate the firm for its cost inefficiencies in taking the drug to mar-
ket) at a risk-free rate of 5 percent.

Next, the optionality of the second cash flow series can be seen as a call
option. The firm has the option to invest and pursue the product to mar-
ket phase but not the obligation to do so. If the projected net present value
in three years indicates a negative amount, the firm may abandon this sec-
ond phase; or the firm may decide to initiate the second phase should the
net present value prove to be positive and adequately compensate the risks
borne. So, if we value the second phase as a call option, the total net pres-
ent value of the entire undertaking, phase one and two combined, would
be a positive $98.12 million (calculated by adding the call value of $73.27
million and the phase one net present value of $24.85 million). This is the
true intrinsic strategic value of the project, because if things do not look as
rosy in the future, the firm does not have the obligation to take the drug to
market but can always shelf the product for later release, sell its patent
rights, or use the knowledge gained for creating other drugs in the future.
If the firm neglects this ability to not execute the second phase, it under-
estimates the true value of the project.

ADVANCED APPROACHES TO REAL OPTIONS

Clearly, the example above is a simple single-option condition. In more pro-
tracted and sophisticated situations, more sophisticated models have to be
used. These include closed-form exotic options solutions, partial-differential
equations through the optimization of objective functions subject to con-
straints through dynamic programming, trinomial and multinomial branch
models, binomial lattices, and stochastic simulations. This book goes into
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some of these more advanced applications in later chapters, along with their
corresponding technical appendixes, and shows how they can be applied in
actual business cases. However, for now, we are interested only in the high-
level understanding of what real options are and how even thinking in terms
of strategic optionality helps management make better decisions and obtain
insights that would be unavailable otherwise.

WHY ARE REAL OPTIONS IMPORTANT?

An important point is that the traditional discounted cash flow approach
assumes a single decision pathway with fixed outcomes, and all decisions
are made in the beginning without the ability to change and develop over
time. The real options approach considers multiple decision pathways as a
consequence of high uncertainty coupled with management’s flexibility in
choosing the optimal strategies or options along the way when new infor-
mation becomes available. That is, management has the flexibility to make
midcourse strategy corrections when there is uncertainty involved in the
future. As information becomes available and uncertainty becomes resolved,
management can choose the best strategies to implement. Traditional dis-
counted cash flow assumes a single static decision, while real options assume
a multidimensional dynamic series of decisions, where management has the
flexibility to adapt given a change in the business environment.
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Traditional approaches assume a static decision-making ability, while real
options assume a dynamic series of future decisions where management
has the flexibility to adapt given changes in the business environment.

Another way to view the problem is that there are two points to con-
sider, one, the initial investment starting point where strategic investment
decisions have to be made; and two, the ultimate goal, the optimal decision
that can ever be made to maximize the firm’s return on investment and
shareholder’s wealth. In the traditional discounted cash flow approach, join-
ing these two points is a straight line, whereas the real options approach
looks like a map with multiple routes to get to the ultimate goal, where 
each route is conjoint with others. The former implies a one-time decision-
making process, while the latter implies a dynamic decision-making process
wherein the investor learns over time and makes different updated decisions
as time passes and events unfold.

As outlined above, traditional approaches coupled with discounted cash
flow analysis have their pitfalls. Real options provide additional insights beyond
the traditional analyses. At its least, real options provide a sobriety test of the
results obtained using discounted cash flow and, at its best, provide a robust



approach to valuation when coupled with the discounted cash flow method-
ology. The theory behind options is sound and reasonably applicable.

Some examples of real options using day-to-day terminology include:

� Option for future growth.
� Option to wait and see.

� Option to delay.
� Option to expand.
� Option to contract.

� Option to choose.
� Option to switch resources.
� Option for phased and sequential investments.

Notice that the names used to describe the more common real options are
rather self-explanatory, unlike the actual model names such as a “Barone-
Adesi-Whaley approximation model for an American option to expand.” This
is important because when it comes to explaining the process and results to
management, the easier it is for them to understand, the higher the chances
of acceptance of the methodology and results. We will, with greater detail,
revisit this idea of making a series of black-box analytics transparent and
expositionally easy in Chapter 10.

Traditional approaches to valuing projects associated with the value of
a firm, including any strategic options the firm possesses, or flexible man-
agement decisions that are dynamic and have the capacity to change over
time, are flawed in several respects. Projects valued using the traditional dis-
counted cash flow model often provide a value that grossly understates the
true fair market value of the asset. This is because projects may provide a
low or zero cash flow in the near future but nonetheless be valuable to the
firm. In addition, projects can be viewed in terms of owning the option to
execute the rights, not owning the rights per se, because the owner can exe-
cute the option or allow it to expire should the opportunity cost outweigh
the benefits of execution. The recommended options approach takes into
consideration this option to exercise and prices it accordingly. Compared
to traditional approaches, real options provide added elements of robust-
ness to the analysis. Its inputs in the option-pricing model can be con-
structed via multiple alternatives, thus providing a method of stress testing
or sensitivity testing of the final results. The corollary analysis resulting
from real options also provides a ready means of sobriety checks without
having to perform the entire analysis again from scratch using different
assumptions.

The following example provides a simplified analogy to why optionality
is important and should be considered in corporate capital investment strate-
gies. Suppose you have an investment strategy that costs $100 to initiate and
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you anticipate that on average, the payoff will yield $120 in exactly one
year. Assume a 15 percent weighted average cost of capital and a 5 percent
risk-free rate, both of which are annualized rates. As Figure 3.1 illustrates,
the net present value of the strategy is $4.3, indicating a good investment
potential because the benefits outweigh the costs.

However, if we wait and see before investing, when uncertainty becomes
resolved, we get the profile shown in Figure 3.2, where the initial invest-
ment outlay occurs at time one and positive cash inflows are going to occur
only at time two. Let’s say that your initial expectations were correct and
that the average or expected value came to be $120 with good market
demand providing a $140 cash flow and in the case of bad demand, only
$100. If we had the option to wait a year, then we could better estimate the
trends in demand and we would have seen the payoff profile bifurcating
into two scenarios. Should the scenario prove unfavorable, we would have
the option to abandon the investment because the costs are identical to the
cash inflow (�$100 versus �$100), and we would rationally not pursue this
avenue. Hence, we would pursue this investment only if a good market
demand is observed for the product, and our net present value for waiting
an extra year will be $10.6. This analysis indicates a truncated downside
where there is a limited liability because a rational investor would never
knowingly enter a sure-loss investment strategy. Therefore, the value of flex-
ibility is $6.3.
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FIGURE 3.1 Why Optionality Is Important
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FIGURE 3.2 If We Wait until Uncertainty Becomes Resolved



However, a more realistic payoff schedule should look like Figure 3.3.
By waiting a year and putting off the investment until year two, you are giv-
ing up the potential for a cash inflow now, and the leakage or opportunity
cost by not investing now is the $5 less you could receive ($140 – $135).
However, by putting off the investment, you are also defraying the cost of
investing in that the cost outlay will only occur a year later. The calculated
net present value in this case is $6.8.

COMPARING TRADITIONAL APPROACHES 
WITH REAL OPTIONS

Figures 3.4 through 3.9 show a step-by-step analysis comparing a traditional
analysis with that of real options, from the analyst’s viewpoint. The analy-
sis starts off with a discounted cash flow model in analyzing future cash
flows. The analyst then applies sensitivity and scenario analysis. This is usu-
ally the extent of traditional approaches. As the results are relatively nega-
tive, the analyst then decides to add some new analytics. Monte Carlo
simulation is then used, as well as real options analysis. The results from all
these analytical steps are then compared and conclusions are drawn. This is
a good comparative analysis of the results and insights obtained by using
the new analytics. In this example, the analyst has actually added significant
value to the overall project by creating optionalities within the project by
virtue of actively pursuing and passively waiting for more information to
become available prior to making any decisions.

Of course, several simplifying assumptions have to be made here, includ-
ing the ability for the firm to simply wait and execute a year from now with-
out any market or competitive repercussions. That is, the one-year delay
will not allow a competitor to gain a first-to-market advantage or capture
additional market share, where the firm’s competitor may be willing to take
the risk and invest in a similar project and gain the advantage while the firm
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FIGURE 3.3 Realistic Payoff Schedule
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FIGURE 3.4 Discounted Cash Flow Model
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FIGURE 3.5 Tornado Diagram and Scenario Analysis

t = 0 t = 1 t = 2 t = 3 t = 4 t = 5

–$200M $15M $18M $35M $40M $55M

calculated NPV = –$113.25M

t = 0 t = 1 t = 2 t = 3 t = 4 t = 5

–$200M $30M $36M $70M $80M $110M

calculated NPV = –$26.70M

t = 0 t = 1 t = 2 t = 3 t = 4 t = 5

–$200M $45M $54M $105M $120M $165M

calculated NPV = $59.94M
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D. Simulation
There are two ways to perform a Monte Carlo simulation in this example. The first is to take the scenario analysis above and 
simulate around the calculated NPVs. This assumes that the analyst is highly confident of his/her future cash flow projections
and that the worst-case scenario is indeed the absolute minimum the firm can attain and the best-case scenario is exactly at
the top of the range of possibilities. The second approach is to use the most likely or nominal scenario and simulate its inputs
based on some management-defined ranges of possible cost and revenue structures. 

(i) Simulating around scenarios
The analyst simulates around the three scenarios using a Triangular Distribution with the worst-case, nominal-case and best-
case scenarios as input parameters into the simulation model. The example below uses Decisioneering, Inc.'s Crystal Ball 
simulation package. The results are shown below.

Mean -27.06
Standard Deviation 35.31
Range Minimum -112.21
Range Maximum 57.43
Range Width 169.64

We see that the range is fairly large
since the scenarios were rather extreme.
In addition, there is only a 23.89% chance 
that the project will break even or have an
NPV > 0. 

The 90% statistical confidence interval is
between -$85.15M and $33.22M, which is
also rather wide. Given such a huge swing
in possibilities, we are much better off with
performing a simulation using the second
method, that is, to look at the nominal case
and simulate around that case's input
parameters.

(ii) Simulating around the nominal scenario
Since in the scenario analysis, the analyst created two different scenarios (worst case and best case) based on a 50% fluctuation
in projected revenues from the base case, here we simply look at the base case and by simulation, generate 10,000 scenarios.
Looking back at the Tornado diagram, we noticed that discount rate and cost were the two key determining factors in the analysis;
the second approach can take the form of simulating these two key factors. The analyst simulates around the nominal scenario
assuming a normal distribution for the discount rate with a mean of 20% and a standard deviation of 2% based on historical data
on discount rates used in the firm. The cost structure is simulated assuming a uniform distribution with a minimum of -$180M and
a maximum of -$220M based on input by management. This cost range is based on management intuition and substantiated by
similar projects in the past. The results of the simulation are shown below.

Mean -25.06
Standard Deviation 14.3
Range Minimum -69.54
Range Maximum 38.52
Range Width 108.06

Here we see that the range is somewhat 
more manageable and we can make 
more meaningful inferences. Based on the
simulation results, there is only a 3.48% 
chance that the project will break even.
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FIGURE 3.6 Simulation
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The 90% statistical confidence interval is 
between -$32.55M and $1.19M.

Most of the time, the project is in negative
NPV territory, suggesting a rather grim
outlook for the project. However, the project
is rather important to senior management
and they wish to know if there is some 
way to add value to this project or make it
financially justifiable to invest in. The 
answer lies in using Real Options.

E. Real Options
We have the option to wait or defer investing until a later date. That is, wait until uncertainty becomes resolved and then decide on
the next course of action afterwards. Invest in the project only if market conditions indicate a good scenario and decide to abandon
the project if the market condition is akin to the nominal or worst-case scenarios as they both bear negative NPVs. 

(i) Option to Wait I (Passive Wait and See Strategy)
Say we decide to wait one year and assuming that we will gather more valuable information within this time frame, we can then
decide whether to execute the project or not at that time. Below is a decision tree indicating our decision path.

We see here that the NPV is positive since if after waiting for a year, the market demand is nominal or sluggish, then management
has the right to pull the plug on the project. Otherwise, if it is a great market which meets or exceeds the best-case scenario,
management has the option to execute the project, thereby guaranteeing a positive NPV. The calculated NPV is based on the
forecast revenue stream and is valued at $49.95M.

(ii) Option to Wait II (Active Market Research Strategy)
Instead of waiting passively for the market to reveal itself over the one-year period as expected previously, management can decide
on an active strategy of pursuing a market research strategy. If the market research costs $5M to initiate and takes 6 months to
obtain reliable information, the firm saves additional time without waiting for the market to reveal itself. Here, if the market
research indicates a highly favorable condition where the best-case scenario revenue stream is to be expected, then the project
will be executed after 6 months. The strategy path and time lines are shown below.

The calculated NPV here is $49.72M, relatively close to the passive waiting strategy. However, the downside is the $5M which
also represents the greatest possible loss, which is also the premium paid to obtain the option to execute given the right market
conditions.

Frequency Chart

Certainty is 90.00% from ($32.55) to ($1.19)
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Best Case

  Worst and 
Nominal Case

Wait 
and See

time
 t = 1

–$200M $45M
   discount rate = 20%

Calculated NPV after waiting for one year on new information = $49.95M

Exit and Abandon
Start t = 0

time   discount rate = 20%Best Case

  Worst and 
Nominal Case

Market
Research

Exit and Abandon
COST -$5MStart

Calculated NPV after active market research = $49.72M 
(after accounting for the -$5M in market research costs)

$54M $105M $120M $165M

t = 2 t = 3 t = 4 t = 5 t = 6

–$200M $45M $54M $105M $120M $165M

t = 0.5 t = 1.5 t = 2.5 t = 3.5 t = 4.5 t = 5.5

FIGURE 3.7 Real Options Analysis (Active versus Passive Strategies)

The 90% statistical confidence interval 
is between –$32.55M and –$1.19M.
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In retrospect, management could find out the maximum it is willing to pay for the market research in order to cut down the time
it has to wait before making an informed decision. That is, at what market research price would the first option to wait be the same
as the second option to wait? Setting the difference between $49.95M and $49.72M as the reduction in market research cost
brings down the initial $5M to $4.77M. In other words, the maximum amount the firm should pay for the market research should be
no more than $4.77M; otherwise, it is simply wise to follow the passive strategy and wait for a year.

Mean
Standard Deviation 49.73
Range Minimum 12.43
Range Maximum -0.25
Range Width 94.57

94.82
The resulting distribution range is less
wide, providing a more meaningful 
inference. Based on the simulation 
results, the 90% confidence interval has 
 the NPV between $29.40M and $70.16M. 
The range, which means almost 100% of 
the time, the NPV takes on a positive value.

The 50% confidence interval has the NPV
between $41.32M and $58.19M. We can
interpret this range as the expected value
range since 50% of the time, the real
NPV will fall within this range, with a mean
of $49.73M.

F. Observations
We clearly see that by using the three Scenarios versus an Expected Value approach, we obtain rather similar results in terms
of NPV but through simulation, the Expected Value approach provides a much tighter distribution and the results are more robust
as well as easier to interpret. Once we added in the Real Options approach, the risk has been significantly reduced and the return
dramatically increased. The overlay chart below compares the simulated distributions of the three approaches. The blue series is
the Scenario approach incorporating all three scenarios and simulating around them. The green series is the Expected Value
approach, simulating around the nominal revenue projections, and the red series is the Real Options approach where we only
execute if the best condition is obtained.
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FIGURE 3.9 Analysis Conclusions

The example here holds true in most cases when we compare the approach used in a traditional Discounted Cash Flow
(DCF) method to Real Options. Since we can define risk as uncertain fluctuations in revenues and the NPV level, all
downside risks are mitigated in Real Options because you do not execute the project if the nominal or worst-case
scenario occurs in time. In retrospect, the upside risks are maximized such that the returns are increased because the
project will only be executed when the best-case scenario occurs. This creates a win-win situation where risks are
mitigated and returns are enhanced, simply by having the right strategic optionalities available, acting appropriately, and
valuing the project in terms of its “real” or intrinsic value, which includes this opportunity to make midcourse corrections
when new information becomes available.

In addition, what seems on the outset as an unprofitable project yielding an NPV of –$26.70M can be justified and made
profitable because the project has in reality an Option to Wait or Defer until a later date. Once uncertainty becomes
resolved and we have more available information, management can then decide whether to go forward based on market
conditions. This call option could be bought through the use of active market research. By having this delay tactic, the firm
has indeed truncated any downside risks but still protected its upside potential.



is not willing to do so. In addition, the cost and cash flows are assumed to
be the same whether the project is initiated immediately or in the future.
Obviously, these more complex assumptions can be added into the analy-
sis, but for illustration purposes, we assume the basic assumptions hold,
where costs and cash flows remain the same no matter the execution date,
and that competition is negligible.

SUMMARY

Having real options in a project can be highly valuable, both in recognizing
where these optionalities exist and in introducing and strategically setting
up options in the project. Strategic options can provide decision-makers the
opportunity to hedge their bets in the face of uncertainty. By having the
ability to make midcourse corrections downstream when these uncertainties
become known, decision-makers have essentially hedged themselves against
any downside risks. As seen in this chapter, a real options approach provides
the decision-maker not only a hedging vehicle but also significant leverage.
In comparing approaches, real options analysis shows that not only can a
project’s risk be reduced but also returns can be enhanced by strategically
creating options in projects.

CHAPTER 3 QUESTIONS

1. Can an option take on a negative value?
2. Why are real options sometimes viewed as strategic maps of convoluted

pathways?
3. Why are real options seen as risk-reduction and revenue-enhancement

strategies?

4. Why are the real options names usually self-explanatory and not based
on names of mathematical models?

5. What is a Tornado diagram as presented in Figure 3.5’s example?
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The Real Options Process

INTRODUCTION

This chapter introduces the reader to the real options process framework.
This framework comprises eight distinct phases of a successful real options
implementation, going from a qualitative management screening process

to creating clear and concise reports for management. The process was
developed by the author based on previous successful implementations of
real options both in the consulting arena and in industry-specific problems.
These phases can be performed either in isolation or together in sequence
for a more robust real options analysis.

CRITICAL STEPS IN PERFORMING 
REAL OPTIONS ANALYSIS

Figure 4.1 at the end of the chapter shows the real options process up close.
We can segregate the real options process into the following eight simple
steps. These steps include:

� Qualitative management screening.

� Base case net present value analysis.

� Monte Carlo simulation.

� Real options problem framing.

� Real options modeling and analysis.

� Portfolio and resource optimization.

� Reporting.

� Update analysis.

CHAPTER 4



Qualitative Management Screening

Qualitative management screening is the first step in any real options analy-
sis (Section A of Figure 4.1). Management has to decide which projects,
assets, initiatives, or strategies are viable for further analysis, in accordance
with the firm’s mission, vision, goal, or overall business strategy. The firm’s
mission, vision, goal, or overall business strategy may include market pen-
etration strategies, competitive advantage, technical, acquisition, growth,
synergistic, or globalization issues. That is, the initial list of projects should
be qualified in terms of meeting management’s agenda. Often this is where
the most valuable insight is created as management frames the complete
problem to be resolved.

Base Case Net Present Value Analysis

For each project that passes the initial qualitative screens, a discounted cash
flow model is created (Section B of Figure 4.1). This serves as the base case
analysis, where a net present value is calculated for each project. This also
applies if only a single project is under evaluation. This net present value is
calculated using the traditional approach of forecasting revenues and costs,
and discounting the net of these revenues and costs at an appropriate risk-
adjusted rate.

The use of time-series forecasting may be appropriate here if historical
data exist and the future is assumed to be somewhat predictable using past
experiences. Otherwise, management assumptions may have to be used.1

Monte Carlo Simulation

Because the static discounted cash flow produces only a single-point estimate
result, there is oftentimes little confidence in its accuracy given that future
events that affect forecast cash flows are highly uncertain. To better estimate
the actual value of a particular project, Monte Carlo simulation may be
employed (Section C of Figure 4.1).

Usually, a sensitivity analysis is first performed on the discounted cash
flow model. That is, setting the net present value as the resulting variable,
we can change each of its precedent variables and note the change in the
resulting variable. Precedent variables include revenues, costs, tax rates,
discount rates, capital expenditures, depreciation, and so forth, which ulti-
mately flow through the model to affect the net present value figure. By
tracing back all these precedent variables, we can change each one by a pre-
set amount and see the effect on the resulting net present value. A graphical
representation can then be created, which is often called a Tornado Dia-
gram, because of its shape, where the most sensitive precedent variables are
listed first, in descending order of magnitude. Armed with this information,
the analyst can then decide which key variables are highly uncertain in the
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future and which are deterministic. The uncertain key variables that drive
the net present value and hence the decision are called critical success driv-
ers. These critical success drivers are prime candidates for Monte Carlo
simulation.2 Because some of these critical success drivers may be corre-
lated—for example, operating costs may increase in proportion to quantity
sold of a particular product, or prices may be inversely correlated to quan-
tity sold—a correlated Monte Carlo simulation may be required. Typically
these correlations can be obtained through historical data. Running corre-
lated simulations provides a much closer approximation to the variables’
real-life behaviors.

Real Options Problem Framing

Framing the problem within the context of a real options paradigm is the
next critical step (Section D of Figure 4.1). Based on the overall problem
identification occurring during the initial qualitative management screening
process, certain strategic optionalities would have become apparent for each
particular project. The strategic optionalities may include, among other
things, the option to expand, contract, abandon, switch, choose, and so
forth. Based on the identification of strategic optionalities that exist for each
project or at each stage of the project, the analyst can then choose from a
list of options to analyze in more detail.3

Real Options Modeling and Analysis

Through the use of Monte Carlo simulation, the resulting stochastic dis-
counted cash flow model will have a distribution of values. In real options,
we assume that the underlying variable is the future profitability of the proj-
ect, which is the future cash flow series. An implied volatility of the future
free cash flow or underlying variable can be calculated through the results
of a Monte Carlo simulation previously performed. Usually, the volatility is
measured as the standard deviation of the logarithmic returns on the free
cash flows stream. In addition, the present value of future cash flows for
the base case discounted cash flow model is used as the initial underlying
asset value in real options modeling (Section E of Figure 4.1).

Portfolio and Resource Optimization

Portfolio optimization is an optional step in the analysis (Section F of Figure
4.1). If the analysis is done on multiple projects, management should view
the results as a portfolio of rolled-up projects. This is because the projects
are in most cases correlated with one another and viewing them individu-
ally will not present the true picture. As firms do not only have single proj-
ects, portfolio optimization is crucial. Given that certain projects are related
to others, there are opportunities for hedging and diversifying risks through
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a portfolio. Because firms have limited budgets, have time and resource con-
straints, while at the same time have requirements for certain overall levels
of returns, risk tolerances, and so forth, portfolio optimization takes into
account all these to create an optimal portfolio mix. The analysis will pro-
vide the optimal allocation of investments across multiple projects.4

Reporting

The analysis is not complete until reports can be generated (Section G of
Figure 4.1).5 Not only are results presented but also the process should be
shown. Clear, concise, and precise explanations transform a difficult black-
box set of analytics into transparent steps. Management will never accept
results coming from black boxes if they do not understand where the
assumptions or data originate and what types of mathematical or financial
massaging takes place.

Update Analysis

Real options analysis assumes that the future is uncertain and that manage-
ment has the right to make midcourse corrections when these uncertainties
become resolved or risks become known; the analysis is usually done ahead
of time and thus, ahead of such uncertainty and risks. Therefore, when these
risks become known, the analysis should be revisited to incorporate the deci-
sions made or revising any input assumptions. Sometimes, for long-horizon
projects, several iterations of the real options analysis should be performed,
where future iterations are updated with the latest data and assumptions.

SUMMARY

Understanding the steps required to undertake real options analyses is
important because it provides insight not only into the methodology itself
but also into how it evolves from traditional analyses, showing where the
traditional approach ends and where the new analytics start. The eight phases
discussed include performing a qualitative management screening process,
base case net present value or discounted cash flow analysis, Monte Carlo
simulation, real options analysis, real options modeling, portfolio optimiza-
tion, reporting, and update analysis.
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CHAPTER 4 QUESTIONS

1. What is Monte Carlo simulation?

2. What is portfolio optimization?

3. Why is update analysis required in a real options analysis framework?
4. What is problem framing?

5. Why are reports important?
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Real Options, Financial Options,
Monte Carlo Simulation,

and Optimization

INTRODUCTION

This chapter discusses the differences between real options and financial
options, understanding that real options theory stems from financial options
but that there are key differences. These differences are important to note
because they will inevitably change the mathematical structure of real options
models. The chapter then continues with an introduction to Monte Carlo
simulation and portfolio optimization, discussing how these two concepts
relate to the overall real options analysis process. Example applications are
included, as are more detailed technical appendixes on financial options, sim-
ulation, and portfolio optimization.

REAL OPTIONS VERSUS FINANCIAL OPTIONS

Real options apply financial options theory in analyzing real or physical assets.
Therefore, there are certainly many similarities between financial and real
options. However, there are key differences, as listed in Figure 5.1. For exam-
ple, financial options have short maturities, usually expiring in several months.
Real options have longer maturities, usually expiring in several years, with
some exotic-type options having an infinite expiration date. The underly-
ing asset in financial options is the stock price, as compared to a multitude
of other business variables in real options. These variables may include free
cash flows, market demand, commodity prices, and so forth. Thus, when
applying real options analysis to analyzing physical assets, we have to be care-
ful in discerning what the underlying variable is. This is because the volatil-
ity measures used in options modeling pertain to the underlying variable. In
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• Short maturity, usually in months.
• Underlying variable driving its value 

is equity price or price of a financial 
asset.

• Cannot control option value by 
manipulating stock prices.

• Values are usually small. 
• Competitive or market effects are 

irrelevant to its value and pricing.
• Have been around and traded for more 

than three decades.
• Usually solved using closed-form 

partial differential equations and 
simulation/variance reduction 
techniques for exotic options.

• Marketable and traded security with 
comparables and pricing info.

• Management assumptions and 
actions have no bearing on valuation.

• Longer maturity, usually in years.
• Underlying variables are free cash flows, 

which in turn are driven by competition, 
demand, management.

• Can increase strategic option value by 
management decisions and flexibility.

• Major million and billion dollar decisions.
• Competition and market drive the value 

of a strategic option.
• A recent development in corporate 

finance within the last decade.
• Usually solved using closed-form 

equations and binomial lattices with 
simulation of the underlying variables, 
not on the option analysis.

• Not traded and proprietary in nature, with 
no market comparables.

• Management assumptions and actions 
drive the value of a real option.

FINANCIAL OPTIONS REAL OPTIONS

financial options, due to insider trading regulations, options holders cannot,
at least in theory, manipulate stock prices to their advantage. However, in
real options, because certain strategic options can be created by management,
their decisions can increase the value of the project’s real options. Financial
options have relatively less value (measured in tens or hundreds of dollars per
option) than real options (thousands, millions, or even billions of dollars per
strategic option).

Financial options have been traded for several decades, but the real
options phenomenon is only a recent development, especially in the industry
at large. Both types of options can be solved using similar approaches, includ-
ing closed-form solutions, partial-differential equations, finite-differences,
binomial lattices, and simulation; but industry acceptance for real options
has been in the use of binomial lattices. This is because binomial lattices are
much more easily explained to and accepted by management because the
methodology is much simpler to understand. Finally, financial options mod-
els are based on market-traded securities and visible asset prices making their
construction easier and more objective. Real options tend to be based on
non-market-traded assets, and financially traded proxies are seldom avail-
able. Hence management assumptions are key in valuing real options and rel-
atively less important in valuing financial options. Given a particular project,
management can create strategies that will provide itself options in the future.
The value of these options can change depending on how they are constructed.

In several basic cases, real options are similar to financial options. Figure
5.2 shows the payoff charts of a call option and a put option. On all four
charts, the vertical axes represent the value of the strategic option and the
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horizontal axes represent the value of the underlying asset. The kinked bold
line represents the payoff function of the option at termination, effectively
the project’s net present value, because at termination, maturity effectively
becomes zero and the option value reverts to the net present value (under-
lying asset less implementation costs). The dotted curved line represents the
payoff function of the option prior to termination, where there is still time
before maturity and hence uncertainty still exists and option value is posi-
tive. The curved line is the net present value, including the strategic option
value. Both lines effectively have a horizontal floor value, which is effec-
tively the premium on the option, where the maximum value at risk is the
premium or cost of obtaining the option, indicating the option’s maximum
loss as the price paid to obtain it.

The position of a long call or the buyer and holder of a call option is
akin to an expansion option. This is because an expansion option usually costs
something to create or set up, which is akin to the option’s premium or pur-
chase price. If the underlying asset does not increase in value over time, the
maximum losses incurred by the holder of this expansion option will be the
cost of setting up this option (e.g., market research cost). When the value of
the underlying asset increases sufficiently above the strike price (denoted X
in the charts), the value of this expansion option increases. There is unlim-
ited upside to this option, but the downside is limited to the premium paid
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FIGURE 5.2 Option Payoff Charts
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for the option. The break-even point is where the bold line crosses the hor-
izontal axis, which is equivalent to the strike price plus the premium paid.

The long put option position or the buyer and holder of a put option is
akin to an abandonment option. This is because an abandonment option usu-
ally costs something to create or set up, which is akin to the option’s premium
or purchase price. If the value of the underlying asset does not decrease over
time, the maximum losses incurred by the holder of this abandonment option
will be the cost of setting up this option (seen as the horizontal bold line
equivalent to the premium). When the value of the underlying asset decreases
sufficiently below the strike price (denoted X in the charts), the value of this
abandonment option increases. The option holder will find it more profitable
to abandon the project currently in existence. There is unlimited upside to
this option but the downside is limited to the premium paid for the option.
The break-even point is where the bold line crosses the horizontal axis, which
is equivalent to the strike price less the premium paid.1

The short positions or the writer and seller on both calls and puts have
payoff profiles that are horizontal reflections of the long positions. That is,
if you overlay both a long and short position of a call or a put, it becomes
a zero-sum game. These short positions reflect the side of the issuer of the
option. For instance, if the expansion and contraction options are based on
some legally binding contract, the counterparty issuer of the contract would
hold these short positions.

MONTE CARLO SIMULATION

Simulation is any analytical method that is meant to imitate a real-life sys-
tem, especially when other analyses are too mathematically complex or too
difficult to reproduce. Spreadsheet risk analysis uses both a spreadsheet model
and simulation to analyze the effect of varying inputs based on outputs of the
modeled system. One type of spreadsheet simulation is Monte Carlo simu-
lation, which randomly generates values for uncertain variables over and over
to simulate a real-life model.

History. Monte Carlo simulation was named after Monte Carlo, Monaco,
where the primary attractions are casinos containing games of chance. Games
of chance such as roulette wheels, dice, and slot machines exhibit random
behavior. The random behavior in games of chance is similar to how Monte
Carlo simulation selects variable values at random to simulate a model. When
you roll a die, you know that a 1, 2, 3, 4, 5, or 6 will come up, but you don’t
know which for any particular trial. It is the same with the variables that have
a known or estimated range of values but an uncertain value for any partic-
ular time or event (e.g., interest rates, staffing needs, revenues, stock prices,
inventory, discount rates).
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For each variable, you define the possible values with a probability dis-
tribution. The type of distribution you select depends on the conditions sur-
rounding the variable. For example, some common distribution types are
those shown in Figure 5.3.

During a simulation, the value to use for each variable is selected ran-
domly from the defined possibilities.

Why Are Simulations Important? A simulation calculates numerous scenar-
ios of a model by repeatedly picking values from the probability distribution
for the uncertain variables and using those values for the event. As all those
scenarios produce associated results, each scenario can have a forecast. Fore-
casts are events (usually with formulas or functions) that you define as impor-
tant outputs of the model. These usually are events such as totals, net profit,
or gross expenses.

An example of why simulation is important can be seen in the case illus-
tration in Figures 5.4 and 5.5, termed the Flaw of Averages. It shows how
an analyst may be misled into making the wrong decisions without the use of
simulation. As the example shows, the obvious reason why this error occurs
is that the distribution of historical demand is highly skewed while the cost
structure is asymmetrical. For example, suppose you are in a meeting room,
and your boss asks what everyone made last year. You take a quick poll and
realize that the salary ranges from $60,000 to $150,000. You perform a
quick calculation and find the average to be $100,000. Then, your boss tells
you that he made $20 million last year! Suddenly, the average for the group
becomes $1.5 million. This value of $1.5 million clearly in no way represents
how much each of your peers made last year. In this case, the median may
be more appropriate. Here you see that simply using the average will provide
highly misleading results.2

Continuing with the example, Figure 5.5 shows how the right inventory
level is calculated using simulation. The approach used here is called non-
parametric simulation. It is nonparametric because in the simulation approach,
no distributional parameters are assigned. Instead of assuming some preset
distribution (normal, triangular, lognormal, or the like) and assumed param-
eters (mean, standard deviation, and so forth) as required in a Monte Carlo
parametric simulation, nonparametric simulation uses the data themselves to
tell the story.

Imagine you collect a year’s worth of historical demand levels and write
down the demand quantity on a golf ball for each day. Throw all 365 balls
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FIGURE 5.3 The Few Most Basic Distributions

Normal Triangular Uniform Lognormal
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FIGURE 5.4 The Flaw of Averages
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into a large basket and mix it. Pick a golf ball out at random and write down
its value on a piece of paper, then place the ball back into the basket and mix
the basket again. Do this 365 times, and calculate the average. This is a sin-
gle grouped trial. Perform this entire process several thousand times, with



replacement. The distribution of these averages represents the outcome of
the simulation. The expected value of the simulation is simply the average
value of these thousands of averages. Figure 5.5 shows an example of the dis-
tribution stemming from a nonparametric simulation. As you can see, the
optimal inventory rate that minimizes carrying costs is nine units, far from
the average value of five units previously calculated in Figure 5.4. Nonpara-
metric simulation can be performed fairly easily using Crystal Ball’s® simu-
lation software’s Bootstrap function.

Figure 5.6 shows a simple example of performing a nonparametric
simulation using Excel. There are limitations on what can be performed
using Excel’s functionalities. The example shown in Figure 5.6 assumes nine
simple cases with varying probabilities of occurrence. The simulation can
be set up in three simple steps. However, the number of columns and rows
may be unmanageable because a large number of simulations are needed to
obtain a good sampling distribution. The analysis can be modified easily for
the flaw of averages example by simply listing out all the cases (the actual
demand levels) with equal probabilities on each case. Obviously, perform-
ing large-scale simulations with Excel is not recommended. The optimal
solution is to use a software like Crystal Ball® to run simulations, as shown
in Figure 5.7.

Figure 5.7 shows an example of using Crystal Ball® in conjunction with
an Excel spreadsheet. The highlighted cells are simulation assumption cells,
forecast result cells, and decision variable cells. For more details, consult
Appendix 9B on getting started with and using Monte Carlo simulation
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FIGURE 5.5 The Need for Simulation
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software. Remember that there is also a complimentary trial version of
Crystal Ball’s® simulation software on CD-ROM included at the back of this
book, complete with example spreadsheets and Real Options Analysis Toolkit
demo software.

Obviously there are many uses of simulation, and we are barely scratch-
ing the surface with these examples. One additional use of simulation deserves
mention: simulation can be used in forecasting. Specifically, an analyst can
forecast future cash flows, cost, revenues, prices, and so forth using simula-
tion. Figure 5.8 shows an example of how stock prices can be forecasted using
simulation. This example is built upon a stochastic process called the Geo-
metric Brownian Motion.3 Using this assumption, we can simulate the price
path of a particular stock. Three stock price paths are shown here, but in
reality, thousands of paths are generated, and a probability distribution of
the outcomes can then be created. That is, for a particular time period in the
future—say, on day 100—we can determine the probability distribution 
of prices on that day. We can apply similar concepts to forecasting demand,
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FIGURE 5.6 Simulation in Excel
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cost, and any other variables of interest. The enclosed CD-ROM has an exam-
ple spreadsheet on simulating price paths.

SUMMARY

This chapter reviews the similarities between financial options and real
options. The most important difference is that the latter revolves around
physical assets that are usually not traded in the market, as compared to
highly volatile financial assets that are actively traded in the market with
shorter maturities for financial options. Monte Carlo simulation is also intro-
duced as an important and integral approach when performing real options.
The example on the flaw of using simple averages shows that without the
added insights of probabilities and simulation, wrong decisions will be made.
The chapter concludes with more detailed appendixes on financial options,
simulation, and optimization, for the analyst requiring more in-depth under-
standing of the topics.
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FIGURE 5.7 Monte Carlo Simulation
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FIGURE 5.8 Lognormal Simulation
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Certainty is 95.00% from 74.05 to 125.81
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We can then graph out the
confidence intervals together
with the expected values of 
each forecasted time period.

Notice that as time increases,
the confidence interval widens
because there will be more risk
and uncertainty as more time
passes.

Here we see the effects of performing a simulation
of stock price paths following a Geometric
Brownian Motion model for daily closing prices.
Three sample paths are seen here, in reality,
thousands of simulations are performed and their
distribution properties are analyzed. Frequently, 
the average closing prices of these thousands of
simulations are analyzed, based on these
simulated price paths.

The thousands of simulated price paths are then
tabulated into probability distributions. Here are three
sample price paths at three different points in time, for
periods 1, 20, and 250. There will be a total of 250
distributions for each time period, which corresponds 
to the number of trading days a year.

We can also analyze each of these time-specific
probability distributions and calculate relevant statistically
valid confidence intervals for decision-making purposes.



CHAPTER 5 QUESTIONS

1. What do you believe are the three most important differences between
financial options and real options?

2. In the Flaw of Averages example, a nonparametric simulation approach
is used. What does nonparametric simulation mean?

3. In simulating a sample stock price path, a stochastic process called Geo-
metric Brownian Motion is used. What does a stochastic process mean?

4. What are some of the restrictive assumptions used in the Black-Scholes
equation?

5. Using the example in Figure 5.8, simulate a sample revenue path in
Excel, based on a Geometric Brownian Motion process, where �St �
St�1[��t � ���t	]. Assume a 50 percent annualized volatility (), mean
drift rate (�) of 2 percent, and a starting value (S0) of $100 on January
2002. Create a monthly price path simulation for the period January
2002 to December 2004. Use the function: “�NORMSINV(RAND( ))”
in Excel to re-create the simulated standard normal random distribution
value �.
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Financial Options

Below are several key points to note in financial options, which are fairly sim-
ilar to real options, because the underlying theoretical justifications are iden-
tical in nature.

Definitions

� An option is a contract that gives the owner/holder the right but not the
legal obligation to conduct a transaction involving an underlying asset—
for example, the purchase or sale of the asset—at a predetermined future
date or within a specified period of time and at a predetermined price
(the exercise or strike price); but the option only provides the long posi-
tion the right to decide whether or not to trade and the seller the obli-
gation to perform.

� A call option is an option to buy a specified number of shares of a secu-
rity within some future period at pre-specified prices.

� A put option is an option to sell a specified number of shares of a secu-
rity within some future period at pre-specified prices.

� The exercise price is the strike price or the price stated in the option
contract at which the security can be bought or sold.

� The option price is the market price of the option contract.

� The expiration date is the date the option expires or matures.

� The formula value is the extrinsic value of an option or value of a call
option if it were exercised today, which is equal to the current stock price
minus the strike price.

� A naked option is an option sold without the stock to back it up.

� A derivative is a security whose value is derived from the values of other
assets.

APPENDIX 5A
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Black-Scholes Model. Basic options pricing models like the Black-Scholes
make the following assumptions:

� That the stocks underlying the call options provide no dividends dur-
ing the life of the options.

� That there are no transaction costs involved with the sale or purchase
of either the stock or the option.

� That the short-term risk-free interest rate is known and is constant dur-
ing the life of the option.

� That the security buyers may borrow any fraction of the purchase price
at the short-term risk-free rate.

� That short-term selling is permitted without penalty and sellers receive
immediately the full cash proceeds at today’s price for securities sold
short.

� That a call or put option can be exercised only on its expiration date.
� That security trading takes place in continuous time and stock prices

move in continuous time.

Using the Black-Scholes paradigm:

� The value of a call option increases (decreases) as the current stock price
increases (decreases).

� As the call option’s exercise price increases (decreases), the option’s value
decreases (increases).

� As the term to maturity lengthens, the option’s value increases.
� As the risk-free rate increases, the option’s value tends to increase.
� The greater the variance of the underlying stock price, the greater the

possibility the stock’s price will exceed the call option’s exercise price—
thus, the more valuable the option will be.

Other Key Points

� The owner of a call option has the right to purchase the underlying good
at a specific price for a specific time period, while the owner of a put
option has the right to sell the underlying stock within a specified time
period. To acquire these rights, owners of options must buy them by pay-
ing a price called the premium to the seller of the option.

� For every owner of an option, there must be a seller, called the option
writer.

� Notice there are four possible positions: buyer of the call option, the
seller or writer of the call option, the buyer of a put option, and the seller
or writer of a put option.
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� At termination, if the stock price S is above the strike price X, a call
option has value and is said to be in-the-money—that is, when S � X
� 0, a call option is in-the-money.

� At termination, if the stock price S is at the strike price X, a call option
has no value and is said to be at-the-money—that is, when S � X � 0,
a call option is at-the-money.

� At termination, if the stock price S is below the strike price X, a call
option has no value and is said to be out-of-the-money—that is, when
S � X � 0, a call option is out-of-the-money.

� At termination, if the stock price S is above the strike price X, a put
option has no value and is said to be out-of-the-money—that is, when
S � X � 0, a put option is out-of-the-money.

� At termination, if the stock price S is at the strike price X, a put option
has no value and is said to be at-the-money—that is, when S � X � 0,
a put option is at-the-money.

� At termination, if the stock price S is below the strike price X, a put
option has value and is said to be in-the-money—that is, when S � X
� 0, a put option is in-the-money.

� American options allow the owner to exercise the option at any time
before or at expiration.

� European options can only be exercised at expiration.

� If both options have the same characteristics, an American option is worth
more or at least the same as a European option if there are dividend out-
flows. Otherwise, it is never optimal to exercise an American option early
and therefore the American option value reverts to the European option
value when dividend outflows are negligible.
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Simulation

UNDERSTANDING PROBABILITY DISTRIBUTIONS

To begin to understand probability, consider this example: You want to look
at the distribution of nonexempt wages within one department of a large
company. First, you gather raw data—in this case, the wages of each nonex-
empt employee in the department. Second, you organize the data into a mean-
ingful format and plot the data as a frequency distribution on a chart. To
create a frequency distribution, you divide the wages into group intervals and
list these intervals on the chart’s horizontal axis. Then you list the number
or frequency of employees in each interval on the chart’s vertical axis. Now
you can easily see the distribution of nonexempt wages within the department.

A glance at Figure 5B.1 reveals that most of the employees (approximately
60 out of a total of 180) earn from $7.00 to $9.00 per hour.

You can chart this data as a probability distribution. A probability dis-
tribution shows the number of employees in each interval as a fraction of the
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total number of employees. To create a probability distribution, you divide
the number of employees in each interval by the total number of employees
and list the results on the chart’s vertical axis.

Figure 5B.2 shows you the number of employees in each wage group as
a fraction of all employees; you can estimate the likelihood or probability
that an employee drawn at random from the whole group earns a wage within
a given interval. For example, assuming the same conditions exist at the time
the sample was taken, the probability is 0.33 (a one in three chance) that an
employee drawn at random from the whole group earns between $8.00 and
$8.50 an hour.

Probability distributions are either discrete or continuous. Discrete prob-
ability distributions describe distinct values, usually integers, with no inter-
mediate values, and are shown as a series of vertical bars, such as in the
binomial distribution in the example above. A discrete distribution, for exam-
ple, might describe the number of heads in four flips of a coin as 0, 1, 2, 3,
or 4. Continuous distributions are actually mathematical abstractions because
they assume the existence of every possible intermediate value between two
numbers. That is, a continuous distribution assumes there is an infinite num-
ber of values between any two points in the distribution. However, in many
situations, you can effectively use a continuous distribution to approximate
a discrete distribution even though the continuous model does not neces-
sarily describe the situation exactly.

SELECTING A PROBABILITY DISTRIBUTION

Plotting data is one guide to selecting a probability distribution. The follow-
ing steps provide another process for selecting probability distributions that
best describe the uncertain variables in your spreadsheets.
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To select the correct probability distribution, use the following steps:

� Look at the variable in question. List everything you know about the con-
ditions surrounding this variable. You might be able to gather valuable
information about the uncertain variable from historical data. If histor-
ical data are not available, use your own judgment, based on experience,
listing everything you know about the uncertain variable.

� Review the descriptions of the probability distributions.

� Select the distribution that characterizes this variable. A distribution char-
acterizes a variable when the conditions of the distribution match those
of the variable.

SAMPLING METHODS

During each trial of a simulation, Crystal Ball® selects a random value for
each assumption in your model. Crystal Ball® selects these values based on
the sampling options. The two sampling methods are

Monte Carlo
Randomly selects any valid value from each assumption’s defined
distribution.

Latin Hypercube
Randomly selects values but spreads the random values evenly over
each assumption’s defined distribution.

Monte Carlo

With Monte Carlo, Crystal Ball® generates random values for each assump-
tion’s probability distribution that are totally independent. In other words,
the random value selected for one trial has no effect on the next random
value generated.

Using Monte Carlo sampling to approximate the true shape of the dis-
tribution requires a larger number of trials than Latin Hypercube does.

Use Monte Carlo sampling when you want to simulate “real world”
what-if scenarios for your spreadsheet model.

Latin Hypercube

With Latin Hypercube sampling, Crystal Ball® divides each assumption’s
probability distribution into non-overlapping segments, each having equal
probability. Crystal Ball® then selects a random assumption value for each seg-
ment according to the segment’s probability distribution. The collection of
values forms the Latin Hypercube sample. After Crystal Ball® uses all the
values from the sample, it generates a new batch of values. Latin Hypercube
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sampling is generally more precise than conventional Monte Carlo sampling
when calculating simulation statistics, because the entire range of the distri-
bution is sampled more evenly and consistently. Thus, with Latin Hyper-
cube sampling, you do not need as many trials to achieve the same statistical
accuracy as with Monte Carlo sampling. The added expense of this method
is the extra memory required to hold the full sample for each assumption
while the simulation runs. Use Latin Hypercube sampling when you are con-
cerned primarily with the accuracy of the simulation statistics.

Confidence Intervals

Monte Carlo simulation is a technique that uses random sampling to estimate
model results. Statistics computed on these results, such as mean, standard devi-
ation, and percentiles, will always contain some kind of measurement error. A
confidence interval (CI) is a bound calculated around a statistic that attempts
to measure this error with a given level of probability. For example, a 95 per-
cent confidence interval around the mean statistic is defined as a 95 percent
chance that the mean will be contained within the specified interval. Con-
versely, there is a 5 percent chance that the mean will lie outside the interval.

For most statistics, the confidence interval is symmetric around the sta-
tistic so that X � (CImax � Mean) � (Mean � CImin). This lets you make
statements of confidence such as “the mean will equal the estimated mean
plus or minus X with 95 percent probability.”

Confidence intervals are important for determining the accuracy of sta-
tistics and, hence, the accuracy of the simulation. Generally speaking, as more
trials are calculated, the confidence interval narrows and the statistics become
more accurate.

MOST COMMONLY USED DISTRIBUTIONS

Below is a detailed listing of the different types of probability distributions
that can be used in Monte Carlo simulation. This listing is included in the
Appendix simply for the reader’s reference.

Uniform Distribution

All values between the minimum and maximum occur with equal likelihood.

Conditions. The three conditions underlying uniform distribution are:

� The minimum value is fixed.

� The maximum value is fixed.
� All values between the minimum and maximum occur with equal like-

lihood.

Simulation 117



Normal Distribution

The normal distribution is the most important distribution in probability
theory because it describes many natural phenomena, such as people’s IQs
or heights. Decision-makers can use the normal distribution to describe uncer-
tain variables such as the inflation rate or the future price of gasoline.

Conditions. The three conditions underlying the normal distribution are:

� Some value of the uncertain variable is the most likely (the mean of the
distribution).

� The uncertain variable could as likely be above the mean as it could be
below the mean (symmetrical about the mean).

� The uncertain variable is more likely to be in the vicinity of the mean
than far away.

Triangular Distribution

The triangular distribution describes a situation where you know the min-
imum, maximum, and most likely values to occur. For example, you could
describe the number of cars sold per week when past sales show the mini-
mum, maximum, and usual number of cars sold.

Conditions. The three conditions underlying the triangular distribution are:

� The minimum number of items is fixed.

� The maximum number of items is fixed.

� The most likely number of items falls between the minimum and max-
imum values, forming a triangular-shaped distribution, which shows that
values near the minimum and maximum are less likely to occur than
those near the most likely value.

Binomial Distribution

The binomial distribution describes the number of times a particular event
occurs in a fixed number of trials, such as the number of heads in 10 flips
of a coin or the number of defective items in 50 items.

Conditions. The parameters for this distribution are the number of trials
(n) and the probability (p). The three conditions underlying the binomial dis-
tribution are:

� For each trial, only two outcomes are possible.

� The trials are independent. What happens in the first trial does not affect
the second trial, and so on.
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� The probability of an event occurring remains the same from trial to
trial.

Poisson Distribution

The Poisson distribution describes the number of times an event occurs in a
given interval, such as the number of telephone calls per minute or the num-
ber of errors per page in a document.

Conditions. The three conditions underlying the Poisson distribution are:

� The number of possible occurrences in any interval is unlimited.

� The occurrences are independent. The number of occurrences in one
interval does not affect the number of occurrences in other intervals.

� The average number of occurrences must remain the same from inter-
val to interval.

Geometric Distribution

The geometric distribution describes the number of trials until the first suc-
cessful occurrence, such as the number of times you need to spin a roulette
wheel before you win.

Conditions. The three conditions underlying the geometric distribution are:

� The number of trials is not fixed.

� The trials continue until the first success.

� The probability of success is the same from trial to trial.

Hypergeometric Distribution

The hypergeometric distribution is similar to the binomial distribution in that
both describe the number of times a particular event occurs in a fixed num-
ber of trials. The difference is that binomial distribution trials are independ-
ent, while hypergeometric distribution trials change the probability for each
subsequent trial and are called “trials without replacement.” For example,
suppose a box of manufactured parts is known to contain some defective
parts. You choose a part from the box, find it is defective, and remove the
part from the box. If you choose another part from the box, the probabil-
ity that it is defective is somewhat lower than for the first part because you
have removed a defective part. If you had replaced the defective part, the
probabilities would have remained the same, and the process would have sat-
isfied the conditions for a binomial distribution.
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Conditions. The conditions underlying the hypergeometric distribution are:

� The total number of items or elements (the population size) is a fixed
number, a finite population. The population size must be less than or
equal to 1,750.

� The sample size (the number of trials) represents a portion of the pop-
ulation.

� The known initial probability of success in the population changes slightly
after each trial.

Lognormal Distribution

The lognormal distribution is widely used in situations where values are pos-
itively skewed, for example in financial analysis for security valuation or in
real estate for property valuation.

Stock prices are usually positively skewed rather than normally (sym-
metrically) distributed. Stock prices exhibit this trend because they cannot
fall below the lower limit of zero but might increase to any price without
limit. Similarly, real estate prices illustrate positive skewness as property val-
ues cannot become negative.

Conditions. The three conditions underlying the lognormal distribution are:

� The uncertain variable can increase without limits but cannot fall below
zero.

� The uncertain variable is positively skewed, with most of the values near
the lower limit.

� The natural logarithm of the uncertain variable yields a normal distri-
bution.

Generally, if the coefficient of variability is greater than 30 percent, use a
lognormal distribution. Otherwise, use the normal distribution.

Lognormal Parameter Sets

By default, the lognormal distribution uses the arithmetic mean and standard
deviation. For applications for which historical data are available, it is more
appropriate to use either the logarithmic mean and standard deviation, or
the geometric mean and standard deviation.

Exponential Distribution

The exponential distribution is widely used to describe events recurring at
random points in time, such as the time between failures of electronic equip-
ment or the time between arrivals at a service booth. It is related to the Pois-
son distribution, which describes the number of occurrences of an event in
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a given interval of time. An important characteristic of the exponential dis-
tribution is the “memoryless” property, which means that the future lifetime
of a given object has the same distribution, regardless of the time it existed.
In other words, time has no effect on future outcomes.

Conditions. The condition underlying the exponential distribution is:

� The exponential distribution describes the amount of time between
occurrences.

LESS COMMONLY USED DISTRIBUTIONS

Weibull Distribution (Rayleigh Distribution)

The Weibull distribution describes data resulting from life and fatigue tests.
It is commonly used to describe failure time in reliability studies as well as
the breaking strengths of materials in reliability and quality control tests.
Weibull distributions are also used to represent various physical quantities,
such as wind speed.

The Weibull distribution is a family of distributions that can assume
the properties of several other distributions. For example, depending on the
shape parameter you define, the Weibull distribution can be used to model
the exponential and Rayleigh distributions, among others. The Weibull dis-
tribution is very flexible. When the Weibull shape parameter is equal to
1.0, the Weibull distribution is identical to the exponential distribution. The
Weibull location parameter lets you set up an exponential distribution to start
at a location other than 0.0. When the shape parameter is less than 1.0, the
Weibull distribution becomes a steeply declining curve. A manufacturer might
find this effect useful in describing part failures during a burn-in period.

Beta Distribution

The beta distribution is a very flexible distribution commonly used to rep-
resent variability over a fixed range. One of the more important applications
of the beta distribution is its use as a conjugate distribution for the param-
eter of a Bernoulli distribution. In this application, the beta distribution is
used to represent the uncertainty in the probability of occurrence of an event.
It is also used to describe empirical data and predict the random behavior of
percentages and fractions.

The value of the beta distribution lies in the wide variety of shapes it can
assume when you vary the two parameters, alpha and beta. If the parame-
ters are equal, the distribution is symmetrical. If either parameter is 1 and the
other parameter is greater than 1, the distribution is J-shaped. If alpha is less
than beta, the distribution is said to be positively skewed (most of the values
are near the minimum value). If alpha is greater than beta, the distribution
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is negatively skewed (most of the values are near the maximum value). Because
the beta distribution is very complex, the methods for determining the param-
eters of the distribution are beyond the scope of this appendix.

Conditions. The two conditions underlying the beta distribution are:

� The uncertain variable is a random value between 0 and a positive value.
� The shape of the distribution can be specified using two positive values.

Gamma Distribution (Erlang and Chi-Square)

The gamma distribution applies to a wide range of physical quantities and is
related to other distributions: lognormal, exponential, Pascal, Erlang, Poisson,
and chi-square. It is used in meteorological processes to represent pollutant
concentrations and precipitation quantities. The gamma distribution is also
used to measure the time between the occurrence of events when the event
process is not completely random. Other applications of the gamma distribu-
tion include inventory control, economics theory, and insurance risk theory.

Conditions. The gamma distribution is most often used as the distribution of
the amount of time until the r th occurrence of an event in a Poisson process.
When used in this fashion, the conditions underlying the gamma distribu-
tion are:

� The number of possible occurrences in any unit of measurement is not
limited to a fixed number.

� The occurrences are independent. The number of occurrences in one unit
of measurement does not affect the number of occurrences in other units.

� The average number of occurrences must remain the same from unit
to unit.

Logistic Distribution

The logistic distribution is commonly used to describe growth (i.e., the size
of a population expressed as a function of a time variable). It can also be
used to describe chemical reactions and the course of growth for a popula-
tion or individual.

Calculating Parameters. There are two standard parameters for the logis-
tic distribution: mean and scale. The mean parameter is the average value,
which for this distribution is the same as the mode, because this is a sym-
metrical distribution.

After you select the mean parameter, you can estimate the scale param-
eter. The scale parameter is a number greater than 0. The larger the scale
parameter, the greater the variance.
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Pareto Distribution

The Pareto distribution is widely used for the investigation of distributions
associated with such empirical phenomena as city population sizes, the occur-
rence of natural resources, the size of companies, personal incomes, stock
price fluctuations, and error clustering in communication circuits.

Calculating Parameters. There are two standard parameters for the Pareto
distribution: location and shape. The location parameter is the lower bound
for the variable.

After you select the location parameter, you can estimate the shape
parameter. The shape parameter is a number greater than 0, usually greater
than 1. The larger the shape parameter, the smaller the variance and the
thicker the right-tail of the distribution appears.

Extreme Value Distribution

The extreme value distribution (Type 1) is commonly used to describe the
largest value of a response over a period of time: for example, in flood flows,
rainfall, and earthquakes. Other applications include the breaking strengths of
materials, construction design, and aircraft loads and tolerances. The extreme
value distribution is also known as the Gumbel distribution.

Calculating Parameters. There are two standard parameters for the extreme
value distribution: mode and scale. The mode parameter is the most likely
value for the variable (the highest point on the probability distribution). After
you select the mode parameter, you can estimate the scale parameter. The
scale parameter is a number greater than 0. The larger the scale parameter,
the greater the variance.

Negative Binomial Distribution

The negative binomial distribution is useful for modeling the distribution
of the number of trials until the r th successful occurrence, such as the num-
ber of sales calls you need to make to close a total of 10 orders. It is essen-
tially a super-distribution of the geometric distribution.

Conditions. The three conditions underlying the negative binomial distri-
bution are:

� The number of trials is not fixed.
� The trials continue until the r th success.

� The probability of success is the same from trial to trial.

Simulation 123



Forecasting

In the broadest sense, forecasting refers to the act of predicting the future,
usually for purposes of planning and managing resources. There are many
scientific approaches to forecasting. You can perform “what-if ” forecasting
by creating and simulating a model, such as with Crystal Ball®, or by col-
lecting data over a period of time and analyzing the trends and patterns.
Forecasting uses this latter concept, that is, the patterns of a time-series, to
forecast future data.

These scientific approaches usually fall into one of several categories of
forecasting:

Time-series Performs time-series analysis on past patterns of data to
forecast results. This works best for stable situations where
conditions are expected to remain the same.

Regression Forecasts results using past relationships between a vari-
able of interest and several other variables that might influ-
ence it. This works best for situations where you need to
identify the different effects of different variables. This
category includes multiple linear regression.

Simulation Randomly generates many different scenarios for a model
to forecast the possible outcomes. This method works best
where you might not have historical data but you can build
the model of your situation to analyze its behavior.

Qualitative Uses subjective judgment and expert opinion to forecast
results. These methods work best for situations for which
there are no historical data or models available.

TIME-SERIES FORECASTING

Time-series forecasting is a category of forecasting that assumes that the his-
torical data is a combination of a pattern and some random error. Its goal
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is to isolate the pattern from the error by understanding the pattern’s level,
trend, and seasonality. You can then measure the error using a statistical
measurement both to describe how well a pattern reproduces historical data
and to estimate how accurately it forecasts the data into the future.

MULTIPLE LINEAR REGRESSION

Multiple linear regression is used for data where one data series (the depend-
ent variable) is a function of, or depends on, other data series (the inde-
pendent variables). For example, the yield of a lettuce crop depends on the
amount of water provided, the hours of sunlight each day, and the amount
of fertilizer used.

The goal of multiple linear regression is to find an equation that most
closely matches the historical data. The word “multiple” indicates that you can
use more than one independent variable to define your dependent variable
in the regression equation. The word “linear” indicates that the regression
equation is a linear equation. The linear equation describes how the inde-
pendent variables (x1, x2, x3, . . . ) combine to define the single dependent
variable (y). Multiple linear regression finds the coefficients for the equa-
tion:

y � b0 � b1x1 � b2x2 � b3x3 � … � e

where b1 , b2, and b3, are the coefficients of the independent variables, b0
is the y-intercept, and e is the error.

If there is only one independent variable, the equation defines a straight
line. This uses a special case of multiple linear regression called simple linear
regression, with the equation:

y � b0 � b1x � e

where b0 is the place on the graph where the line crosses the y axis, x is the
independent variable, and e is the error. When the regression equation has
only two independent variables, it defines a plane. When the regression equa-
tion has more than two independent variables, it defines a hyperplane. To find
the coefficients of these equations, you can use singular value decomposition.1
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Optimization

In most simulation models, there are variables over which you have con-
trol, such as how much to charge for a product or how much to invest in a
project. These controlled variables are called decision variables. Finding the
optimal values for decision variables can make the difference between reach-
ing an important goal and missing that goal. This section details the opti-
mization process at a high level, while Appendix 9C provides a step-by-step
example on resource optimization solved using Crystal Ball’s® OptQuest
software.

Obtaining optimal values generally requires that you search in an iter-
ative or ad-hoc fashion. This involves running a simulation for an initial set
of values, analyzing the results, changing one or more values, rerunning the
simulation, and repeating the process until you find a satisfactory solution.
This process can be very tedious and time consuming even for small mod-
els, and it is often not clear how to adjust the values from one simulation
to the next.

A more rigorous method systematically enumerates all possible alterna-
tives. This approach guarantees optimal solutions. Suppose that a simula-
tion model depends on only two decision variables. If each variable has 10
possible values, trying each combination requires 100 simulations (102 alter-
natives). If each simulation is very short (e.g., two seconds), then the entire
process could be done in approximately three minutes of computer time.

However, instead of two decision variables, consider six, then consider
that trying all combinations requires 1,000,000 simulations (106 alternatives).
It is easily possible for complete enumeration to take weeks, months, or even
years to carry out.

WHAT IS AN OPTIMIZATION MODEL?

In today’s competitive global economy, companies are faced with many diffi-
cult decisions. These decisions include allocating financial resources, building
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or expanding facilities, managing inventories, and determining product-mix
strategies. Such decisions might involve thousands or millions of potential
alternatives. Considering and evaluating each of them would be impractical
or even impossible. A model can provide valuable assistance in incorporating
relevant variables when analyzing decisions, and finding the best solutions
for making decisions. Models capture the most important features of a prob-
lem and present them in a form that is easy to interpret. Models often pro-
vide insights that intuition alone cannot. An optimization model has three
major elements: decision variables, constraints, and an objective.

� Decision variables are quantities over which you have control; for exam-
ple, the amount of a product to make, the number of dollars to allocate
among different investments, or which projects to select from among a
limited set. In real options, portfolio optimization analysis includes a go
or no-go decision on particular projects. In addition, the dollar or per-
centage budget allocation across multiple projects can also be structured
as decision variables.

� Constraints describe relationships among decision variables that restrict
the values of the decision variables. For example, a constraint might
ensure that the total amount of money allocated among various invest-
ments cannot exceed a specified amount, or at most one project from a
certain group can be selected. In real options analysis, this could include
budget constraints, timing restrictions, minimum returns, or risk toler-
ance levels.

� Objective gives a mathematical representation of the model’s objective,
such as maximizing profit or minimizing cost, in terms of the decision
variables. In real options, the objective may be to maximize returns while
minimizing risks (maximizing the returns-to-risk ratio).

Conceptually, an optimization model might look like Figure 5D.1:
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FIGURE 5D.1 Deterministic Optimization Model
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The solution to an optimization model provides a set of values for the
decision variables that optimizes (maximizes or minimizes) the associated
objective. If the world were simple and the future were predictable, all data in
an optimization model would be constant, making the model deterministic.

In many cases, however, a deterministic optimization model cannot cap-
ture all the relevant intricacies of a practical decision environment. When
model data are uncertain and can only be described probabilistically, the
objective will have some probability distribution for any chosen set of deci-
sion variables. You can find this probability distribution by simulating the
model using Crystal Ball®.

An optimization model with uncertainty has several additional elements:

� Assumptions capture the uncertainty of model data using probability
distributions.

� Forecasts are frequency distributions of possible results for the model.
� Forecast statistics are summary values of a forecast distribution, such as

the mean, standard deviation, and variance. You control the optimiza-
tion by maximizing, minimizing, or restricting forecast statistics.

� Requirements are additional restrictions on forecast statistics. You can
set upper and lower limits for any statistic of a forecast distribution. You
can also define a range of requirement values by defining a variable
requirement (see Figure 5D.2).

DECISION VARIABLES

Decision variables are variables in your model which you have control over,
such as how much to charge for a product or how much money to invest
in a project. In real options, decision variables are the dollar or percentage
budget allocation across multiple projects that make up the portfolio.
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FIGURE 5D.2 Optimization with Uncertainty Model
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When you define a decision variable, you define its:

� Bounds, which define the upper and lower limits for the variable.

� Type, which defines whether the variable is discrete or continuous. A
discrete variable can assume integer or non-integer values and must have
a defined step size that is greater than 0 (integer or non-integer). A con-
tinuous variable requires no step size, and any given range contains an
infinite number of possible values. In real options, a discrete variable
includes a go or no-go decision on each project. A continuous variable
implies the dollar or percentage allocation in each project can take on any
continuous value.

� Step size, which defines the difference between successive values of a
discrete decision variable in the defined range. For example, a discrete
decision variable with a range of 1 to 5 and a step size of 1 can only take
on the values 1, 2, 3, 4, or 5; a discrete decision variable with a range of
0 to 2 with a step size of 0.25 can only take on the values 0, 0.25, 0.5,
0.75, 1.0, 1.25, 1.5, 1.75, and 2.0.

In an optimization model, you select which decision variables to opti-
mize from a list of all the defined decision variables. The values of the deci-
sion variables you select will change with each simulation until the best value
for each decision variable is found within the available time limit.

CONSTRAINTS

Constraints restrict the decision variables by defining relationships among
them. For example, if the total amount of money invested in two projects
must be $50,000, you can define this as

Project X � Project Y � $50,000

Or if your budget restricts your spending on both projects to $2,500, you
can define this as

Project X � Project Y 	 $2,500

FEASIBILITY

A feasible solution is one that satisfies all constraints. Infeasibility occurs when
no combination of values of the decision variables can satisfy a set of con-
straints. Note that a solution (i.e., a single set of values for the decision vari-
ables) can be infeasible, by failing to satisfy the problem constraints, and this
doesn’t imply that the problem or model itself is infeasible.
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For example, suppose that an investor insists on finding an optimal
investment portfolio with the following constraints:

Project X � Project Y 	 $10,000

Project X � Project Y � $12,000

Clearly, there is no combination of investments that will make the sum of
the projects no more than $10,000 and at the same time greater than or equal
to $12,000.

Or, for this same example, suppose the bounds for a decision variable
were

$15,000 	 portfolio expenses 	 $25,000

And a constraint was

portfolio expenses 	 $5,000

This also results in an infeasible problem.
You can make infeasible problems feasible by fixing the inconsistencies

of the relationships modeled by the constraints.

OBJECTIVE

Each optimization model has one objective, a forecast variable, that math-
ematically represents the model’s objective in terms of the assumption and
decision variables. Optimization’s job is to find the optimal value of the objec-
tive by selecting and improving different values for the decision variables.

When model data are uncertain and can only be described using prob-
ability distributions, the objective itself will have some probability distribu-
tion for any set of decision variables.

FORECAST STATISTICS

You can’t use an entire forecast distribution as the objective but rather must
characterize the distribution using a single summary measure for comparing
and choosing one distribution over another. The statistic you choose depends
on your goals for the objective. For maximizing or minimizing some quan-
tity, the mean or median are often used as measures of central tendency, with
the mean being the more common of the two. For highly skewed distribu-
tions, however, the mean might become the less stable (have a higher stan-
dard error) of the two, and so the median becomes a better measure of central
tendency. For minimizing overall risk, the standard deviation and the variance
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of the objective are the two best statistics to use. For maximizing or mini-
mizing the extreme values of the objective, a low or high percentile might
be the appropriate statistic. For controlling the shape or range of the objec-
tive, the skewness, kurtosis, or certainty statistics might be used.

MINIMIZING OR MAXIMIZING

Whether you want to maximize or minimize the objective depends on which
statistic you select to optimize. For example, if your forecast is returns and
you select the mean as the statistic, you would want to maximize the mean
of the returns. However, if you select the standard deviation as the statistic,
you might want to minimize it to limit the uncertainty of the forecast. In real
options portfolio optimization, the objective to maximize is usually a returns-
to-risk ratio. Maximizing this objective will automatically select the optimal
allocation across projects that will maximize returns with the minimum
amount of risk (obtaining an efficient frontier).

REQUIREMENTS

Requirements restrict forecast statistics. These differ from constraints, as
constraints restrict decision variables (or relationships among decision vari-
ables). Requirements are sometimes called “probabilistic constraints,” “chance
constraints,” or “goals” in other literature.

When you define a requirement, you first select a forecast (either the
objective forecast or another forecast). As with the objective, you then select
a statistic for that forecast, but instead of maximizing or minimizing it, you
give it an upper bound, a lower bound, or both (a range). In real options,
requirements may be to set the maximum and minimum allowable alloca-
tion of capital and resources on each project.

FEASIBILITY

Like constraints, requirements must be satisfied for a solution to be consid-
ered feasible. When an optimization model includes requirements, a solution
that is constraint-feasible might be infeasible with respect to one or more
requirements.

VARIABLE REQUIREMENTS

Variable requirements let you define a range for a requirement bound (instead
of a single point) and a number of points to check within the range. When you
define a variable requirement, you first select a forecast (either the objective
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forecast or another forecast). Like the objective or the requirement, you
then select a statistic for that forecast, but instead of maximizing or mini-
mizing it, you select to restrict the upper bound or the lower bound. You then
define the upper or lower bound with a range.

TYPES OF OPTIMIZATION MODELS

Optimization models can be classified as

Model Has:

Discrete Only discrete decision variables
Continuous Only continuous decision variables
Mixed Both discrete and continuous decision variables

Linear or Nonlinear

An optimization model can be linear or nonlinear, depending on the form
of the mathematical relationships used to model the objective and constraints.
In a linear relationship, all terms in the formulas only contain a single vari-
able multiplied by a constant.

For example, 3X � 1.2Y is a linear relationship, because the first and
second terms only involve a constant multiplied by a variable. Terms such
as X2, XY, 1/X, or 3.1X make nonlinear relationships. Any models that con-
tain such terms in either the objective or a constraint are classified as non-
linear.

Deterministic or Stochastic

Optimization models might also be classified as deterministic or stochastic,
depending on the nature of the model data. In a deterministic model, all
input data are constant or assumed to be known with certainty. In a sto-
chastic model, some of the model data are uncertain and are described with
probability distributions. Stochastic models are much more difficult to opti-
mize because they require simulation to compute the objective.
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CHAPTER 6: BEHIND THE SCENES

This chapter introduces the reader to some common types of real options
analytics. The two main methods introduced are closed-form differential equa-
tions and binomial lattices through the use of risk-neutral probabilities. The
advantages and disadvantages of each will be discussed in detail. In addition,
the theoretical underpinnings surrounding the binomial equations are demys-
tified here, leading the reader through a set of simplified discussions on how
certain binomial equations are derived.

Real Options: Behind the Scenes

This section introduces the reader to the use of binomial models and closed-
form solutions, which are the two mainstream approaches, used in solving
real options problems. The section also discusses the advantages and disad-
vantages of using each approach, while demonstrating that the results from
both methods approach each other at the limit.

Binomial Lattices

The binomial lattice is introduced here, complete with the application of
risk-neutral probabilities, time-steps, and jump sizes.

The Look and Feel of Uncertainty, and a Firm’s Real Options
Provide Value in the Face of Uncertainty

The idea of uncertainty in cash flow predictions is presented in these two
sections. With the use of Monte Carlo simulation, these uncertainties can 
be easily captured and quantified. However, if there are strategic options in
these projects, there may be value in these uncertainties, which Monte Carlo
simulation alone cannot capture. The upside and downside options can be
better quantified using real options analysis.

Binomial Lattices as a Discrete Simulation of Uncertainty,
and Granularity Leads to Precision

The cone of uncertainty is explained through the idea of increasing uncer-
tainty over time. This cone of uncertainty can be captured using stochastic
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simulation methods, such as the use of Brownian Motions. The section con-
tinues with the discussion of how a binomial lattice approximates the simula-
tion of stochastic processes. Indeed, the binomial lattice is a discrete simulation
and, at the limit, approaches the results generated using continuous stochas-
tic process simulation techniques, which can be solved using closed-form
approaches.

An Intuitive Look at Binomial Equations, and Frolicking
in a Risk-Neutral World

These sections look at the binomial equations and how they can be explained
intuitively, without the need for difficult and high-level mathematics. The
equations include the use of up and down jump-steps as well as the use of
risk-neutral probabilities.

CHAPTER 7: REAL OPTIONS MODELS

This chapter looks at the different types of strategic real options, providing
a step-by-step methodology in solving these options. The options covered
include the options to abandon, expand, contract, and choose. In addition,
compound options, changing strike options, changing volatility options, and
sequential compound options are discussed. These basic option types provide
the basic building blocks in analyzing more complex real options as discussed
in the following chapters, including building more sophisticated real options
models such as those included in the CD-ROM.

These different real options sections walk the reader through calculat-
ing by hand the various real options models. These models include using the
binomial lattices and closed-form approaches. Examples of options calcu-
lated include the option to expand, contract, barrier, salvage, switch, and so
on. There are also several technical appendixes on the derivation of the
appropriate volatility estimate, a discussion of the Black-Scholes model, 
the use of path-dependent valuation using market-replicating portfolios, 
an example static binomial model, sensitivity models, reality checks, and 
trinomial trees.

CHAPTER 8: ADVANCED OPTIONS PROBLEMS

The advanced real options problems are discussed here, including exit and
abandonment options, timing options, compound options, and the use of sto-
chastic optimization. A discussion of the inappropriate use of decision trees
is also included. Three technical appendixes follow the chapter, providing
insights into different stochastic processes, differential equations, as well as
a barrage of exotic options models.
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The options models start from a simple European Black-Scholes model
and extend to Black-Scholes with dividend outflows, Chooser options,
Complex options, Compound options, Floating Strike options, Fixed Strike
options, Forward Start options, Jump-Diffusion options, Spread options, Dis-
crete Time Switch options, and Two Correlated Asset options. The approaches
for estimating American-type options are also discussed.

CHAPTER 9: REAL OPTIONS ANALYSIS 
TOOLKIT SOFTWARE (CD-ROM)

This chapter previews the Real Options Analysis Toolkit software included
on the CD-ROM. A few sample applications are provided, complete with step-
by-step software illustrations. In addition, three technical appendixes pro-
vide all the function calls available to the user for direct access to the Real
Options Analysis Toolkit software from Microsoft Excel, as well as a getting-
started guide in using Crystal Ball’s® Monte Carlo simulation and stochastic
optimization software package by Decisioneering, Inc.

This chapter goes into the technical details of applying real options analy-
sis. It walks the reader through several cases using the Real Options Analy-
sis Toolkit software. Examples of business cases are solved using the software,
complete with screen shots of the software, following a step-by-step process.

A software demo of Crystal Ball® is included with this book and can be
found on the back cover. The software has all the relevant documentation
included on the CD-ROM. The sample case studies in this chapter can be
easily replicated using the software.

CHAPTER 10: RESULTS INTERPRETATION 
AND PRESENTATION

This chapter walks the reader through the results and sample reports that
should be generated by a real options analyst. The chapter includes informa-
tion to help the reader in interpreting the results and being able to bring the
results from the analyst’s desktop to the desktop of the CEO.

How do you broach the subject of real options to management? What
are the links between traditional approaches versus more advanced analyti-
cal approaches? Will management “bet the farm” based on a single number
generated through a fancy mathematical model the analyst can’t even inter-
pret? This chapter provides a step-by-step methodology in presenting and
explaining to management a highly complicated set of analyses through the
eyes of an analyst. Complete with graphical displays, charts, tables, and process
flows, this chapter provides a veritable cookbook of sorts, for the exposition
of the results from a real options analysis.
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The results interpretation and presentation proceed through 13 steps.
The steps include comparing real options analysis with traditional financial
analysis, comparing their similarities, and highlighting their differences.
Next, the presentation shows where traditional analyses end and where the
new analytics begin, through a simple-to-understand structured evaluation
process. Then the results summary is presented, where different projects
with different sized investments and returns are compared. This comparison
is made on the basis of returns as well as risk structures. The final prognosis
is presented as an impact to the bottom line for the company as a consequence
of selecting different projects. A critical success factor analysis is also pre-
sented, together with its corresponding sensitivity analyses. A Monte Carlo
simulation analysis is then presented as a means of identifying and measur-
ing risks inherent in the analysis. Finally, the assumptions and results stem-
ming from a real options analysis are discussed, as are its corresponding risk
analyses.

The chapter ends with an appendix listing some of the more relevant
articles, books, and publications on the subject of real options analysis. This
is done in the hopes of guiding the reader toward and providing the reader
with useful resources for additional information. The articles listed are by
no means complete but are simply suggested readings by the author, articles
which have relevance to the topics discussed in this book.
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Behind the Scenes

INTRODUCTION

This chapter and the following two chapters introduce the reader to some
common types of real options and a step-by-step approach to analyz-
ing them. The methods introduced include closed-form models, partial-

differential equations, and binomial lattices through the use of risk-neutral
probabilities. The advantages and disadvantages of each method are discussed
in detail. In addition, the theoretical underpinnings surrounding the bino-
mial equations are demystified here, leading the reader through a set of sim-
plified discussions on how certain binomial equations are derived, without
the use of fancy mathematics.

REAL OPTIONS: BEHIND THE SCENES

In financial options analysis, there are multiple methodologies and approaches
used to calculate an option’s value. These range from using closed-form equa-
tions like the Black-Scholes model and its modifications, Monte Carlo path-
dependent simulation methods, lattices (for example, binomial, trinomial,
quadranomial, and multinomial trees), variance reduction and other numer-
ical techniques, to using partial-differential equations, and so forth. How-
ever, the mainstream methods that are most widely used are the closed-form
solutions, partial-differential equations, and the binomial lattice trees.

Closed-form solutions are models like the Black-Scholes, where there
exist equations that can be solved given a set of input assumptions. They are
exact, quick, and easy to implement with the assistance of some basic pro-
gramming knowledge but are difficult to explain because they tend to apply
highly technical stochastic calculus mathematics. They are also very specific
in nature, with limited modeling flexibility.

Binomial lattices, in contrast, are easy to implement and easy to explain.
They are also highly flexible but require significant computing power and
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Real options can be calculated in different ways, including the use of
path-dependent simulation, closed-form models, partial-differential
equations, and multinomial and binomial approaches.

time-steps to obtain good approximations, as we will see later in this chapter.
It is important to note, however, that in the limit, results obtained through
the use of binomial lattices tend to approach those derived from closed-form
solutions, and hence, it is always recommended that both approaches be used
to verify the results. The results from closed-form solutions may be used in
conjunction with the binomial lattice approach when presenting to manage-
ment a complete real options solution. In this chapter, we explore these main-
stream approaches and compare their results as well as when each approach
may be best used, when analyzing the more common types of real options.

Here is an example to illustrate the point of binomial lattices approach-
ing the results of a closed-form solution. Let us look at a European Call Option
as calculated using the Generalized Black-Scholes model1 specified below:

Call � Se�q (T)  � �� Xe�rf(T )  � �
Let us assume that both the stock price (S) and the strike price (X) are

$100, the time to expiration (T) is one year, with a 5 percent risk-free rate
(rf ) for the same duration, while the volatility () of the underlying asset is
25 percent with no dividends (q). The Generalized Black-Scholes calculation
yields $12.3360, while using a binomial lattice we obtain the following results:

N � 10 steps $12.0923
N � 20 steps $12.2132
N � 50 steps $12.2867
N � 100 steps $12.3113
N � 1,000 steps $12.3335
N � 10,000 steps $12.3358
N � 50,000 steps $12.3360

Notice that even in this oversimplified example, as the number of time-steps
(N) gets larger, the value calculated using the binomial lattice approaches
the closed-form solution. Do not worry about the computation at this
point as we will detail the stepwise calculations in a moment. Suffice it to say,
many steps are required for a good estimate using binomial lattices. It has
been shown in past research that 1,000 time-steps are usually sufficient for
a good approximation.

We can define time-steps as the number of branching events in a lattice.
For instance, the binomial lattice shown in Figure 6.1 has three time-steps,

ln(S / X ) � (rf � q − 2 / 2)T
���

�T	
ln(S / X ) � (rf � q � 2 / 2)T
���

�T	



starting from time 0. The first time-step has two nodes (S0u and S0d), while
the second time-step has three nodes (S0u2, S0ud, and S0d2), and so on.
Therefore, as we have seen previously, to obtain 1,000 time-steps, we need
to calculate 1, 2, 3 . . . 1,001 nodes, which is equivalent to calculating
501,501 nodes. If we intend to perform 10,000 simulation trials on the
options calculation, we will need approximately 5 � 109 nodal calculations,
equivalent to 299 Excel spreadsheets or 4.6 GB of memory space. Definitely
a daunting task, to say the least, and we clearly see here the need for using
software to facilitate such calculations.2 One noteworthy item is that the
tree below is something called a recombining tree, where at time-step 2, the
middle node (S0ud) is the same as time-step 1’s lower bifurcation of S0u and
upper bifurcation of S0d.

Figure 6.2 is an example of a two time-step binomial lattice that is non-
recombining. That is, the center nodes in time-step 2 are different (S0ud� is
not the same as S0du�). In this case, the computational time and resources
are even higher due to the exponential growth of the number of nodes—
specifically, 20 nodes at time-step 0, 21 nodes at time-step 1, 22 nodes at
time-step 2, and so forth, until 21,000 nodes at time-step 1,000 or approxi-
mately 2 � 10301 nodes, taking your computer potentially weeks or months
to calculate the entire binomial tree! Recombining and non-recombining bino-
mial lattices yield the same results at the limit, so it is definitely easier to
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FIGURE 6.1 Three Time-Steps (Recombining Lattice)
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use recombining lattices for most of our analysis. However, there are excep-
tions where non-recombining lattices are required, especially when there are
two or more stochastic underlying variables or when volatility of the single
underlying variable changes over time. Appendix 7I details the use of non-
recombining lattices with multiple volatilities, and the use of multiple recom-
bining lattices to recreate a non-recombining lattice.

As you can see, closed-form solutions certainly have computational ease
compared to binomial lattices. However, it is more difficult to explain the
exact nature of a fancy stochastic calculus equation than it would be to explain
a binomial lattice tree that branches up and down. Because both methods
tend to provide the same results in the limit anyway, for ease of exposition,
the binomial lattice should be presented for management discussions. There
are also other issues to contend with in terms of advantages and disadvan-
tages of each technique. For instance, closed-form solutions are mathemat-
ically elegant but very difficult to derive and are highly specific in nature.
Tweaking a closed-form equation requires facility with sophisticated stochas-
tic mathematics. Binomial lattices, however, although sometimes computa-
tionally stressful, are easy to build and require no more than simple algebra,
as we will see later. Binomial lattices are also very flexible in that they can be
tweaked easily to accommodate most types of real options problems. Nev-
ertheless, there are more advanced options problems for which binomial trees
are less useful—for instance, the option types discussed in Chapter 8 and its
technical appendixes, where closed-form equations do rather nicely.
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We continue the rest of the book with introductions to various types 
of common real options problems and their associated solutions, using
closed-form models, partial-differential equations, and binomial lattices,
wherever appropriate. We further use, for simplicity, recombining lattices
with only five time-steps in most cases. The reader can very easily extend
these five time-step examples into thousands of time-steps using the same
algorithms.

BINOMIAL LATTICES

In the binomial world, several basic similarities are worth mentioning. No
matter the types of real options problems you are trying to solve, if the bino-
mial lattice approach is used, the solution can be obtained in one of two ways.
The first is the use of risk-neutral probabilities, and the second is the use of
market-replicating portfolios. Throughout this book, the former approach
is used. An example of the market-replicating portfolio approach is shown
in Appendix 6B for the sake of completeness. The use of a replicating port-
folio is more difficult to understand and apply, but the results obtained from
replicating portfolios are identical to those obtained through risk-neutral
probabilities. So it does not matter which method is used; nevertheless, appli-
cation and expositional ease should be emphasized.

Market-replicating portfolios’ predominant assumptions are that there
are no arbitrage opportunities and that there exist a number of traded assets
in the market that can be obtained to replicate the existing asset’s payout pro-
file. A simple illustration is in order here. Suppose you own a portfolio of
publicly traded stocks that pay a set percentage dividend per period. You
can, in theory, assuming no trading restrictions, taxes, or transaction costs,
purchase a second portfolio of several non-dividend-paying stocks and repli-
cate the payout of the first portfolio of dividend-paying stocks. You can, for
instance, sell a particular number of shares per period to replicate the first
portfolio’s dividend payout amount at every time period. Hence, if both pay-
outs are identical although their stock compositions are different, the value
of both portfolios should then be identical. Otherwise, there will be arbitrage
opportunities, and market forces will tend to make them equilibrate in value.
This makes perfect sense in a financial securities world where stocks are freely
traded and highly liquid. However, in a real options world where physical
assets and firm-specific projects are being valued, financial purists would
argue that this assumption is hard to accept, not to mention the mathematics
behind replicating portfolios are also more difficult to apply.

Compare that to using something called a risk-neutral probability
approach. Simply stated, instead of using a risky set of cash flows and dis-
counting them at a risk-adjusted discount rate akin to the discounted cash
flow models, one can instead easily risk-adjust the probabilities of specific
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cash flows occurring at specific times. Thus, using these risk-adjusted prob-
abilities on the cash flows allows the analyst to discount these cash flows
(whose risks have now been accounted for) at the risk-free rate. This is the
essence of binomial lattices as applied in valuing options. The results obtained
are identical.

Let’s now see how easy it is to apply risk-neutral valuation. In any options
model, there is a minimum requirement of at least two lattices. The first lat-
tice is always the lattice of the underlying asset, while the second lattice is the
option valuation lattice. No matter what real options model is of interest, the
basic structure almost always exists, taking the form:

Inputs: S, X, , T, rf, b

u � e��t	 and d � e���t	 � �
1
u

�

p � �
e(rf �

u

b

�

)(�t

d

) � d
�

The basic inputs are the present value of the underlying asset (S), pres-
ent value of implementation cost of the option (X ), volatility of the natural
logarithm of the underlying free cash flow returns in percent (), time to
expiration in years (T ), risk-free rate or the rate of return on a riskless asset
(rf ), and continuous dividend outflows in percent (b). In addition, the bino-
mial lattice approach requires two additional sets of calculations, the up and
down factors (u and d) as well as a risk-neutral probability measure (p). We
see from the equations above that the up factor is simply the exponential
function of the cash flow volatility multiplied by the square root of time-steps
or stepping time (�t). Time-steps or stepping time is simply the time scale
between steps. That is, if an option has a one-year maturity and the binomial
lattice that is constructed has 10 steps, each time-step has a stepping time of
0.1 years. The volatility measure is an annualized value; multiplying it by the
square root of time-steps breaks it down into the time-step’s equivalent volatil-
ity. The down factor is simply the reciprocal of the up factor. In addition, the
higher the volatility measure, the higher the up and down factors. This recip-
rocal magnitude ensures that the lattices are recombining because the up and
down steps have the same magnitude but different signs; at places along the
future path these binomial bifurcations must meet.

The second required calculation is that of the risk-neutral probability,
defined simply as the ratio of the exponential function of the difference
between risk-free rate and dividend, multiplied by the stepping time less the
down factor, to the difference between the up and down factors. This risk-
neutral probability value is a mathematical intermediate and by itself has no
particular meaning. One major error real options users commit is to extrap-
olate these probabilities as some kind of subjective or objective probabilities
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that a certain event will occur. Nothing is further from the truth. There is no
economic or financial meaning attached to these risk-neutralized probabili-
ties save that it is an intermediate step in a series of calculations. Armed with
these values, you are now on your way to creating a binomial lattice of the
underlying asset value, shown in Figure 6.3.
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Starting with the present value of the underlying asset at time zero 
(S0), multiply it with the up (u) and down (d) factors as shown below, to
create a binomial lattice. Remember that there is one bifurcation at each
node, creating an up and a down branch. The intermediate branches are 
all recombining. This evolution of the underlying asset shows that if the
volatility is zero, in a deterministic world where there are no uncertainties,
the lattice would be a straight line, and a discounted cash flow model will
be adequate because the value of the option or flexibility is also zero. 
In other words, if volatility () is zero, then the up (u � e��t	) and down
(d � e���t	) jump sizes are equal to one. It is because there are uncertain-
ties and risks, as captured by the volatility measure, that the lattice is not a

Binomial lattices can be solved through the use of risk-neutral proba-
bilities and market-replicating portfolios. In using binomial and multi-
nomial lattices, the higher the number of time-steps, the higher the level
of granularity, and hence, the higher the level of accuracy.

FIGURE 6.3 Binomial Lattice of the Underlying Asset Value

S0u3

S0u2d

S0ud2

S0d3

S0u2

S0ud

S0d2

S0u

S0d

S0



straight horizontal line but comprises up and down movements. It is this up
and down uncertainty that generates the value in an option. The higher the
volatility measure, the higher the up and down factors as previously defined,
the higher the potential value of an option as higher uncertainties exist and
the potential upside for the option increases.

Chapter 7 goes into more detail on how certain real options problems
can be solved. Each type of problem is introduced with a short business case.
Then a closed-form equation is used to value the strategic option. A bino-
mial lattice is then used to confirm the results. In the binomial approach,
each problem starts with the lattice evolution of the underlying value, sim-
ilar to what we have seen thus far. The cases conclude with a summary of the
results and relevant interpretations. In each case, a limited number of time-
steps are used to facilitate the exposition of the stepwise methodology. The
reader can very easily extend the analysis to incorporate more time-steps as
necessary.

THE LOOK AND FEEL OF UNCERTAINTY

In most financial analyses, the first step is to create a series of free cash flows,
which can take the shape of an income statement or statement of cash flows.
The resulting free cash flows are depicted on a time line, akin to that shown
in Figure 6.4. These cash flow figures are in most cases forecasts of the
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FIGURE 6.4 Straight-Line Discounted Cash Flow



unknown future. In this simple example, the cash flows are assumed to follow
a straight-line growth curve. Similar forecasts can be constructed using his-
torical data and fitting these data to a time-series model or a regression
analysis. Whatever the method of obtaining said forecasts or the shape of the
growth curve, these are point estimates of the unknown future. Performing
a discounted cash flow analysis on these static cash flows provides an accu-
rate value of the project assuming all the future cash flows are known with
certainty—that is, no uncertainty exists, and hence, there exists zero volatil-
ity around the forecast values.

However, in reality, business conditions are hard to forecast. Uncertainty
exists, and the actual levels of future cash flows may look more like those in
Figure 6.5. That is, at certain time periods, actual cash flows may be above,
below, or at the forecast levels. For instance, at any time period, the actual
cash flow may fall within a range of figures with a certain percent probabil-
ity. As an example, the first year’s cash flow may fall anywhere between $480
and $520. The actual values are shown to fluctuate around the forecast val-
ues at an average volatility of 20 percent.3 Certainly this example provides
a much more accurate view of the true nature of business conditions, which
are fairly difficult to predict with any amount of certainty.

Figure 6.6 shows two sample actual cash flows around the straight-line
forecast value. The higher the uncertainty around the actual cash flow levels,
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FIGURE 6.5 Discounted Cash Flow with Simulation
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FIGURE 6.6 The Face of Uncertainty
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the higher the volatility. The darker line with 20 percent volatility fluctuates
more wildly around the forecast values. These values can be quantified using
Monte Carlo simulation. For instance, Figure 6.6 also shows the Monte Carlo
simulated probability distribution output for the 5 percent volatility line,
where 95 percent of the time, the actual values will fall between $510 and
$698. Contrast this to a 95 percent confidence range of between $405 and
$923 for the 20 percent volatility case. This implies that the actual cash flows
can fluctuate anywhere in these ranges, where the higher the volatility, the
higher the range of uncertainty.

A FIRM’S REAL OPTIONS PROVIDE VALUE
IN THE FACE OF UNCERTAINTY

As seen previously, Monte Carlo simulation can be applied to quantify the
levels of uncertainty in cash flows. However, simulation does not consider
the strategic alternatives that management may have. For instance, simula-
tion accounts for the range and probability that actual cash flows can be above
or below predicted levels but does not consider what management can do if
such conditions occur.

Consider Figure 6.7 for a moment. The area above the mean predicted
levels, assuming that management has a strategic option to expand into
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FIGURE 6.7 The Real Options Intuition
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different markets or products, or develop a new technology, means that exe-
cuting such an option will yield considerable value. Conversely, if management
has the option to abandon a particular technology, market, or development
initiative when operating conditions deteriorate, possessing and executing
such an abandonment or switching strategy may be valuable. This assumes
that management not only has the flexibility to execute these options but also
has the willingness to follow through with these strategies when the appro-
priate time comes. Often, when faced with an abandonment decision, even
when it is clearly optimal to abandon a particular project, management may
still be inclined to keep the project alive in the hopes that conditions would
revert and make the project profitable once again. In addition, management
psychology and project attachment may come into play. When the success-
ful execution of a project is tied to some financial remuneration, reputation,
or personal strive for merit and achievement, abandoning a project may be
hard to do even when it is clearly the optimal decision.

The value of a project’s real options requires several assumptions. First,
operating, technological, market, and other factors are subject to uncertainty
and change. These uncertainties have to drive a project or initiative’s value.
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Real options have strategic value only when
(i) There is uncertainty.
(ii) Uncertainty drives project value.
(iii) Management has flexibility.
(iv) Flexibility strategies are credible and executable.
(v) Management is rational in executing strategies.

Furthermore, there exists managerial flexibility or strategic options that man-
agement can execute along the way as these uncertainties become resolved
over time. Finally, management must not only be able but also willing to exe-
cute these options when it becomes optimal to do so. That is, we have to
assume that management is rational and execute strategies where the addi-
tional value generated is at least commensurate with the risks undertaken.
Ignoring such strategic value will grossly underestimate the value of a proj-
ect. Real options not only provide an accurate accounting of this flexibility
value but also indicate the conditions under which executing certain strate-
gies becomes optimal.

Projects that are at-the-money or out-of-the-money—that is, projects
with static net present values that are negative or close to breaking even—
are most valuable in terms of applying real options. Because real options
analysis captures strategic value that is otherwise overlooked in traditional
analyses, the additional value obtained may be sufficient to justify projects
that are barely profitable.



BINOMIAL LATTICES AS A DISCRETE SIMULATION
OF UNCERTAINTY

As uncertainty drives the value of projects, we need to further the discus-
sion on the nature of uncertainty. Figure 6.8 shows a “cone of uncertainty,”
where we can depict uncertainty as increasing over time. Notice that risk
may or may not increase over time, but uncertainty does increase over time.
For instance, it is usually much easier to predict business conditions a few
months in advance, but it becomes more and more difficult the further one
goes into the future, even when business risks remain unchanged. This is the
nature of the cone of uncertainty. If we were to attempt to forecast future
cash flows while attempting to quantify uncertainty using simulation, a well-
prescribed method is to simulate thousands of cash flow paths over time, as
shown in Figure 6.8. Based on all the simulated paths, a probability distribu-
tion can be constructed at each time period. The simulated pathways were
generated using a Geometric Brownian Motion with a fixed volatility. A
Geometric Brownian Motion can be depicted as 

�
�

S
S
� � �(�t) � ���t	,

where a percent change in the variable S (denoted �
�

S
S
�)

is simply a combination of a deterministic part (�(�t)) and a stochastic
part (���t	). Here, � is a drift term or growth parameter that increases at
a factor of time-steps �t, while  is the volatility parameter, growing at a
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FIGURE 6.9 Discrete Simulation Using Binomial Lattices

rate of the square root of time, and � is a simulated variable, usually follow-
ing a normal distribution with a mean of zero and a variance of one. Note
that the different types of Brownian Motions are widely regarded and accepted
as standard assumptions necessary for pricing options. Brownian Motions
are also widely used in predicting stock prices.

Notice that the volatility () remains constant throughout several thou-
sand simulations. Only the simulated variable (�) changes every time.4 This
is an important aspect that will become clear when we discuss the intuitive
nature of the binomial equations required to solve a binomial lattice, because
one of the required assumptions in options modeling is the reliance on Brown-
ian Motion. Although the risk or volatility measure () in this example remains
constant over time, the level of uncertainty increases over time at a factor
of (��t	). That is, the level of uncertainty grows at the square root of time
and the more time passes, the harder it is to predict the future. This is seen
in the cone of uncertainty, where the width of the cone increases over time.

Based on the cone of uncertainty, which depicts uncertainty as increas-
ing over time, we can clearly see the similarities in triangular shape between
a cone of uncertainty and a binomial lattice as shown in Figure 6.9. In essence,
a binomial lattice is simply a discrete simulation of the cone of uncertainty.
Whereas a Brownian Motion is a continuous stochastic simulation process,
a binomial lattice is a discrete simulation process.
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As a side note, multinomial models that involve more than two bifurca-
tions at each node, such as the trinomial (three-branch) models or quadra-
nomial (four-branch) models, require a similar Brownian Motion assumption
but are mathematically more difficult to solve. No matter how many branches
are at each node, these models provide exactly the same results in the limit,
the difference being that the more branches at each node, the faster the results
are reached. For instance, a binomial model may require a hundred steps to
solve a particular real options problem, while a trinomial model probably only
requires half the number of steps. However, due to the complexity involved
in solving trinomial trees as compared to the easier mathematics required
for binomial trees, most real options problems are more readily solved using
binomials. For the sake of completeness, Appendix 7H provides an example
of how to solve a trinomial tree.

To continue the exploration into the nature of binomial lattices, Figure
6.10 shows the different binomial lattices with different volatilities. This
means that the higher the volatility, the wider the range and spread of values
between the upper and lower branches of each node in the lattice. Because
binomial lattices are discrete simulations, the higher the volatility, the wider
the spread of the distribution. This can be seen on the terminal nodes, where
the range between the highest and lowest values at the terminal nodes is higher
for higher volatilities than the range of a lattice with a lower volatility.

At the extreme, where volatility equals zero, the lattice collapses into a
straight line. This straight line is akin to the straight-line cash flow model
shown in Figure 6.4. We will further show through an example that for a
binomial lattice calculation involving cash flows with zero volatility, the
results approach those calculated using a discounted cash flow model’s net
present value approach. This is important because if there is zero uncertainty
and risk, meaning that all future cash flows are known with absolute certainty,
then there is no strategic real options value. The discounted cash flow model
will suffice. It is because business conditions are fraught with uncertainty, and
hence volatility exists and can be captured using a binomial lattice. Therefore,
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A binomial lattice is a type of discrete simulation, whereas a Brownian
Motion stochastic process is a continuous simulation.

At the limit, where the time-steps approach zero and the number of steps
approach infinity, the results stemming from a binomial lattice approach
those obtained from a Brownian Motion process. Solving a Brownian Motion
in a discrete sense yields the binomial equations, while solving it in a contin-
uous sense yields closed-form equations like the Black-Scholes and its ancil-
lary models. The following few sections show the simple intuitive discrete
derivation of the Brownian Motion process to obtain the binomial equations.



the discounted cash flow model can be seen as a special case of a real options
model, when uncertainty is negligible and volatility approaches zero. Hence,
discounted cash flow is not necessarily wrong at all; it only implies zero
uncertainty in the future forecast of cash flows.

GRANULARITY LEADS TO PRECISION

Another key concept in the use of binomial lattices is the idea of steps and
precision. For instance, if a five-year real options project is valued using five
steps, each time-step size (�t) is equivalent to one year. Conversely, if 50
steps are used, then �t is equivalent to 0.1 years per step. Recall that the up
and down step sizes were e��t	 and e���t	, respectively. The smaller �t is, the
smaller the up and down steps, and the more granular the lattice values
will be.

An example is in order. Figure 6.11 shows the example of a simple Euro-
pean financial call option. Suppose the call option has an asset value of $100
and a strike price of $100 expiring in one year. Further, suppose that the cor-
responding risk-free rate is 5 percent and the calculated volatility of histor-
ical logarithmic returns is 25 percent. Because the option pays no dividends
and is only exercisable at termination, a Black-Scholes equation will suffice.
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FIGURE 6.10 Volatility and Binomial Lattices
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The call option value calculated using the Black-Scholes equation is $12.3360,
which is obtained by

Call � S� �� Xe�rf(T)� �

Call � 100� �
�100e�0.05(1)� �

Call � 100 [0.325] � 95.13 [0.075] � 100(0.6274) � 95.13(0.5298) � 12.3360

A binomial lattice can also be applied to solve this problem, as seen in the
example in Figures 6.12 and 6.13.

The first step is to solve the binomial lattice equations, that is, to calcu-
late the up step size, down step size, and risk-neutral probability. This assumes
that the step size (�t) is 0.2 years (one-year expiration divided by five steps).
The calculations proceed as follows:

u � e��t	 � e0.25�0.2	 � 1.1183

d � e���t	 � e�0.25�0.2	 � 0.8942

p � �
erf

u

(�t

�

) �

d
d

� � � 0.5169
e0.05(0.2) � 0.8942
���
1.1183 � 0.8942

ln(100/100) � (0.05 � 0.252/2)1
����

0.25�1	

ln(100/100) � (0.05 � 0.252/2)1
����

0.25�1	

ln(S /X) � (rf − 2/2)T
���

��T	
ln(S /X) � (rf � 2/2)T
���

��T	
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FIGURE 6.11 European Option Example

Example of a European financial call option with an asset value (S)
of $100, a strike price (X) of $100, a 1-year expiration (T), 5% risk 
free rate (r), and 25% volatility () with no dividend payments



Figure 6.12 illustrates the first lattice in the binomial approach. In a real
options world, this lattice is created based on the evolution of the underly-
ing asset’s present value of future cash flows. However, in a financial option
analysis, this is the $100 initial stock price level. This $100 value evolves over
time due to the uncertainty and volatility that exist. For instance, the $100
value becomes $111.8 ($100 � 1.118) on the upper bifurcation at the first
time period and $89.4 ($100 � 0.894) on the lower bifurcation. This up and
down compounding effect continues until the end terminal, where given a
25 percent annualized volatility, stock prices can, after a period of five years,
be anywhere between $57.2 or $174.9. Recall that if volatility is zero, then
the lattice collapses into a straight line, where at every time-step interval, the
value of the stock will be $100. It is when uncertainty exists that stock prices
can vary within this $57.2 to $174.9 interval.

Notice on the lattice in Figure 6.12 that the values are path-independent.
That is, the value on node H can be attained through the multiplication of
S0u2d, which can be arrived at by going through paths ABEH, ABDH, or
ACEH. The value of path ABEH is S � u � d � u, the value of path ABDH
is S � u � u � d, and the value of path ACEH is S � d � u � u, all of which
yields S0u2d.

Figure 6.13 shows the calculation of the European option’s valuation
lattice. The valuation lattice is calculated in two steps, starting with the
terminal node and then the intermediate nodes, through a process called
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FIGURE 6.12 European Option Underlying Lattice
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backward induction. For instance, the circled terminal node shows a value
of $74.9, which is calculated through the maximization between executing
the option and letting the option expire worthless if the cost exceeds the
benefits of execution. The value of executing the option is calculated as
$174.9 � $100, which yields $74.9. The value $174.9 comes from Figure
6.12’s (node P) lattice of the underlying, and $100 is the cost of executing
the option, leaving a value of $74.9.

The second step is the calculation of intermediate nodes. The circled
intermediate node illustrated in Figure 6.13 is calculated using a risk-neutral
probability analysis. Using the previously calculated risk-neutral probability
of 0.5169, a backward induction analysis is obtained through

[(p)up � (1 � p)down]exp[(�riskfree)(�t)]

[(0.5169)41.8 � (1 � 0.5169)16.2]exp[(�0.05)(0.2)] � 29.2

Using this backward induction calculation all the way back to the starting
period, the option value at time zero is calculated as $12.79.

Figure 6.14 shows a series of calculations using a Black-Scholes closed-
form solution, binomial lattices with different time-steps, and Monte Carlo
simulation. Notice that for the binomial lattice, the higher the number of
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time-steps, the more accurate the results become. At the limit, when the
number of steps approaches infinity—that is, the time between steps (�t)
approaches zero—the discrete simulation in a binomial lattice approaches
that of a continuous simulation model, which is the closed-form solution. The
Black-Scholes model is applicable here because there are no dividend pay-
ments and the option is only executable at termination. When the number
of steps approaches 50,000, the results converge. However, in most cases,
the level of accuracy becomes sufficient when the number of steps reaches
1,000. Notice that the third method, using Monte Carlo simulation, also
converges at 10,000 simulations.

Figure 6.15 shows another concept of binomial lattices. When there are
more time-steps in a lattice, the underlying lattice shows more granularities
and, hence, higher accuracy. The first lattice shows five steps and the second
20 steps (truncated at 10 steps due to space limitations). Notice the similar
values that occur over time. For instance, the value 111.83 in the first lat-
tice occurs at step 1 versus step 2 in the second lattice. All the values in 
the first lattice recur in the second lattice, but the second lattice is more
granular in the sense that more intermediate values exist. As seen in Figure
6.14, the higher number of steps means a higher precision due to the higher
granularity.

AN INTUITIVE LOOK AT THE BINOMIAL EQUATIONS

The following discussion provides an intuitive look into the binomial lat-
tice methodology. Although knowledge of some stochastic mathematics and
Martingale processes is required to fully understand the complexities involved
even in a simple binomial lattice, the more important aspect is to understand
how a lattice works, intuitively, without the need for complicated math.

Recall that there are two sets of key equations to consider when calcu-
lating a binomial lattice. These equations, shown in Figure 6.16, consist of
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• Comparison of approaches
– Black-Scholes: $12.3360
– Binomial:

• N = 5 steps $12.7946
• N = 10 steps $12.0932
• N = 20 steps $12.2132
• N = 50 steps $12.2867
• N = 100 steps $12.3113
• N = 1,000 steps $12.3335
• N = 10,000 steps $12.3358
• N = 50,000 steps $12.3360

– Simulation: (10,000 simulations: $12.3360)

OVERESTIMATES

UNDERESTIMATES

EXACT VALUE

FIGURE 6.14 More Time-Steps, Higher Accuracy



an up/down equation (which are simply the discrete simulation’s step size
in a binomial lattice used in creating a lattice of the underlying asset) and a
risk-neutral probability equation (used in valuing a lattice through backward
induction). These two sets of equations are consistently applied to all real
options binomial modeling regardless of its complexity.5 In Figure 6.16, we
see that the up step size (u) is shown as u � e��t	, and the down step size
(d) is shown as d � e���t	, where  is the volatility of logarithmic cash flow
returns and �t is the time-step in a lattice. The risk-neutral probability (p)
is shown as 

p � �
e(rf�

u

b

�

)�t

d
� d

� ,
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where rf is the risk-free rate in percent, and b is the continuous dividend
payout in percent.

The intuition behind the lattice equations is somewhat more cumber-
some but is nonetheless important. An analyst must not only have the math-
ematical aptitude but also the ability to explain what goes on behind the
scenes when calculating a real options model. Figures 6.17 and 6.18 provide
an intuitive look and feel of the derivation of the binomial lattice equations
in a very simplified and intuitive format, as opposed to using cumbersome
financial mathematics.

As Figure 6.17 shows, in the deterministic case where uncertainty is not
built into a financial valuation model, future cash flows can be forecast using
regression analysis on historical data, using time-series analysis, or using man-
agement assumptions. However, in a stochastic case when uncertainty exists
and is built into the model, several methods can be applied, including sim-
ulating a Brownian Motion. As seen earlier, Brownian Motion processes are
used in financial forecasting and option pricing models.

Starting with an Exponential Brownian Motion, where 

�
�

S
S
� � e�(�t) � ���t	,

we can segregate the process into a deterministic and a stochastic part,
where we have 

�
�

S
S
� � e�(�t)e���t	.

The deterministic part of the model (e�(�t)) accounts for the slope or growth
rate of the Brownian process. If you recall, in real options analysis, the
underlying asset variable (usually denoted S in options modeling) is the pres-
ent value of future free cash flows, which means that the growth rates in cash
flows from one period to the next have already been intuitively accounted
for in the discounted cash flow analysis.6 Hence, we only have to account for
the stochastic term (e���t	), which has a highly variable simulated term (�).

The stochastic term (e���t	) has a volatility component (), a time com-
ponent (�t), and a simulated component (�). Again, recall that the binomial
lattice approach is a discrete simulation model; we no longer need to re-
simulate at every time period, and the simulated variable (�) drops out. The
remaining stochastic term is simply e��t	.

Finally, in order to obtain a recombining binomial lattice, the up and
down step sizes have to be symmetrical in magnitude. Hence, if we set the
up step size as e��t	, we can set the down step size as its reciprocal, or e���t	.

These up and down step sizes are used in the creation of a lattice evolu-
tion of the underlying asset, the first step in a real options binomial model-
ing approach. Notice that the values on the lattice evolution of the underlying
depend on nothing more than the volatility and time-steps between nodes.
Each up and down jump size is identical no matter how far out on the lattice
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you go, but the cumulative effects of these jumps increase over time. That is,
the up (u) value in Figure 6.16 is the same no matter which node you are on.
However, the further out one goes, the cumulative effects (u3 or u2d, etc.)
increase at the rate of e��t	 or e���t	. This means that the higher the
volatility, the wider the range of observed values on the lattice. In addition,
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the lower the value of the time-steps, the more granular and detailed the
lattice becomes, as shown in Figure 6.15.

The second equation for the binomial model is that of a risk-neutral prob-
ability. The risk-neutral probability is defined in Figure 6.18 as 

p � �
e(rf�

u

b

�

)�t

d
� d

� .

Figure 6.18 shows an intuitive derivation of the risk-neutral probabil-
ity, and Figure 6.19 explains what a risk-neutral probability is and what it
does. Start with a simple example of a coin toss, where heads would yield
a $1 payoff and tails would yield a $0 payoff. Assuming you start with a 
fair coin, the expected payoff for this game would be $0.50 � 50%($1) �
50%($0). That is, the game has a value of $0.50, where if you were risk-
neutral, you would be indifferent between betting $0.50 on the game and
walking away. If you are risk-taker, you would be willing to bet more than
$0.50 on the game, and a risk-adverse person would probably only enter
into the game if the cost of entry is less than the $0.50 expected payoff.

Figure 6.18 shows a similar problem using a decision node with two
bifurcations and their associated probabilities of occurrence. The expected
value of the binomial tree is calculated the same way as the coin toss game
described above, where the expected value of the starting point is simply 

162 APPLICATION

�����

A �
!�+3�

65�%�
!�+3�

 


� 

�88A<=��5A�8��&�����>���8�< K=�
 &5B�B�K�����&==����>���5�
B&�%�>=8�"B�%5<��K#W

�>=�=R =��=6�!�KA=�����>=�
8��&��%G� 5�%���8�8�< K�

8��&����" #"A #�C�"
� #"65�%#�

�����

A �
!�+3�

65�%�
!�+3�

 


� 

%5�2��66��%�����<=�K�%=��%6��>=�
8��&��%G�!�KA=�B=�5<=8W

8��&����I" #"A #�C�"
� #"65�%#J�=R "�6�8�5A%��&��=#"��<=#

��<=�	���������������������������<=�

�5&�8�< K�����2��88A<=����
�
8��&��%G� 5�%�2��=�G=�W��

�!

��
�

��!��

����!�

���!�

���

���

���

���

−
−=

+−=
−+=

−+= −

��

��

��

��

��

,����-��
A8�%G���<=�8�= 8�δ� �8��>=���<=�"�#��%6�&�8L�

�&==�&��=�"��#��8��>=�6�8�5A%��&��=�"�%���&�8L�
%=A�&�K��5&K6#2��=�G=�W

�!

��
�

��

−
−=

��δ

FIGURE 6.18 Risk-Neutral Probability Equation



(p) up � (1 � p) down. Now, if a time line is added to the analysis—that
is, if the game takes time t (e.g., a whole year) to complete—the game pay-
offs should be discounted for the time value of money. If the payouts are
not guaranteed values but have some risk associated with their levels, then
they should be discounted at a market risk-adjusted discount rate. That is,
the expected starting present value of the payoffs should be [(p) up � (1 � p)
down]exp(�discount rate)(time).7 If we define dr as discount rate, t as time,
u as the payoff in the event of an up condition, and d for the payoff in the
event of a down condition on the binomial branch, the starting present value
of this problem can be shown as Start � [(p)u � (1 � p)d ]e�dr(t).

For simplicity, if we assume that the starting value is unity, a basic and
well-accepted assumption that is used in option pricing models, then we can
rewrite the starting value as 1 � [(p)u � (1 � p)d ]e�dr(t). Multiplying both
sides with the reciprocal of e�dr(t) yields (p)u � (1 � p)d � edr(t). Expand-
ing and regrouping the terms yield p(u � d ) � d � edr(t), and solving for p
yields

p � �
ed

u

r(t

�

) �

d
d

� .

This risk-neutral probability is simply the solution for the probabilities on a
binomial lattice. As in the binomial lattice paradigm, the time is simply the
time-steps between nodes; we can denote t as �t. In addition, as will be
explained later, this probability p is used in a risk-neutral world, a world where
risks have already been accounted for; hence, the discount rate dr is simply
the risk-free rate rf. Replacing these values, we get the binomial equation 

p � �
erf

u

(�

�

t) �

d
d

� .

However, when there are continuous streams of dividend present, this risk-
free rate is modified to risk-free rate less the dividend yield (rf � b).

FROLICKING IN A RISK-NEUTRAL WORLD

A risk-neutral world simply means that a certain variable is stripped of its
risks. In our example, the certain variable is the cash flow payouts. These
cash flow payouts can be stripped off their risks or, in common finance
language, discounted of risks by risk-adjusting in two ways. The first method
is simply to risk-adjust the cash flow payouts themselves. This implies the
use of a discounted cash flow method, applying the appropriate market risk-
adjusted discount rate, which is typically higher than the risk-free rate. The
second method is to adjust the probabilities that lead to the payouts, then,
using the original cash flows, discount them by the risk-free rate, not a
market risk-adjusted rate as risk has already been accounted for by the
adjusted probabilities and should not be double-counted. This implies the
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use of risk-neutral probabilities in the binomial world. Both approaches
yield the same results when applied appropriately.

Figure 6.19 illustrates both these risk-adjustment methods. For instance,
if the discount rate is 22.08 percent and the payoff occurs after one year, 
the expected present value of the coin-toss game is [50%($1) � 50%($0)]
exp[(�22.08%)(1)] � $0.40. This $0.40 is the risk-adjusted value of the
game in present dollars, as compared to the $0.50 if the payoffs are imme-
diate. This is intuitive because a payoff that is risky and may or may not hap-
pen in a year is certainly worth less than a payoff that is certain and occurs

164 APPLICATION

FIGURE 6.19 A Risk-Neutral World
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immediately. A player should be willing to enter into a bet only if the cost
of entry is lower than what the payoff is worth. This method is akin to the
discounted cash flow approach where the cash flows are adjusted for risk by
discounting them by the appropriate risk-adjusted discount rate.

Figure 6.19 also illustrates the second method, using risk-neutral prob-
abilities. Using the same game parameters, the risk-neutral probabilities can
be calculated. That is, as the expected value is calculated as $0.40, we can get
p by imputing the expected value using [(p)$1 � (1 � p)$0]exp[(�5%)(1)],
where the risk-neutral probability p is calculated as 42 percent, compared
to the original objective probability of 50 percent. By adjusting the proba-
bilities for risk, the cash flow payoffs should then be discounted using the
risk-free rate of 5 percent. Notice that using this imputed 42 percent risk-
neutral probability, we can also calculate the expected present value of the
cash flows through [42%($1) � 58%($0)]exp[(�5%)(1)] � $0.40, the same
value obtained through discounting the cash flows.

The upshot is that a risky series of cash flows should be adjusted for risk,
and there exist two methods to perform the risk adjustment. The cash flow
series themselves can be adjusted through a risk-adjusted discount rate; or
the probabilities leading to the cash flows can be adjusted and the resulting
adjusted cash flows can be discounted using a risk-free rate. The former
approach is well known and widely used in discounted cash flow models and
the latter for solving binomial lattices. The latter is preferred for real options
analysis as it avoids having to estimate project-specific discount rates at dif-
ferent nodes along the binomial lattice or within the context of a decision
tree analysis.

For instance, if a decision tree analysis is used (which by itself is insuf-
ficient for solving real options), then different discount rates have to be esti-
mated at each decision node at different times because different projects at
different times have different risk structures. Estimation errors will then be
compounded on a large decision tree analysis. Binomial lattices using risk-
neutral probabilities avoid this error.

One major conclusion that can be drawn using binomial lattices is that
because risk-adjusting cash flows provides the same results as risk-adjusting
the probabilities leading to those cash flows, the results stemming from a dis-
counted cash flow analysis are identical to those generated using a binomial
lattice. The only condition that is required is that the volatility of the cash
flows be zero—in other words, the cash flows are assumed to be known
with certainty. Because zero uncertainty exists, there is zero strategic option
value, meaning that the net present value of a project is identical to its
expanded net present value. Figure 6.20 illustrates this point.

Given the levels of cash flow series in Figure 6.20, the net present value
is calculated to be $1,426 after being discounted using a weighted average
cost of capital of 35 percent. This is essentially the first approach where cash
flows are risk-adjusted by this 35 percent market risk-adjusted discount rate.
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FIGURE 6.20 Solving a DCF Model with a Binomial Lattice
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The second approach is the use of a binomial lattice. Notice that the
starting point on a binomial lattice is the present value of future cash flows;
we arbitrarily set it as $2,426, with a corresponding $1,000 implementa-
tion cost. This is acceptable as long as the net present value yields $1,426
($2,426 � $1,000). Starting with this $2,426 value, the binomial equations
are calculated. First, the up and down step sizes are calculated using u �
e��t	 � e0%�1	 � 1 and d � e���t	 � e�0%�1	 � 1 since volatility is assumed
to be 0 percent, and five steps are used for the five years, resulting in a time-
step �t of 1. In addition, the risk-neutral probability is 100 percent: recall
from Figure 6.10 that a zero volatility lattice collapses into a straight line,
there is no up or down step, hence, the risk-neutral probability is 100 percent.
The first binomial lattice shown in Figure 6.20 illustrates this situation, where
the asset evolutions in all future states are identical to the starting value.

The second lattice shows the valuation of the binomial model. The ter-
minal nodes are simply the maximization between executing the option or
letting it expire. The value of executing the option is $2,426 � $1,000 at
every terminal node, and the value of letting the option expire is $0. All
intermediate nodes carry the value of the option going forward, similar to
the European call option. For simplicity, assume a negligible risk-free rate.
That is, the value of [(p)$1,426 � (1 � p)$1,426]exp[(�0%)(1)] � $1,426
at each intermediate node, going back to the starting value. In this highly
simplified and special case, the calculated net present value is identical to
the value calculated using a binomial lattice approach. In essence, a real
options analysis is, at its most basic level, similar in nature to the net pres-
ent value analysis.

Figure 6.21 illustrates this condition. In a traditional financial analysis,
we usually calculate the net present value, which is nothing but benefits less
cost (first equation)—that is, benefits equal the present value of future net
cash flows after taxes, discounted at some market risk-adjusted cost of cap-
ital; and cost equals the present value of investment cost discounted at the
risk-free rate.

Management is usually knowledgeable of net present value and the way
it is calculated. Conventional wisdom is such that if benefits outweigh costs—
that is, when the net present value is positive—one would be inclined to
accept a particular project. This is simple and intuitive enough. However,
when we turn to options theory and look at a simple call option, it is also
nothing but benefits less cost (second equation), with a slight modification.

The difference is the introduction of the �(d ) multipliers behind ben-
efits and costs. Obviously, the multipliers are nothing but the respective prob-
abilities of occurrence, obtained through the discrete simulation process in
binomial lattices. Hence, in real options theory, one can very simply define
the value of an option as nothing more than benefits less costs, taking into
account the risk or probabilities of occurrence for each variable, similar to
using the Black-Scholes model. Therefore, if there is no uncertainty and the
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volatility is zero, and the probability of occurrence is 100 percent, indicat-
ing that the forecast values are guaranteed to occur, as in the special case,
then the real options value collapses into the net present value when both
�(d ) � 100%. It is easy to understand that option value in this case is far
superior to the net present value analysis if uncertainty exists and volatility
is not equal to zero, and hence, both �(d ) are not equal to 100 percent.
Finally, we can say that the expanded net present value (eNPV ) shown as
the third equation is the sum of the deterministic base case net present value
and the strategic options value. The options value takes into account the
value of flexibility, that is, the ability to execute on a strategic option but not
the obligation to do so; the eNPV accounts for both base-case analysis and
the added value of flexibility.

SUMMARY

The binomial approach, partial-differential equations, and closed-form solu-
tions are the mainstream approaches used in solving real options problems.
The binomial approach is favored due to its mathematical simplicity and ease
of exposition. It helps make the black box more transparent and, in turn, the
results more palatable to senior management. In addition, the mathematics
involved in calculating a binomial lattice—that is, the use of up/down jump
sizes as well as risk-neutral probabilities—can be easily and intuitively ex-
plained without the use of often intractable stochastic mathematical tech-
niques applied in partial-differential equations and closed-form solutions.

CHAPTER 6 QUESTIONS

1. Why does solving a real options problem using the binomial lattices
approach the results generated through closed-form models?
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FIGURE 6.21 Real Options and Net Present Value
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2. Is real options analysis a special case of discounted cash flow analysis,
or is discounted cash flow analysis a special case of real options analysis?

3. Explain what a risk-neutral probability means.

4. What is the difference between a recombining lattice and a non-
recombining lattice?

5. Using the example in Figures 6.12 through 6.14, create and value the
same European option using 10 time-steps. Verify that your answers
match those given in Figure 6.14.
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Real Options Models

INTRODUCTION

This chapter provides step-by-step examples of solving real options
models. The common types of real options solved include abandon-
ment, expansion, contraction, chooser, switching, compound, changing

strikes, and volatility options. Chapter 8 and its accompanying appendixes
discuss more advanced types of options including switching, timing, and
barrier options. The examples in this chapter are useful as building blocks
for solving more complicated real options models. The examples used here
are intentionally kept simple, for expositional purposes. More advanced
technical examples are provided in the appendixes. These examples are again
revisited in Chapter 9 and solved using the enclosed Real Options Analysis
Toolkit software and Crystal Ball’s® Monte Carlo simulation software
CD-ROM.

OPTION TO ABANDON

Suppose a pharmaceutical company is developing a particular drug. How-
ever, due to the uncertain nature of the drug’s development progress, market
demand, success in human and animal testing, and FDA approval, manage-
ment has decided that it will create a strategic abandonment option. That is,
at any time period within the next five years of development, management
can review the progress of the research and development effort and decide
whether to terminate the drug development program. After five years, the
firm would have either succeeded or completely failed in its drug develop-
ment initiative, and there exists no option value after that time period. If the
program is terminated, the firm can potentially sell off its intellectual prop-
erty rights of the drug in question to another pharmaceutical firm with which
it has a contractual agreement. This contract with the other firm is exercisable
at any time within this time period, at the whim of the firm owning the patents.

CHAPTER 7
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FIGURE 7.1 Abandonment Option (Underlying Lattice)

Binomial Approach – Step I:

ttice Evolution of the Underlying

Using a traditional discounted cash flow model, the present value of the
expected future cash flows discounted at an appropriate market risk-adjusted
discount rate is found to be $150 million. Using Monte Carlo simulation,
the implied volatility of the logarithmic returns on future cash flows is found
to be 30 percent. The risk-free rate on a riskless asset for the same time
frame is 5 percent, and you understand from the intellectual property officer
of the firm that the drug’s patent is worth $100 million if sold within the
next five years. For simplicity, assume that this $100 million salvage value
is fixed for the next five years. You attempt to calculate how much this aban-
donment option is worth and how much this drug development effort on the
whole is worth to the firm. You decide to use a closed-form approximation
of an American put option because the option to abandon the drug devel-
opment can be exercised at any time up to the expiration date. You also
decide to confirm the value of the closed-form analysis with a binomial lat-
tice calculation. Figures 7.1 and 7.2 show the results of your analysis using
a binomial approach. Using the Bjerksund closed-form American put option
approximation equation (available in the Real Options Analysis Toolkit soft-
ware), you calculate the value of the American option to abandon as $6.9756
million. However, using the binomial approach, you calculate the value of
the abandonment option as $6.6412 million using 5 time-steps and $7.0878
million using 1,000 time-steps, thereby verifying the results obtained.1 An
example of the first lattice, the lattice of the underlying asset, is shown in
Figure 7.1.
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150.0
S0

202.5
S0u

111.1
S0d

273.3
S0u2

150.0
S0ud

82.3
S0d 2

368.9
S0u3

202.5
S0u2d

111.1
S0ud 2

60.9
S0d 3

498.0
S0u4

273.3
S0u3d

150.0
S0u2d 2

82.3
S0ud 3

45.2
S0d 4

672.2
S0u5

368.9
S0u4d

202.5
S0u3d 2

111.1
S0u2d 3

60.9
S0ud 4

33.5
S0d 5

Given: S = 150,  = 0.30, T = 5, rf = 0.05



All the required calculations and steps in Figure 7.1 are based on the up
factor, down factor, and risk-neutral probability analysis previously alluded
to in Chapter 6. The up factor is calculated to be 1.3499, and the down fac-
tor is 0.7408. Hence, starting with the underlying value of $150, we mul-
tiply this value with the up and down factors to obtain $202.5 and $111.1,
respectively. Readers can verify for themselves the rest of the lattice calcu-
lations in Figure 7.1. The second step is to calculate the option valuation
lattice as shown in Figure 7.2, using the values calculated in Figure 7.1’s lat-
tice evolution of the underlying asset.

Creating the option valuation lattice proceeds in two steps, the valua-
tion of the terminal nodes and the valuation of the intermediate nodes using
a process called backward induction. If you recall from the first lattice, the
values are created in a forward multiplication of up and down factors, from
left to right. For this second lattice, the calculation proceeds in a backward
manner, starting from the terminal nodes. That is, the nodes at the end of
the lattice are valued first, going from right to left.

In Figure 7.2, we see that the sample circled terminal node (denoted A)
reveals a value of $672.2, which can be obtained through the value maxi-
mization of abandonment versus continuation. At the end of five years, the
firm has the option to both sell off and abandon its existing drug program or
to continue developing. Obviously, management will choose the strategy that
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FIGURE 7.2 Abandonment Option (Valuation Lattice)
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maximizes profitability. The value of abandoning the drug program is equiv-
alent to selling the patent rights at the predetermined $100 million value. The
value of continuing with development can be found in Figure 7.1’s lattice
evolution of the underlying at the same node (S0u5), which is $672.2 mil-
lion. The profit-maximizing decision is to continue development; hence, we
have the value $672.2 million on that node (denoted A). Similarly, for the ter-
minal node B in Figure 7.2, we see that the value of abandoning at that time
is $100 million as compared to $60.99 in Figure 7.1. Hence, the decision at
that node is to abandon the project, and the profit-maximizing value of that
node becomes the abandonment value of $100 million. This is very easy to
understand because if the underlying asset value of pursuing the drug devel-
opment is high (node A), it is wise to continue with the development. Oth-
erwise, if circumstances force the value of the development effort down to
such a low level as specified by node B, then it is more optimal to abandon
the project and cut the firm’s losses. This of course assumes that management
will execute the optimal profit-maximizing behavior of abandoning the proj-
ect when it is optimal to do so rather than hanging on to it.

Moving on to the intermediate nodes, we see that node C is calculated
as $273.3 million. At this particular node, the firm again has two options,
to abandon at that point or not to abandon, thereby keeping the option to
abandon open and available for the future in the hopes that when things
seem less rosy, the firm has the ability to execute the option and abandon the
development program. The value of abandoning is again the $100 million
in salvage value. The value of continuing is simply the discounted weighted
average of potential future option values using the risk-neutral probability.

Because the risk adjustment is performed on the probabilities of future
option cash flows, the discounting can be done using the risk-free rate. That
is, for the value of keeping the option alive and open, we have [(P)($368.9) �
(1 � P)($202.5)]exp[(�rf )(�t)] � $273.3 million, which is higher than the
abandonment value. This assumes a 5 percent risk-free rate rf, a time-step
�t of 1 (five years divided into five time-steps means each time-step is equiv-
alent to one year), and a risk-neutral probability P of 0.51. Using this back-
ward induction technique, the lattice is calculated back to the starting point
to obtain the value of $156.6412 million. Because the value obtained through
a discounted cash flow is $150 million, we can say that the difference of
$6.6412 million additional value is due to the abandonment option.

By having a safety net or way out for management given dire circum-
stances, the project is worth more than its static value of $150 million. The
$150 million is the static NPV without flexibility, the $6.6412 million is the
real options value, and the combined value of $156.6412 million is the ENPV
(expanded NPV) or NPV+O (NPV with real options flexibility), the correct
total value of this drug development program. Clearly, modifications to the
lattice analysis can be done to further mirror actual business conditions. For
instance, the abandonment salvage value can change over time, which can
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FIGURE 7.3 Expansion Option (Underlying Lattice)

Binomial Approach – Step I:

ice Evolution of the Underlying

simply be instituted through changing the salvage amount at the appropriate
times with respect to the nodes on the lattice. This could be an inflation
adjustment, a growth or decline in the value of the intellectual property over
time, etc.

OPTION TO EXPAND

Suppose a growth firm has a static valuation of future profitability using a
discounted cash flow model (that is, the present value of the expected future
cash flows discounted at an appropriate market risk-adjusted discount rate)
is found to be $400 million. Using Monte Carlo simulation, you calculate
the implied volatility of the logarithmic returns on the projected future cash
flows to be 35 percent. The risk-free rate on a riskless asset for the next five
years is found to be yielding 7 percent. Suppose that the firm has the option
to expand and double its operations by acquiring its competitor for a sum
of $250 million at any time over the next five years. What is the total value
of this firm assuming you account for this expansion option?

You decided to use a closed-form approximation of an American call
option because the option to expand the firm’s operations can be exercised
at any time up to the expiration date. You also decide to confirm the value
of the closed-form analysis with a binomial lattice calculation. Figures 7.3
and 7.4 show the results of your analysis using a binomial approach. Using
the Barone-Adesi-Whaley closed-form American call approximation equation,
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400.0
S0

567.6
S0u

281.9
S0d

805.5
S0u2

400.0
S0ud

198.6
S0d 2

1143.1
S0u3

567.6
S0u2d

281.1
S0ud 2

139.9
S0d 3

1622.1
S0u 4

805.5
S0u3d

400.0
S0u2d 2

198.6
S0ud 3

98.6
S0d 4

2301.8
S0u 5

1143.1
S0u4d

567.6
S0u3d 2

281.9
S0u2d 3

139.98
S0ud 4

69.5
S0d 5

Given: S = 400,  = 0.35, T = 5, rf = 0.07



you estimate the benchmark value of the American option to expand as
$626.6 million.2 However, using the binomial approach, you calculate the
value of the expansion option as $638.3 million using 5 time-steps and
$638.8 using 1,000 time-steps, thereby verifying the results obtained. The
reader can easily verify these results using the enclosed Real Options Analy-
sis Toolkit software CD-ROM to run the binomial analysis for 1,000 steps
with the Super Lattice routine. An example of the first lattice, the lattice of
the underlying asset, is shown in Figure 7.3.

All the required calculations and steps in Figure 7.3 are based on the up
factor, down factor, and risk-neutral probability analysis previously alluded
to in Chapter 6. The up factor is calculated to be 1.4191, and the down fac-
tor is 0.7047 as shown in Figure 7.3. Hence, starting with the underlying
value of $400, we multiply this value with the up and down factors to obtain
$567.6 and $281.9, respectively. Readers can verify the rest of the lattice
calculations in Figure 7.3. Notice the similarities between the evolution lat-
tice of the underlying for this expansion option and that of the abandonment
option.

The second step is to calculate the option valuation lattice as shown in
Figure 7.4, using the values calculated in Figure 7.3’s lattice evolution of the
underlying.

In Figure 7.4, we see that the sample circled terminal node (denoted 
D) reveals a value of $4,353.7, which can be obtained through the value
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FIGURE 7.4 Expansion Option (Valuation Lattice)
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maximization of expansion versus continuation. At the end of five years, the
firm has the option to acquire the competition and expand its existing oper-
ations or not. Obviously, management will choose the strategy that maxi-
mizes profitability. The value of acquiring and expanding its operations is
equivalent to doubling its existing capacity of $2,301.8 at the same node
shown in Figure 7.3. Hence, the value of acquiring and expanding the firm’s
operations is double this existing capacity less any acquisition costs, or
2($2,301.8) � $250 � $4,353.7 million.

The value of continuing with existing business operations can be found
in Figure 7.3’s lattice evolution of the underlying, at the same node (S0u5),
which is $2,301.8 million. The profit-maximizing decision is to acquire the
firm for $250 million, and hence, we have the value $4,353.7 million on that
node (denoted D). Similarly, for the terminal node E in Figure 7.4, we see
that the value of continuing existing operations at that time is $69.5 million
as seen in Figure 7.3. In comparison, by expanding its operations through
acquisition, the value is only 2($69.5) � $250 � �$111 million. Hence, the
decision at that node is to continue with existing operations without expand-
ing, and the profit-maximizing value on that node is $69.5 million. This is
intuitive because the underlying asset value of pursuing existing business oper-
ations is such that if it is very high based on current market conditions (node
D), then it is wise to double the firm’s operations through acquisition of the
competitor. Otherwise, if circumstances force the value of the firm’s oper-
ations down to such a low level as specified by node E, then it is more opti-
mal to continue with the existing business and not worry about expanding
because the project will be a loser at that point.

Moving on to the intermediate nodes, we see that node F is calculated
as $1,408.4 million. At this particular node, the firm again has two options,
to expand its operations at that point or to keep the option to expand open
for the future in the hopes that when the market is up, the firm has the abil-
ity to execute the option and acquire its competitor. The value of expand-
ing at that node is 2($805) � $250 � $1,361 million (rounded). The value
of continuing is simply the discounted weighted average of potential future
option values using the risk-neutral probability. Because the risk adjustment
is performed on the probabilities of future option cash flows, the discount-
ing can be done using the risk-free rate. That is, for the value of keeping
the option alive and open, we have [(P)($2,068.8) � (1 � P)($917.9)]exp
[(�rf )(�t)] � $1,408.4 million, which is higher than the expansion value.
This assumes a 7 percent risk-free rate rf, a time-step �t of 1, and a P of
0.515. Using this backward-induction technique, the lattice is calculated back
to the starting point to obtain the value of $638.30 million. As the value
obtained through a discounted cash flow is $400 million for current exist-
ing operations, the value of acquiring the competitor today is 2($400) �
$250 � $550 million, the value of twice its current operations less the acqui-
sition costs.
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By not executing the acquisition today but still having an option for man-
agement given great market and economic outlook to acquire the competi-
tor then, the firm is worth more than its static value of $550 million. The
$550 million is the static NPV without flexibility, the $88.30 million is the
real options value, and the combined value of $638.30 million is the ENPV
(expanded NPV) or NPV�O (NPV with real options flexibility), the correct
total value of this firm. The real options value is worth an additional 16 per-
cent of existing business operations. If a real options approach is not used,
the firm will be undervalued because it has a strategic option to expand its
current operations but not an obligation to do so and will most likely not do
so unless market conditions deem it optimal. The firm has in essence hedged
itself against any potential downside if it were to acquire the competitor
immediately without regard for what may potentially happen in the future.
Having an option and sometimes keeping this option open are valuable given
a highly uncertain business environment. Clearly, to mirror actual business
conditions, the cost of acquisition can change over time, and the expansion
factor (doubling its operations) can also change as business conditions change.
All these variables can be accounted for in the lattice.3

OPTION TO CONTRACT

You work for a large aeronautical manufacturing firm that is unsure of the
technological efficacy and market demand of its new fleet of long-range
supersonic jets. The firm decides to hedge itself through the use of strategic
options, specifically an option to contract 50 percent of its manufacturing
facilities at any time within the next five years. Suppose the firm has a cur-
rent operating structure whose static valuation of future profitability using a
discounted cash flow model (that is, the present value of the expected future
cash flows discounted at an appropriate market risk-adjusted discount rate)
is found to be $1 billion. Using Monte Carlo simulation, you calculate the
implied volatility of the logarithmic returns on the projected future cash flows
to be 50 percent. The risk-free rate on a riskless asset for the next five years
is found to be yielding 5 percent. Suppose the firm has the option to contract
50 percent of its current operations at any time over the next five years,
thereby creating an additional $400 million in savings after this contraction.
This is done through a legal contractual agreement with one of its vendors,
who has agreed to take up the excess capacity and space of the firm, and at
the same time, the firm can scale back its existing work force to obtain this
level of savings.

A closed-form approximation of an American option can be used, because
the option to contract the firm’s operations can be exercised at any time up
to the expiration date and can be confirmed with a binomial lattice calcu-
lation. Figures 7.5 and 7.6 show the results of your analysis using a binomial
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FIGURE 7.5 Contraction Option (Underlying Lattice)
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Binomial Approach – Step I:

ice Evolution of the Underlying

approach. Using the Barone-Adesi-Whaley closed-form equation, you calcu-
late the value of the American option to contract as $102.23 million.4 How-
ever, using the binomial approach, you calculate the value of the contraction
option as $105.61 million using 5 time-steps and $102.98 million using 1,000
time-steps. An example of the first lattice, the lattice of the underlying asset,
is shown in Figure 7.5.

All the required calculations and steps in Figure 7.5 are based on the up
factor, down factor, and risk-neutral probability analysis previously alluded
to in Chapter 6. For instance, the up factor is calculated to be 1.6487, and
the down factor is 0.6065 as shown in Figure 7.5. Hence, starting with the
underlying value of $1,000, we multiply this value by the up and down fac-
tors to obtain $1,649 and $607, respectively. Readers can verify for them-
selves the rest of the lattice calculations in Figure 7.5.

The second step is to calculate the option valuation lattice as shown in
Figure 7.6, using the values calculated in Figure 7.5’s lattice evolution of the
underlying.

In Figure 7.6, we see that the sample terminal node (denoted G) reveals
a value of $12,183, which can be obtained through the value maximization
of contraction versus continuation. At the end of five years, the firm has the
option to contract its existing operations or not, thereby letting the option
expire. Obviously, management will choose the strategy that maximizes prof-
itability. The value of contracting 50 percent of its operations is equivalent
to half of its existing operations plus the $400 million in savings. Hence, the
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Given: S = 1,000,  = 0.50, T = 5, rf = 0.05



value of contracting the firm’s operations is 0.5($12,183) � $400 � $6,491
million. The value of continuing with existing business operations can be
found in Figure 7.5’s lattice evolution of the underlying at the same node
(S0u5), which is $12,183 million. The profit-maximizing decision is to con-
tinue with the firm’s current level of operations at $12,183 million on that
node (denoted G). Similarly, for the terminal node H in Figure 7.6, we see
that the value of continuing existing operations at that time is $82 million as
seen in Figure 7.5. In comparison, by contracting its operations by 50 per-
cent, the value is 0.5($82) � $400 � $441. Hence, the decision at that node
is to contract operations by 50 percent and the profit-maximizing value on
that node is $441 million. This is intuitive, because if the underlying asset
value of pursuing existing business operations is such that it is very high based
on current good operating conditions (node G), then it is wise to continue
its current levels of operation. Otherwise, if circumstances force the value of
the firm’s operations down to such a low level as specified by node H, then
it is optimal to contract the existing business by 50 percent.

Moving on to the intermediate nodes, we see that node I is calculated as
$2,734 million. At this particular node, the firm again has two options, to
contract its operations at that point or not to contract, thereby keeping the
option to contract available and open for the future in the hopes that when
the market is down, the firm has the ability to execute the option and contract
its existing operations. The value of contracting at that node is 0.5($2,718) �
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FIGURE 7.6 Contraction Option (Valuation Lattice)

Contract = (Contract)S0u5 + Savings = 0.5($12,183M) + $400 = $6,491

The binomial option valuation comes out to be
$105.61M compared to a value of $102.98 in the
American closed-form approximation technique.



$400 � $1,759 million. The value of continuing is simply the discounted
weighted average of potential future option values using the risk-neutral prob-
ability. As the risk adjustment is performed on the probabilities of future
option cash flows, the discounting can be done using the risk-free rate. That
is, for the value of keeping the option alive and open, we have [(P)($4,481) �
(1 � P)($1,678)]exp[(�rf )(�t)] � $2,734 million, which is higher than the
contraction value. This assumes a 5 percent risk-free rate rf, a time-step �t of
1, and a risk-neutral probability P of 0.427. Using this backward induction
technique, the lattice is back-calculated to the starting point to obtain the
value of $1,105.61 million. Because the value obtained through a discounted
cash flow is $1,000 million for current existing operations, the option value
of being able to contract 50 percent of its operations is $105.61 million. The
$1,000 million is the static NPV without flexibility, the $105.61 million is the
real options value, and the combined value of $1,105.61 million is the ENPV
(expanded NPV) or NPV�O (NPV with real options flexibility), the correct
total value of this manufacturing initiative. The real options value is worth
an additional 10.56 percent of existing business operations. If a real options
approach is not used, the manufacturing initiative will be undervalued.

To modify the business case and make it more in line with actual busi-
ness conditions, different option types can be accounted for at once (Chooser
Option) or in phases (Compound Options). For instance, not only has the
firm the ability to contract its operations in a down market, it also has the
ability to expand its existing business in an up market, or to completely aban-
don its operations should the future outlook be bleak. These strategic options
can exist simultaneously in time or come into being in sequence over a much
longer period. With the use of binomial lattices, any and all of these con-
ditions can be modeled and accounted for. No matter how customized the
real options analysis may get, the fundamental building blocks of binomial
lattice modeling hold true, and these simple cases provide the reader a set
of powerful tools to start building upon, when tackling difficult real options
problems.

OPTION TO CHOOSE

Suppose a large manufacturing firm decides to hedge itself through the use
of strategic options. Specifically it has the option to choose among three
strategies: expanding its current manufacturing operations, contracting its
manufacturing operations, or completely abandoning its business unit at any
time within the next five years. Suppose the firm has a current operating
structure whose static valuation of future profitability using a discounted cash
flow model (that is, the present value of the future cash flows discounted at
an appropriate market risk-adjusted discount rate) is found to be $100 mil-
lion. Using Monte Carlo simulation, you calculate the implied volatility of the
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FIGURE 7.7 Option to Choose (Underlying Lattice)
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Binomial Approach – Step I:

ice Evolution of the Underlying

logarithmic returns on the projected future cash flows to be 15 percent. The
risk-free rate on a riskless asset for the next five years is found to be yield-
ing 5 percent annualized returns. Suppose the firm has the option to con-
tract 10 percent of its current operations at any time over the next five years,
thereby creating an additional $25 million in savings after this contraction.
The expansion option will increase the firm’s operations by 30 percent with
a $20 million implementation cost. Finally, by abandoning its operations, the
firm can sell its intellectual property for $100 million.

A binomial lattice calculation can be used here. Figures 7.7 and 7.8 show
the results of the analysis using a binomial approach. The real options value
is calculated as $19.03 million using five time-steps. An example of the first
lattice, the lattice of the underlying asset, is shown in Figure 7.7 below.
Notice that for a chooser option like this example, no closed-form approxi-
mations are available. The best that an analyst can do is to use the binomial
approach.

All the required calculations and steps in Figure 7.7 are based on the up
factor, down factor, and risk-neutral probability analysis previously alluded
to in Chapter 6. For instance, the up factor is calculated to be 1.1618, and
the down factor is 0.8607 as shown in Figure 7.7. Hence, starting with the
underlying value of $100.0, we multiply this value by the up and down fac-
tors to obtain $116.2 and $86.1, respectively. The reader can verify the rest
of the lattice calculations in Figure 7.7.
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The second step is to calculate the option valuation lattice as shown in
Figure 7.8, using the values calculated in Figure 7.7’s lattice evolution of the
underlying asset.

In Figure 7.8, we see that the sample terminal node (denoted J) reveals
a value of $255.2, which can be obtained through the value maximization
of expansion, contraction, abandonment, and continuation. At the end of five
years, the firm has the option to choose how it wishes to continue its exist-
ing operations through these options. Obviously, management will choose the
strategy that maximizes profitability. The value of abandoning the firm’s busi-
ness unit is $100 million. The value of expansion is 1.3($211.7) � $20 �
$255.2 million. The value of contracting 10 percent of its operations is equiv-
alent to 90 percent of its existing operations plus the $25 million in sav-
ings. Hence, the value of contracting the firm’s operations is 0.9($211.7) �
$25 � $215.5 million. The value of continuing with existing business oper-
ations can be found in Figure 7.7’s lattice evolution of the underlying at the
same node (S0u5), which is $211.7 million. The profit-maximizing decision
is to expand the firm’s current level of operations at $255.2 million on that
node (denoted J).

Similarly, for the terminal node K in Figure 7.8, we see that the value of
contracting existing operations at that time is the maximum value of $102.5
million as seen in Figure 7.8; that is, by contracting the firm’s operations by
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FIGURE 7.8 Option to Choose (Valuation Lattice)
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10 percent, the value is 0.9($86.1) � $25 � $102.5 million. In comparison,
continuing operations is valued at $86.1 million, the abandonment strategy
is valued at $100.0 million, and the expansion strategy is valued at
1.3($86.1) � $20 � 91.9 million.

This is intuitive because if the underlying asset value of pursuing exist-
ing business operations is such that it is very high based on current market
demand (node J), then it is wise to expand the firm’s current levels of oper-
ation. Otherwise, if circumstances force the value of the firm’s operations
down to such a low level as specified by node K, then it is more optimal to
contract the existing business by 10 percent. At any time below level K, for
instance, at node M, it is better to abandon the business unit all together.

Moving on to the intermediate nodes, we see that node L is calculated
as $158.8 million. At this particular node, the firm again has four options:
to expand, contract, abandon its operations, or not execute anything, thus
keeping these options open for the future. The value of contracting at that
node is 0.9($134.9) � $25 � $146.5 million (rounded). The value of aban-
doning the business unit is $100.0 million. The value of expanding is
1.3($134.99) � $20 � $155.4 million. The value of continuing is simply 
the discounted weighted average of potential future option values using the
risk-neutral probability. As the risk adjustment is performed on the proba-
bilities of future option cash flows, the discounting can be done using the
risk-free rate. That is, for the value of keeping the option alive and open,
we have [(P)($185.8) � (1 � P)($134.3)]exp[(�rf )(�t)] � $158.8 million,
which is the maximum value. This assumes a 5 percent risk-free rate rf, a
time-step �t of 1, and a risk-neutral probability P of 0.633. Using this 
backward induction technique, the lattice is calculated back to the starting
point to obtain the value of $119.03 million. As the present value of the
underlying is $100 million, the real options value is $19.03 million. In com-
parison, if we use the Black-Scholes model on the problem, we obtain an
incorrect value of $14.42 million. If the project is analyzed separately, we
get differing and misleading results as seen below:

Abandonment option only $6.32 million
Contraction option only $15.00 million
Expansion option only $14.49 million
Sum of all individual options $35.81 million

Clearly, valuing a combination of real options by performing them indi-
vidually and then summing them yields wildly different and incorrect results.
We need to account for the interaction of option types within the same proj-
ect as we have done above. The reason why the sum of individual options
does not equal the interaction of the same options is due to the mutually
exclusive and independent nature of these specific options. That is, the firm
can never both expand and contract on the same node at the same time, or
to expand and abandon on the same node at the same time, and so forth.
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This mutually exclusive behavior is captured using the chooser option. If per-
formed separately on a particular node in the lattice, the expansion option
analysis may indicate that it is optimal to expand, while the contraction
option analysis may indicate that it is optimal to contract, and so forth,
thereby creating a higher total value. However, in a chooser option, the inter-
action among the three options precludes this from happening, and the option
is not overvalued. This is because in the example, multiple option execution
cannot occupy the same state. However, in more advanced real options prob-
lems, this multiple interaction in a single state is highly desirable.

The same analysis can be further complicated by changing some param-
eters over time (changing the cost of implementation at some growth rate
correlated to the rate of inflation, changing the salvage amount that can be
obtained over time, and so forth), all of which can be easily accounted for
in the binomial lattices.

COMPOUND OPTIONS

In a compound option analysis, the value of the option depends on the value
of another option. For instance, a pharmaceutical company currently going
through a particular FDA drug approval process has to go through human
trials. The success of the FDA approval depends heavily on the success of
human testing, both occurring at the same time. Suppose that the former costs
$900 million and the latter $500 million. Further suppose that both phases
occur simultaneously and take three years to complete. Using Monte Carlo
simulation, you calculate the implied volatility of the logarithmic returns on
the projected future cash flows to be 30 percent. The risk-free rate on a risk-
less asset for the next three years is found to be yielding 7.7 percent. The
drug development effort’s static valuation of future profitability using a dis-
counted cash flow model (that is, the present value of the expected future
cash flows discounted at an appropriate market risk-adjusted discount rate)
is found to be $1 billion. Figures 7.9, 7.10, and 7.11 show the calculation
involved in obtaining the compound option value. Figure 7.9 shows the usual
first lattice of the underlying asset, Figure 7.10 shows an intermediate equity
lattice of the first option, and Figure 7.11 shows the option valuation lattice
of the compound option, whose valuation lattice is based on the first option
as its underlying asset.

All the required calculations and steps in Figure 7.9 are based on the up
factor, down factor, and risk-neutral probability analysis previously alluded
to in Chapter 6. For instance, the up factor is calculated to be 1.3499, and
the down factor is 0.7408 as shown in Figure 7.9. Hence, starting with the
underlying value of $1,000, we multiply this value with the up and down
factors to obtain $1,349.9 and $740.8, respectively. The rest of the lattice
is filled in using the same approach.
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FIGURE 7.9 Compound Option (Underlying Lattice)

tion of the Underlying

The second step involves the calculation of the equity lattice as seen in
Figure 7.10. We see that the sample terminal node (denoted N) reveals a value
of $1,559.6, which can be obtained through the value maximization of exe-
cuting the option or not, thereby letting the option expire worthless. The value
of the option is $2,459.6 � $900 � $1,559.6 million. The profit-maximizing
value is determined using MAX [1,559.6; 0], which yields $1,559.6 million.

Moving on to the intermediate nodes, we see that node O is calculated
as $119.6 million. At this particular node, the value of executing the option
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FIGURE 7.10 Compound Option (Equity Lattice)
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is $740.8 � $900 � �$159.2 million. Keep in mind that the value $740.8
comes from the lattice of the underlying at the same node as seen previously
in Figure 7.9. The value of continuing is simply the discounted weighted aver-
age of potential future option values using the risk-neutral probability. As
the risk adjustment is performed on the probabilities of future option cash
flows, the discounting can be done using the risk-free rate. That is, for the
value of keeping the option alive and open, we have [(P)($231.9) � (1 � P)
($0)]exp[(�rf )(�t]) � $119.6 million, which is the maximum of the two
values. This calculation assumes a 7.7 percent risk-free rate rf, a time-step
�t of 1, and a risk-neutral probability P of 0.557. Using this backward induc-
tion technique, this first equity lattice is back-calculated to the starting point
to obtain the value of $361.1 million.

The third step is to calculate the option valuation lattice as shown 
in Figure 7.11. For instance, at the terminal node P, we see the value of 
the option as $1,059.6, which is nothing but the maximization between 
zero and the option value. The option value at that node is calculated as
$1,559.6 � $500 � $1,059.6 million. Notice that the value $1,559.6 comes
directly from the equity lattice in Figure 7.10 and not from the underlying
asset lattice in Figure 7.9. This is because the underlying asset of a com-
pound option is another option. At node Q, similarly, we see that the value
of the option is $0, which is obtained through MAX[�$500; 0]. Using back-
ward induction, the value of the compound option is calculated as $145.33
million (rounded). Notice how this compares to a static decision value of
$1,000 � $900 � $100 million for the first investment. We obtain $165.10
by applying 1,000 steps in the software, $165.10 using a closed-form com-
pound option model, and $165.11 using a modified American call option
model, thereby verifying the results and approach.
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FIGURE 7.11 Compound Option (Valuation Lattice)

Maximum between Executing or 0

Execute = 1559.60 Investment Cost 2 = $1059.60

Maximum Executing or Keeping the Option Open

Executing = 0 Investment Cost 2 = -$500.0

Keeping Option Open = [P(0)+(1 -P)(0)] exp( -rf*dt) = $0

145.33

281.8

0.0

0.0

0.0

1059.6

0.0

0.0

0.0

Binomial Approach Step III:

Option Valuation Lattice

546.4
Max [$1059.6; 0]

Max [$0.0; -500]

This value of this Compound 
Option is $145.33 as compared 
to a static NPV of $100, yielding 

an option value of $45.33

P

Q



CHANGING STRIKES

A modification to the option types we have thus far been discussing is the
idea of changing strikes—that is, implementation costs for projects may
change over time. Putting off a project for a particular period may mean a
higher cost. Figures 7.12 and 7.13 show the applications of this concept. Keep
in mind that changing strikes can be applied to any previous option types
as well; in other words, one can mix and match different option types. Sup-
pose the implementation of a project in the first year costs $80 million but
increases to $90 million in the second year due to expected increases in raw
materials and input costs. Using Monte Carlo simulation, the implied volatil-
ity of the logarithmic returns on the projected future cash flows is calculated
to be 50 percent. The risk-free rate on a riskless asset for the next two years
is found to be yielding 7.0 percent. The static valuation of future profitabil-
ity using a discounted cash flow model (that is, the present value of the
expected future cash flows discounted at an appropriate market risk-adjusted
discount rate) is found to be $100 million. The underlying asset lattice evo-
lution can be seen in Figure 7.12.

Similar to the approach used for calculating an American-type call option,
Figure 7.13 shows the stepwise calculations on an option with changing strike
prices. Notice that the value of the call option on changing strikes is $37.53
million. Compare this to a naive static discounted cash flow net present value
of $20 million for the first year and $10 million for the second year.

Obviously for simplicity in illustration, only two periods are used. In
actual business conditions, multiple strike costs can be accounted for over
many time periods and modeled on binomial trees with more steps. Based
on the time-step size (�t), the different costs associated with different time
periods can be mapped into the lattice easily. In addition, changing cost
options can also be used in conjunction with all other types of real options
models, such as the expansion option, compound option, volatility option,
and so forth.
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FIGURE 7.12 Changing Strike Option (Underlying Lattice)

100.0
S0

164.9
S0u

60.7
S0d

271.8
S0u2

100.0
S0ud

36.8
S0d 2

Given: S = 100,  = 0.50, T = 2, rf = 0.07




		$	

8	


��$

8	 3


�
$��
8	 )



�$���
8	 3
3�



	$���
8	 )
3�

�	$����
8	 3
)�

��
���������������: �����+%

(�������;���	���
�� �����?
�����
�

�	$�����
8	 )
)�

��	�����"�
��	��


��������"�	���

���
�����"�������

	�2�����"���2�������#����#�����#������#�$�%��

��

�

��

�

��

��

��

=
−

−==
−

−=

====

====

======

−

−

�!

��
�

�!

��
�

���!

���!

����

����

��

��

δδ

δσδσ

δσδσ

σσ

FIGURE 7.14 Changing Volatility Option (Underlying Lattice)

n of the Underlying

CHANGING VOLATILITY

Instead of changing strike costs over time, in certain cases, volatility on cash
flow returns may differ over time. This can be seen in Figures 7.14 and 7.15.
In Figure 7.14, we see the example for a two-year option where volatility 
is 20 percent in the first year and 30 percent in the second year. In this 
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FIGURE 7.13 Changing Strike Option (Valuation Lattice)
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The binomial option valuation comes out 
to be $37.53. Compare this to a naı̈ve

Black-Scholes result of $36.90 or a static
NPV of $20 for a 1-year exercise and 

$10 for a 2-year exercise.
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Maximum between Executing the purchase option or Keeping the Option Open

Executing = 81.87 Exercise Price = -$28.13

Keeping the Option Open = [P(0.52) + (1 -P)(0.00)]exp( -riskfree*dt) = $0.28

Maximum between Executing the purchase option or 0 

Executing = 164.87 Exercise Price = $54.87

Binomial Approach Step II:

Option Valuation Lattice

The binomial option valuation comes 
out to be $19.19 in expanded NPV, in 
comparison with a static NPV of -$10, 

providing a $29.19 option value. Notice 
that this analysis type assumes a

non-recombining tree analysis.

19.19

29.70
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0.52

0.00

0.00
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END

END

END

OPEN

OPEN

OPEN

T

U

FIGURE 7.15 Changing Volatility Option (Valuation Lattice)

circumstance, the up and down factors are different over the two time peri-
ods. Thus, the binomial lattice will no longer be recombining. As a matter
of fact, the underlying asset lattice branches cross over each other as shown
in Figure 7.14. The upper bifurcation of the first lower branch (from $81.87
to $110.52) crosses the lower bifurcation of the upper first branch (from
$122.14 to $90.48). This complex crossover will be compounded for mul-
tiple time-steps.

Figure 7.15 shows the option valuation lattice. Similar calculations are
performed for an option with changing volatilities as for other option types.
For instance, node T has a value of $54.87, which is the maximum of zero
and $164.87 � $110 � $54.87. For node U, the value of $0.28 million comes
from the maximization of executing the option $81.87 � $110 � �$28.13
million and keeping the option open with [(P)($0.52) � (1 � P)($0)]exp
[(�rf )(�t)] � $0.28 million, which is the maximum value. This calculation
assumes a 10 percent risk-free rate rf, a time-step �t of 1, and a risk-neutral
probability P of 0.5983. Using this backward induction technique, this val-
uation lattice is back-calculated to the starting point to obtain the value of
$19.19 million, as compared to the static net present value of �$10 million
(benefits of $100 million with a cost of $110 million).

More complicated analyses can be obtained through this changing volatil-
ity condition. For example, where there are multiple stochastic underlying
variables driving the value of the option, each variable may have its own
unique volatility, but the variables are correlated with each other. Examples
include the price and quantity sold where there is a negative correlation
between these two variables (the downward-sloping demand curve). The Real
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on of the Underlying

Options Analysis Toolkit software CD-ROM handles some of these more
difficult calculations.

SEQUENTIAL COMPOUND OPTION

A sequential compound option exists when a project has multiple phases
and latter phases depend on the success of previous phases. Figures 7.16 
to 7.19 show the calculation of a sequential compound option. Suppose a
project has two phases, where the first phase has a one-year expiration that
costs $500 million. The second phase’s expiration is three years and costs
$700 million. Using Monte Carlo simulation, the implied volatility of the
logarithmic returns on the projected expected future cash flows is calculated
to be 20 percent. The risk-free rate on a riskless asset for the next three
years is found to be yielding 7.7 percent. The static valuation of future prof-
itability using a discounted cash flow model (that is, the present value of
the future cash flows discounted at an appropriate market risk-adjusted dis-
count rate) is found to be $1,000 million. The underlying asset lattice is seen
in Figure 7.16.

The calculation of this initial underlying asset lattice is similar to pre-
vious option types by first calculating the up and down factors and evolving
the present value of the future cash flow for the next three years.

Figure 7.17 shows the second step in calculating the equity lattice of the
second option. The analysis requires the calculation of the longer-term
option first and then the shorter-term option because the value of a com-
pound option is based on another option. At node V, the value is $1,122.1
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FIGURE 7.16 Sequential Compound Option (Underlying Lattice)
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Given: S = 1,000,  = 0.20, X1 = 500, X2 = 700



million because it is the maximum between zero and executing the option
through $1,822.1 � $700 � $1,122.1 million. The intermediate node W is
$71.3 million, its being the maximum between executing the option $670.3 �
$700 � �$29.7 million and keeping the option open with [(P)($118.7) �
(1 � P)($0.0)]exp[(�rf )(�t)] � $71.3 million, which is the maximum value.
This calculation assumes a 7.7 percent risk-free rate rf, a time-step �t of 1,
and a risk-neutral probability P of 0.6488. Using this backward induction
technique, this first equity lattice is back-calculated to the starting point to
obtain the value of $449.5 million.

Figure 7.18 shows the equity valuation of the first, shorter-term option.
The analysis on this lattice depends on the lattice of the second, longer-term
option as shown in Figure 7.17. For instance, node X has a value of $121.3
million, which is the maximum between zero and executing the option
$621.27 � $500 � $121.27 million. Notice that $621.27 is the value of the
second, longer-term equity lattice as shown in Figure 7.17 and $500 is the
implementation cost on the first option.

Node Y on the other hand uses a backward induction calculation, where
the value $72.86 million is obtained through the maximization between
executing the option $449.5 � $500 � �$50.5 million and keeping the
option open with [(P)($121.3) � (1 � P)($0.0)]exp[(�rf )(�t)] � $72.86 mil-
lion, which is the maximum value. The maximum value comes from keep-
ing the option open. This calculation assumes a 7.7 percent risk-free rate rf,
a time-step �t of 1, and a risk-neutral probability P of 0.6488. Again notice
that $500 million is the implementation cost of the first option.
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FIGURE 7.17 Sequential Compound Option (Equity Lattice)



Figure 7.19 shows the combined option analysis from Figures 7.17 and
7.18, complete with decision points on when to invest in the first and second
rounds versus keeping the option to invest open for the future.
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FIGURE 7.18 Sequential Compound Option (Valuation Lattice)

FIGURE 7.19 Sequential Compound Option (Combined Lattice)

Binomial Approach – Step IV:

Combined Option Valuation Lattice
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EXTENSION TO THE BINOMIAL MODELS

As discussed in the previous examples, multiple tweaks can be performed
using the binomial lattices. For instance, Figure 7.20 illustrates a simple
chooser option with the same parameters as in Figure 7.7 but with a twist.
For instance, the expansion factor increases at a 10 percent rate per year,
while the cost of expanding decreases at a 3 percent deflation per year. Sim-
ilarly, the savings projected from contracting will reduce at a 10 percent rate.
However, the salvage value of abandoning increases at a 5 percent rate. Cus-
tom changes like these can be easily accommodated in a binomial lattice but
are very difficult to solve in closed-form solutions, because every time a slight
modification is made to a closed-form model, stochastic calculus is a neces-
sary evil in solving the problem, as compared to a simple change in the max-
imization routines inherent in the binomial lattices.

Taking this approach a little further, the reader can very easily create a
custom option to accommodate almost any situation, to more closely reflect
actual business cases. For instance, the growth rates above can be inflation
rates or changes in the cost of execution, savings, or salvage values over time.
In addition, the expansion factor or contraction factor can also be changed.
This is more appropriate as it is less credible to say that executing the same
project at any time within a specified period will cost exactly the same 
no matter what the circumstances are. With these simple building blocks dis-
cussed in this chapter, readers are well on their way to developing more

194 APPLICATION

FIGURE 7.20 Extension to the Binomial Models
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sophisticated and customized real options models. Chapter 8 briefly dis-
cusses these more advanced models and problems, while Chapter 9 illus-
trates how these more advanced problems can be easily tackled using the
Real Options Analysis Toolkit software included in the CD-ROM.

SUMMARY

Closed-form solutions are exact, quick, and easy to implement with the
assistance of some basic programming skills but are highly difficult to explain.
They are also very specific in nature, with limited modeling flexibility. Bino-
mial lattices, in contrast, are easy to implement and easy to explain. They are
also highly flexible but require significant computing power and time-steps
to obtain good approximations. In the limit, binomial lattices tend to approach
closed-form solutions; hence, it is always recommended that both approaches
be used to verify the results, whenever appropriate. The results from closed-
form solutions may be used in conjunction with the binomial lattice structure
when presenting to management a complete real options solution. Even a
Black-Scholes model can be used as a means of credibility testing. That is, if
the real options results have similar magnitude as the Black-Scholes, the analy-
sis becomes more credible.

CHAPTER 7 QUESTIONS

1. Using the example in Figures 7.1 and 7.2 on the abandonment option,
recalculate the value of the option assuming that the salvage value in-
creases from the initial $100 (at time 0) by 10 percent at every period
starting from time 1.

2. The expansion option example in Figures 7.3 and 7.4 assumes that the
competitor has the same level of growth and uncertainty as the firm being
valued. Describe what has to be done differently if the competitor is
assumed to be growing at a different rate and facing a different set of
risks and uncertainties. Rerun the analysis assuming that the competi-
tor’s volatility is 45 percent instead of 35 percent.

3. Figures 7.7 and 7.8 illustrate the chooser option, that is, the option to
choose among expanding, contracting, and abandoning current opera-
tions. Rerun these three options separately using the Real Options Analy-
sis Toolkit software in the enclosed CD-ROM and verify that the summary
provided in Figure 7.8 is correct. Why is it that the sum of the individ-
ual option values does not equal the chooser option value?

4. In the compound option example illustrated in Figures 7.9 through 7.11,
the first phase cost is $900 and the second phase cost is $500. However,
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in a simultaneous compound option, these two phases occur concur-
rently. Rerun the example by changing the first phase cost to $500 and
the second phase cost to $900. Should the results be comparable? Why
or why not?

5. Based on the example in Appendix 7G, create a European call option
model using Monte Carlo simulation in Excel. For a simulated standard-
normal random distribution, use the function “�NORMSINV(RAND( ))”.
Assume a one-year expiration, 40 percent annualized volatility, $100
asset and strike costs, 5 percent risk-free rate, and no dividend payments.
Verify your results using Black-Scholes and a binomial lattice.

6. Solve an American call option using the risk-neutral probability approach,
and then solve the same option using the market-replicating portfo-
lio approach based on the example in Appendix 7C. For the market-
replicating portfolio approach, assume continuous discounting at the
risk-free rate. Verify that theory holds such that both approaches obtain
identical call option values. Which approach is simpler to apply? For
both approaches, assume the following parameters: asset value � $100,
strike cost � $100, maturity � 3 years, volatility � 10 percent, risk-free
rate � 5 percent, dividends � 0 percent, and binomial lattice steps � 3.
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Volatility Estimates

Probably one of the most difficult input parameters to estimate in a real
options analysis is the volatility of cash flows. Below is a review of several
methods used to calculate volatility, together with a discussion of their
potential advantages and shortcomings. 

LOGARITHMIC CASH FLOW RETURNS APPROACH

The logarithmic cash flow returns approach calculates the volatility using
the individual future cash flow estimates and their corresponding logarith-
mic returns, as illustrated below in Table 7A.1. Starting with a series of fore-
cast future cash flows, convert them into relative returns. Then take the
natural logarithms of these relative returns. The standard deviation of these
natural logarithm returns is the volatility of the cash flow series used in a
real options analysis. Notice that the number of returns is one less than the
total number of periods. That is, for time periods 0 to 5, we have six cash
flows but only five cash flow returns.

TABLE 7A .1 Future Cash Flow Estimates and Their Corresponding 
Logarithmic Returns

Time Cash Cash Flow Natural Logarithm of 
Period Flows Relative Returns Cash Flow Returns (X)

0 $100 — —
1 $125 $125/$100 � 1.25 ln($125/$100) � 0.2231
2 $ 95 $ 95/$125 � 0.76 ln($ 95/$125) � �0.2744
3 $105 $105/$ 95 � 1.11 ln($105/$ 95) � 0.1001
4 $155 $155/$105 � 1.48 ln($155/$105) � 0.3895
5 $146 $146/$155 � 0.94 ln($146/$155) � �0.0598
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The volatility estimate is then calculated as 

volatility � 
��
n

i�1
(xi �� x	)2� � 25.58%,

where n is the number of Xs, and x	 is the average X value. Clearly there are
advantages and shortcomings to this simple approach. This method is very
easy to implement, and Monte Carlo simulation is not required in order to
obtain a single-point volatility estimate. This approach is mathematically valid
and is widely used in estimating volatility of financial assets. However, for
real options analysis, there are several caveats that deserve closer attention,
including when cash flows are negative over certain time periods. That is,
the relative returns will be a negative value, and the natural logarithm of a
negative value does not exist. Hence, the volatility measure does not fully
capture the possible cash flow downside and may produce erroneous results.
In addition, autocorrelated cash flows (estimated using time-series forecast-
ing techniques) or cash flows following a static growth rate will yield volatil-
ity estimates that are erroneous. Great care should be taken in such instances.

Monte Carlo simulation can also be used in creating the discounted cash
flow model that is used to calculate the cash flows, thereby running thou-
sands of trials and reducing the risk of obtaining a single erroneous volatil-
ity estimate. Performing a Monte Carlo simulation at the discounted cash
flow level is highly appropriate because a distribution of volatilities can be
obtained and used as input into a real options analysis. The results of such
an analysis will then yield a forecast distribution of real options values, with
its relevant probabilities of occurrence, rather than a single-point estimate. 

LOGARITHMIC PRESENT VALUE APPROACH

The logarithmic present value approach collapses all future cash flow esti-
mates into two sets of present values, one for the first time period and
another for the present time. This approach was first introduced by Tom
Copeland.1 The steps are seen below. The calculations assume a constant
10 percent discount rate. The cash flows are discounted all the way to time
0 and again to time 1. Then the values are summed, and the following log-
arithmic ratio is calculated: 

X � ln� �
where PVCFi is the present value of future cash flows at different time
periods i.

�
n

i�1
PVCFi

��

�
n

i�0
PVCFi

1
�
n � 1
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TABLE 7A .2 Logarithmic Present Value Approach

Time Cash 
Period Flows Present Value at Time 0 Present Value at Time 1

0 $100 � $100.00 —

1 $125 � $113.64 � $125.00

2 $ 95 � $ 78.51 � $ 86.36

3 $105 � $ 78.89 � $ 86.78

4 $155 � $105.87 � $116.45

5 $146 � $ 90.65 � $ 99.72

SUM $567.56 $514.31

In Table 7A.2, X is simply ln($514.31/$567.56) � �0.0985. Using this X
value, perform a Monte Carlo simulation on the discounted cash flow model
and obtain the resulting forecast distribution of X. The standard deviation of
the forecast distribution of X is the volatility estimate used in the real options
analysis. It is important to note that only the numerator is simulated and the
denominator is unchanged.

The downside to estimating volatility this way is that Monte Carlo sim-
ulation is required, but the calculated volatility measure is a single-digit esti-
mate, as compared to the logarithmic cash flow approach, which yields a
distribution of volatilities, which will in turn yield a distribution of calculated
real options values. The main objection to using this method is its dependence
on the variability of the discount rate used. For instance, we can expand the
X equation as follows:

X � ln� �
� ln� ��

(1
C
�

F
D
1

)0� � �
(1

C
�

F
D
2

)1� � �
(1

C
�

F
D
3

)2� � … � �
(1 �
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D
FN

)N�1�

�������

�
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C
�
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D
0

)0� � �
(1
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�
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D
1

)1� � �
(1
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�
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D
2

)2� � … � �
(1

C
�

F
D
N

)N�

�
n

i�1
PVCFi

��

�
n

i�0
PVCFi

$146
��
(1 � 0.1)4

$146
��
(1 � 0.1)5

$155
��
(1 � 0.1)3

$155
��
(1 � 0.1)4

$105
��
(1 � 0.1)2

$105
��
(1 � 0.1)3

$95
��
(1 � 0.1)1

$95
��
(1 � 0.1)2

$125
��
(1 � 0.1)0

$125
��
(1 � 0.1)1

$100
��
(1 � 0.1)0
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D represents the constant discount rate used. Here, we see that the cash
flow series CF for the numerator is offset by one period, and the discount
factors are also offset by one period. Therefore, by performing a Monte
Carlo simulation on the cash flows alone versus performing a Monte Carlo
simulation on both cash flow variables as well as the discount rate will yield
very different X values. The main critique of this approach is that in a real
options analysis, the variability in the present value of cash flows is the key
driver of option value and not the variability of discount rates used in the
analysis. Modifications to this method include duplicating the cash flows
and simulating only the numerator cash flows, thereby providing different
numerator values but a static denominator value for each simulated trial,
while keeping the discount rate constant. This approach reduces the meas-
urement risks of autocorrelated cash flows and negative cash flows.

GARCH APPROACH

GARCH (generalized autoregressive conditional heteroskedasticity) models
can also be utilized to estimate the cash flow volatility. GARCH models are
used mainly in analyzing financial time-series data, in order to ascertain its
conditional variances and volatilities. These volatilities are used to value
options, but the amount of historical data necessary for a good volatility
estimate remains significant. Usually, dozens—up to hundreds—of data points
are required to obtain good GARCH estimates. 

For instance, a GARCH (1,1) model takes the form of

yt � xt	 � �t

 t
2 � � � ��2

t �1 � �2
t�1

where the first equation’s dependent variable (yt) is a function of exogenous
variables (xt) with an error term (�t). The second equation estimates the
variance (squared volatility t

2) at time t, which depends on a historical
mean (�), news about volatility from the previous period, measured as a lag
of the squared residual from the mean equation (�2

t �1), and volatility from
the previous period ( t

2
�1). The exact modeling specification of a GARCH

model is beyond the scope of this book and will not be discussed. Suffice it
to say that detailed knowledge of econometric modeling (model specification
tests, structural breaks, and error estimation) is required to run a GARCH
model, making it less accessible to the general analyst. 

MANAGEMENT ASSUMPTION APPROACH

Another approach to estimating volatility is through management assump-
tions. For instance, let’s say management assumes that the present value of
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a particular project follows a lognormal distribution with a mean of $44
million. In addition, management assumes that this expected value can fluc-
tuate between $30 and $60 million. These values represent the worst-case
10 percent probability and 90 percent best-case probability. See Figure 7A.1.

Using Crystal Ball’s® Monte Carlo simulation software, the percentile
inputs seen in Figure 7A.2 are calculated using the software, and its corre-
sponding standard deviation is computed to be $12.12 million. Hence, the
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FIGURE 7A .1 Lognormal 10 –90 Percentiles

FIGURE 7A .2 Lognormal Mean and Standard Deviation



volatility estimate is $12.12/$44.00 or 27.55 percent. This is done in Crys-
tal Ball’s® define assumption function, choosing the alternate parameters
command and entering the relevant percentiles.

MARKET PROXY APPROACH

An often used (not to mention abused and misused) method in estimating
volatility applies to publicly available market data. That is, for a particular
project under review, a set of market comparable firms’ publicly traded
stock prices are used. These firms should have functions, markets, and risks
similar to those of the project under review. Then, using closing stock
prices, the standard deviation of natural logarithms of relative returns is cal-
culated. The methodology is identical to that used in the logarithm of cash
flow returns approach previously alluded to. The problem with this method
is the assumption that the risks inherent in comparable firms are identical
to the risks inherent in the specific project under review. The issue is that a
firm’s equity prices are subject to investor overreaction and psychology in
the stock market, as well as countless other exogenous variables that are
irrelevant when estimating the risks of the project. In addition, the market
valuation of a large public firm depends on multiple interacting and diver-
sified projects. Finally, firms are levered, but specific projects are usually
unlevered. Hence, the volatility used in a real options analysis (RO) should
be adjusted to discount this leverage effect by dividing the volatility in
equity prices (EQUITY) by (1 � D/E), where D/E is the debt-to-equity ratio
of the public firm. That is, we have 

RO � .

ANNUALIZING VOLATILITY

No matter the approach, the volatility estimate used in a real options analy-
sis has to be an annualized volatility. Depending on the periodicity of the raw
cash flow or stock price data used, the volatility calculated should be con-
verted into annualized values using �T	, where T is the number of periods
in a year. For instance, if the calculated volatility using monthly cash flow
data is 10 percent, the annualized volatility is 10%�12	 � 35%. This 35 per-
cent figure should be used in the real options analysis. Similarly, T is 365 for
daily data, 4 for quarterly data, 2 for semiannual data, and 1 for annual data.

EQUITY
�

1 � �
D
E

�
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Black-Scholes in Action

This appendix discusses the fundamentals of the Black-Scholes model, in-
cluding its theoretical underpinnings and derivations. Although the Black-
Scholes model is not a good approach to use in its entirety, it is often useful
as a gross approximation method as well as a benchmark. Hence, under-
standing the fundamentals of the Black-Scholes model is important.

A REVIEW OF THE BLACK-SCHOLES MODEL

The Black-Scholes model is summarized as follows, with a detailed expla-
nation of the procedures by which to obtain each of the variables.

Call � St(d1) � Xe�rf(T )(d2)

where d1 �

and d2 � d1 � �T	

� is the cumulative standard normal distribution function;
S is the value of the underlying asset;
X is the strike price or the cost of developing the intangible;
rf is the nominal risk-free rate;
 is the volatility measure; and
T is the time to expiration or the economic life of the strategic

option.

In order to fully understand and use the model, we need to understand
the assumptions under which the model was constructed. These are essen-
tially the caveats that go into using real options in valuing any asset. These

ln��
S
X
0
��� �rf � �

1
2

�2�(T )
���

�T	
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assumptions are violated quite often, but the model should still hold up to
scrutiny. The main assumption is that the underlying asset’s price structure
follows a Geometric Brownian Motion with static drift and volatility param-
eters and that this motion follows a Markov-Weiner stochastic process. The
general derivation of a Markov-Weiner stochastic process takes the form of
dS � �Sdt � SdZ, where dZ � ��dt	 and dZ is a Weiner process, � is the
drift rate, and  is the volatility measure. The other assumptions are fairly
standard, including a fair and timely efficient market with no riskless arbi-
trage opportunities, no transaction costs, and no taxes. Price changes are also
assumed to be continuous and instantaneous.

The variables in the Black-Scholes model have the following relation-
ships to the resulting call value, assuming a European call:

� Underlying asset value �.
� Expiration cost �.
� Time to expiration �.

� Volatility �.
� Risk-free rate �.
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Binomial Path-Dependent and
Market-Replicating Portfolios

Another method for solving a real options problem includes the use of bino-
mial lattice structures coupled with market-replicating portfolios. In order
to correctly value market-replicating portfolios, we must be able to create
a cash-equivalent replicating portfolio from a particular risky security and
risk-free asset. This cash-equivalent replicating portfolio will have the same
exact payoff series as the project in each state where the price of the cash
equivalent replicating portfolio will be the value of the project itself. This
is because we introduce a Martingale-based q measure, which is in essence
a risk-adjusted or risk-neutral parameter. It is therefore not necessary to use
probability estimates of the states of nature. The risk-adjusted discount rate
is not computed, and nothing is known about the risk tolerances of the firm.
All the information that is required is implicitly included in the relative
prices of the risk-free asset and risky asset. The assumption is that as long
as prices are in true equilibrium, the market information tells us all that we
need to know. The other assumption is that the portfolio is arbitrage-free,
such that the Arbitrage Pricing Theory holds true at any point in time. How-
ever, the Arbitrage Pricing Theory does not require the actual portfolio to
be observable, and the portfolio set does not have to be intertemporally sta-
tionary. Compare this complicated method using market-replicating port-
folio with a much simpler to use risk-neutral probability approach. In
theory, both approaches obtain the same results, but the latter approach is
much simpler to apply. Thus, in this book, we focus on the risk-neutral
probabilities approach to solve sample real options problems. However, for
completeness, the following section illustrates a simple market-replicating
approach to solving a real options problem.
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GENERIC BINOMIAL LATTICE STRUCTURE

Assume the terminal period as 3 and an implementation cost of $100 for
the following series of free cash flows, S (see Figure 7C.1):
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FIGURE 7C.1 Generic Binomial Lattice Structure

FIGURE 7C.2 Arbitrary Naming Convention
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To simplify the example, we need an arbitrary naming convention (see Fig-
ure 7C.2):



The generic formulation to use includes the following (where i is defined
as the respective time-step):

� Hedge ratio (h): hi�1 �

� Debt load (D): Di�1 � Si(hi�1) � Ci

� Call value (C) at node i: Ci � Sihi � Die��(� t)

� Risk-adjusted probability (q): qi �

Obtained assuming Si�1 � qiSup � (1 � qi)Sdown

This means that Si�1 � qiSup � Sdown � qiSdown

and qi [Sup � Sdown] � Si�1 � Sdown

so we get qi �

For simplicity, assume that the discount factor is zero (� � 0) in this exam-
ple, and that i ranges between 0 and 3.

1. Step I: Get the call values at the terminal nodes.

As we assume the strike prices are 100 at all terminal nodes, we get (all
values in $)

C3UU � max[160 � 100,0] � 60

C3UD � max[120 � 100,0] � 20

C3DU � max[80 � 100,0] � 0

C3DD � max[40 � 100,0] � 0

2. Step II: Get the hedge ratios for the terminal branches.

h2U � � 1.0

h2M � � 0.5

h2D � � 0.0

3. Step III: Get the debt load for the terminal branches.

D2U � S3UU(h2u) � C3UU � 160(1.0) � 60 � 100

D2M � S3UD(h2M) � C3UD � 120(0.5) � 20 � 40

D2L � S3DU(h2D) � C3DU � 80(0.0) � 0 � 0

0 � 0
�
80 � 40

20 � 0
��
120 � 80

60 � 20
��
160 � 120

Si�1 � Sdown
��
Sup � Sdown

Si�1 � Sdown
��
Sup � Sdown

Cup � Cdown
��
Sup � Sdown
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4. Step IV: Get the call values one node back, t � 2.

C2U � S2U(h2U) � D2U e��(� t) � 140(1.0) � 100e�0(1) � 40

C2M � S2M(h2M) � D2Me��(� t) � 100(0.5) � 40e�0(1) � 10

C2D � S2D(h2D) � D2De��(� t) � 60(0.0) � 0e�0(1) � 0

5. Step V: Get the hedge ratios for the one branch back, t � 1.

h1U � � 0.75

h1D � � 0.25

6. Step VI: Get the debt load for one branch back, t � 1.

D1U � S2U(h1U) � C2U � 140(0.75) � 40 � 65

D1D � S2D(h1D) � C2D � 100(0.25) � 10 � 15

7. Step VII: Get the call values one node back.

C1U � S1U(h1U) � D1U e��(� t) � 120(0.75) � 65e�0(1) � 25

C1D � S1D(h1D) � D1D e��(� t) � 80(0.25) � 15e�0(1) � 5

8. Step VIII: Get the hedge ratios for two branches back, t � 0.

h0 � � 0.5

9. Step IX: Get the debt load for two branches back, t � 0.

D0 � S1(h0) � C1U � 120(0.5) � 25 � 35

10. Step X: Get the call value at t � 0, the option value of this analysis.

C0 � S0(h0) � D0e��(� t) � 100(0.5) � 35e�0(1) � 15

25 � 5
��
120 � 80

10 � 0
��
100 � 60

40 � 10
��
140 � 100
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11. Step XI: Get all the risk-adjusted probabilities—for simplicity, all the
probabilities have been set such that the results would be 50 percent for
all instances.

qi �

q6 � � 0.5

q5 � � 0.5

q4 � � 0.5

q3 � � 0.5

q2 � � 0.5

q1 � � 0.5

The results of the analysis are presented in Figure 7C.3, with the corre-
sponding call values at each node and the risk-adjusted probabilities:

100 � 80
��
120 � 80

80 � 60
��
100 � 60

120 � 100
��
140 � 100

60 � 40
�
80 � 40

100 � 80
��
120 � 80

140 � 120
��
160 � 120

Si�1 � Sdown
��
Sup � Sdown

Binomial Path-Dependent and Market-Replicating Portfolios 209

FIGURE 7C.3 Results of Analysis

60

20

0

0

40

10

0

25

5

15

0.5

0.5

0.5

0.5

0.5

0.5

0.5

0.5

0.5

0.50.5

0.5



210

Single-State Static 
Binomial Example

This appendix illustrates yet another approach to solving real options prob-
lems, that of basic differential equations. In this example, suppose that a cer-
tain firm has an option to change its current mummification embalming
technology from the traditional Dull Old Method (D) to a new and revolu-
tionary approach using the latest liquid nitrogen freezing equipment in Cryo-
genic Technology (C). Obviously, in order to do so, it would cost the firm
some restructuring cost of approximately $9,000 to convert the existing lab
into a freezing chamber and an additional $1,000 scrapping cost to dis-
mantle the old equipment. Hence, the total cost of implementation is assumed
to be $10,000 and, for simplicity, assumed to be fixed no matter when the
implementation takes place, either at present or sometime in the future. The
benefit of the new cryogenics technology is that the mummification cost will
be fixed at $500 each. This incremental fixed cost is highly desirable to sen-
ior management as it assists in cost-cutting strategies and provides a really
good way to forecast future profitability.

Based on the current technology using the same Dull Old Method, it
costs on average $2,000 in incremental marginal cost. However, this cost
fluctuates depending on market demand. For instance, if the market is good
(G), where the demand for mummification increases, the firm will have to
hire additional help and have employees work overtime, costing on aver-
age $3,000 marginal cost per unit. In a down or bad (B) market, when
demand is significantly low, the firm can lay off individuals, put key employ-
ees on a rotating part-time schedule, and cut overhead costs significantly,
resulting in only a $400 incremental marginal cost. The question is, will 
the new cryogenics be financially feasible assuming there is a 50 percent
chance of a good upswing market for mummification and a 10 percent cost
of capital (r)? If it is feasible, then should the implementation be done now 
or later? The cost structure is presented graphically in Figure 7D.1 (all
values in $):
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Single-State Static Binomial Example 211

If the firm moves and starts at time 0, profits or the benefits from cost
savings will be

�0 � DMC0 � CMC0 � $2,000 � $500 � $1,500

This is the current period (time 0) cost savings only. Because the implemen-
tation has already begun, the future periods will also derive cost savings such
that for time where n � 1, we have under the good market conditions

�n
G � DMCn

G � CMCn
G � $3,000 � $500 � $2,500

Restructure Cost � $9,000 (RC)
Scrapping Cost � $1,000 (SC)
Total Cost � RC � SC � $10,000 (TC)

Time � 0 Time � 1
Good outcome

DMC0 �2,000 cost CMCn
G � 500 fixed cost

CMC0 � 500 fixed cost DMCn
G � 3,000 cost

�0 �1,500 �n
G � 2,500

Bad outcome
CMCn

B � 500 fixed cost
DMCn

B � 400 cost

� n
B ��100

where we define

DMC0 Dull Old Method’s marginal cost at time 0
CMC0 Cryogenics method’s marginal cost at time 0
�0 Profits through savings, at time 0
CMCn

G Cryogenics method’s marginal cost at time n with good mar-
ket conditions

DMCn
G Dull method’s marginal cost at time n with good market con-

ditions
�n

G Profits through savings, at time n with good market conditions
CMCn

B Cryogenics method’s marginal cost at time n with bad market
conditions

DMCn
B Dull method’s marginal cost at time n with bad market con-

ditions
� n

B Profits through savings, at time n with bad market conditions

FIGURE 7D.1 Cost Structure



Under the bad market conditions, we have

� n
B � DMCn

B � CMCn
B � $400 � $500 � �$100

Assuming we know from historical data and experience that there is a
50 percent chance of a good versus a bad market, we can take the expected
value of the profits E(�) or cost savings of these two market conditions:

E(�1) � p�1
G � (1 � p)� 1

B � 0.5($2,500) � (0.5)(�$100) � $1,200

Because this expected value of $1,200 occurs for every period in the future
with the same fixed value with zero growth, the future cash flow stream can
be summarized as perpetuities, and the present value of executing the imple-
mentation now E(�0) will be

E(�0) � �
�

n�0
E(�n)�(1 � r)n � �0 � E(�1)�r � $1,500 � �

$1
0
,2
.1
00

� � $13,500

Hence, the net present value of the project is simply the value generated
through the cost savings of the Cryogenics technology less the implemen-
tation cost:

NPV � �0 � TC0 � $13,500 � $10,000 � $3,500

If the firm decides to switch at a future time when k ≥ 1, given a good
market (�G):

�k
G � �

�

n�k
E(�n

G��G)(1 � r)k�n � �
�

n�k
�1

G(1 � r)k�n � �1
G� �

�k
G � $2,500� � � $27,500

Similarly, given that the market is unfavorable (�U), at time k ≥ 1:

�k
B � �

�

n�k
E(�n

B ��u)(1 � r)k�n � � 1
B� �

�kk
B � �$100� � � �$1,100

For instance, assume k � 1,

�0 � �0 � [pG(�1
G) � (1 � pG)(� 1

B)]�(1 � r)

�0 � $1,500 � [0.5($27,500) � (1 � 0.5)(�$1,100)]�(1 � 0.1)
� $13,500

NPV � �0 � TC0 � $13,500 � $10,000 � $3,500

1.1
�
0.1

r � 1
�

r

1.1
�
0.1

r � 1
�

r
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However, this is incorrect because we need to consider the analysis in terms
of strategic optionalities. As we have the opportunity, the right to execute
and not the obligation to do so, the firm would execute the option if it is
financially feasible and not execute otherwise. Hence, the options are fea-
sible only when the good market outcome occurs in the future and not exe-
cuted in the bad market condition. Therefore, the actual net present value
should be

� � 0 � 0.5� � � $7,954

Hence, we can create a generic valuation structure for the option value
as above. To add a level of complexity, the total cost should be discounted
at a risk-free rate (rf ), as we segregate the market risk (�G) and private risk
(TC), and the structure could be represented as

�CALL � max[�0 � TC], � �

� max��0 � � TC�
�

, � � ��

�
This simply is to calculate the maximum value of either starting now, which
is represented by [�0 � TC] or starting later, which is represented as

� .

Because the future starting point has been collapsed into a single static state,
any starting points in the future can be approximated by the valuation of a
single period in the future.

OPTIMAL TRIGGER VALUES

A related analysis is that of optimal trigger values. Looking at the formula-
tion for the call valuation price structure, if there is a change in total cost,
that is, the initial capital outlay, something interesting occurs. The total cost
in starting now is not discounted because the outlay occurs immediately.
However, if the outlay occurs in the future, the total cost will have to be
discounted at the risk-free rate. Therefore, the higher the initial cost outlay,
the discounted effect of starting in the future decreases the effective cost in
today’s dollar, hence making it more efficient to wait and defer the cost until
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a later time. If the cost is lower and the firm becomes more operationally
efficient, it is beneficial to begin now as the value of starting now is greater
than waiting. The total cost break-even point can be obtained by solving the
call valuation equation above for total cost and can be represented as

TC* � �1 � ��1��0 � � �
If total cost of implementation exceeds TC* above, it is optimal to wait, and
if total cost does not exceed TC*, it is beneficial to execute the option now.
Remember that the optimal trigger value depends on the operational effi-
ciency of the firm as well, because it is a dynamic equation given that the
optimal trigger value depends on how much money can be saved with imple-
mentation of the Cryogenic modifications.

Uncertainty Effects on Profit or Cost Savings �

Suppose we keep the first moment and change the second moment, that is,
change the spread and, hence, the risk or uncertainty of the profit or cost
savings while leaving the expected payoffs the same. It would make sense
that waiting is better. Let’s see how this works. Recall that the original case
had �n

G � $2,500, � n
B � �$100, with a 50 percent chance of going either

way, creating an expected value of 0.5($2,500 � $100) � $1,200. Now,
suppose we change the values to �n

G* � $3,000 and � n
B* � �$600, with a

50 percent chance of going either way, creating a similar expected value of
0.5($3,000 – $600) � $1,200 as in the original case. However, notice that
the risk has increased in the second case as the variability of payoffs has
increased. So, we can easily recalculate the value of 

�k
G � �1

G� � � $3,000� � � $33,000,

(for all k � 1) which is higher than the original $27,500.
The conclusion is that the higher the uncertainty, the higher is the value

of waiting. This is because the firm has no information on the market
demand fluctuations. The higher the market volatility, the better off the firm
will be by waiting until this market uncertainty has been resolved and it
knows what market demand looks like before proceeding with the capital
investment.
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Sensitivity Analysis with Delta,
Gamma, Rho, Theta, Vega, and Xi

Using the corollary outputs generated by options theory, we can use the
results—namely, Delta, Gamma, Rho, Theta, Vega, and Xi—as a form of
sensitivity analysis. By definition, sensitivity analysis, or stress testing, looks
at the outcome of the change in the option price given a change in one unit
of the underlying variables. In our case, these sensitivities reflect the instan-
taneous changes of the value of the option given a unit change in a partic-
ular variable, ceteris paribus. In other words, we can form a sensitivity table
by simply looking at the corresponding values in Delta, Gamma, Rho,
Theta, Vega, and Xi. Delta provides the change in value of the option given
a unit change in the present value of the underlying asset’s cash flow series.
Gamma provides the rate of change in delta given a unit change in the
underlying asset’s cash flow series. Rho provides us with the change in the
value of the option given that we change the interest rate one unit, Theta
looks at the change per unit of time, Vega looks at the change per unit of
volatility, and Xi looks at the change per unit of cost. In other words, one
can provide a fairly comprehensive view of the way the value of the option
changes given changes in these variables, thereby providing a test of the sen-
sitivity of the option’s value. A worse-case, nominal case, and best-case
scenario can then be constructed. The sensitivity table not only provides a
good test of the robustness of our results but also provides great insight into 
the value drivers in the firm, that is, which variables have the most impact
on the firm’s bottom line. The following provides the derivations of these
sensitivity measures for a European option without dividend payments. 
A different approach to obtain sensitivities is through the use of Tornado
diagrams.
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CALL DELTA

Starting from C � StN(d1) � Xe�rTN(d2), where 

d1 � and d2 � d1 � �T	,

we can get the call Delta, defined as the change in call value for a change
in the underlying asset value, that is, the partial derivative 

at an instantaneous time t. Differentiating, we obtain:

Delta � � � � N(d1) � St � Xe�rT
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CALL GAMMA

Gamma � � �

�

�

Gamma � � � �

CALL RHO

Rho � � � � St � XTe� r T N(d2) � Xe� r T

� St � XTe�r TN(d2) � Xe�rT

� �St � Xe�r T � � XTe�r TN(d2)
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� �St � � � XTe�r TN(d2)
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CALL THETA
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� St � rXe�rTN(d2) � Xe�rT

As � � �r � � we have � � and

� St � rXe�rTN(d2) � Xe�rT � � �
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� �St � Xe�rT e ln(S�X)�(r�2�2)T �
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CALL Xi
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Reality Checks

THEORETICAL RANGES FOR OPTIONS

One of the tests to verify whether the results calculated using the real
options analytics are plausible is to revert back to financial options pricing
theory. By construction, the value of a call option can be no lower than zero
when the option is left to expire, that is, we have the call option value, 
C � max [S � Xe– r T, 0], and it can be no higher than the value of the asset,
which we have defined as S, such that C 	 S. If the calculated results fall
outside this range, we can reasonably say that the analysis is flawed, poten-
tially due to unreasonable assumptions on creating the forecast cash flows.
However, if the results fall comfortably within the range, we cannot be
certain it is correct, only reasonably sure the analysis is correct assuming 
all the input variables are also reasonable. The main thrust of using this
option range spread is to test the width of this spread, that is, the tighter
the spread, the higher the confidence that the results are reasonable. Also,
one could perform a sensitivity analysis by changing the input variables and
assumptions to see if the spread changes, that is, if the spread widens or
shifts.

SMIRR AND SNPV CONSISTENCY

Another plausibility test includes the use of a sequential modified internal
rate of return (SMIRR) method and a sequential net present value (SNPV)
method. If all goes well in the forecast of free cash flow and the discounted
cash flow analysis holds up, then the MIRR1 and NPV of the cash flow
stream should theoretically be smooth. That is, the entire stream of cash
flow should have MIRR and NPV similar to that of the cash flow stream
less the first year’s free cash flow, eliminating the first year’s free cash flow
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as a reduction of the original net present value and setting the first year’s
cash flows to zeros. This method is repeated for all subsequent years. The
reinvestment rate and the discount rate could be set at different levels for
the computation of the MIRR and NPV. This interest-rate-jackknifing
approach looks at the consistency and smoothness of the predicted cash
flows over time. However, this approach is cumbersome and is seldom used.

MINIMAX APPROACH

If relevant probabilities are provided by the firm’s management on specific
outcomes of the cash flow over time, a regret analysis can be performed as
a means of calculating the relevant value of the intangible. This regret analy-
sis takes the form of a Minimax approach in Bayesian probability theory in
the context of decision sciences. Essentially, it measures the relevant out-
come of a forward-looking cash flow series given the appropriate probabil-
ities, calculates the expected monetary value of the scenario, and identifies
the scenario at which one minimizes the maximum amount of regret—hence
the name Minimax. However, even if relevant probabilities are provided,
they should not be used because these forecasted values add an additional
element of uncertainty and because management can hardly be expected to
provide a solid, dependable, and reliable set of economic forecasts, let alone
the respective probabilities associated with each forecast’s outcome. The
analysis can be coupled within a Game Theory framework, where the best
strategic outcome under the Nash equilibrium will always be observed. The
specifics of Game Theory are beyond the scope of this book.

IMPLIED VOLATILITY TEST

Using the developed real options model and approach, we could set the
volatility measure as the dependent variable to calculate. This implied vola-
tility can then be measured against the historical volatility of the firm’s cash
flow situation or benchmarked against the volatility of cash flows of corre-
sponding comparable companies under similar risks, functions, and prod-
ucts. The implied volatility can then be tested using a parametric t-test or a
nonparametric Wilcoxon sign-rank test2 to see if it is statistically identical
to the mean and median of the set of comparable firms’ volatilities.

An alternative is to use the Newton-Raphson search criteria for implied
volatility measures through a series of guesses.
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Applying Monte Carlo Simulation 
to Solve Real Options

Monte Carlo simulation can be easily adapted for use in a real options par-
adigm. There are multiple uses of Monte Carlo simulation, including the
ability to obtain a volatility estimate as input into the real options models,
obtaining a range of possible outcomes in the discounted cash flow analy-
sis, and simulating input parameters that are highly uncertain. Here, the dis-
cussion focuses on two distinct applications of Monte Carlo simulation:
solving a real options problem versus obtaining a range of real options val-
ues. Although these two approaches are discussed separately, they can be
used together in an analysis.

APPLYING MONTE CARLO SIMULATION 
TO OBTAIN A REAL OPTIONS RESULT

Monte Carlo simulation can be applied to solve a real options problem,
that is, to obtain an option result. Recall that the mainstream approaches
in solving real options problems are the binomial approach, closed-form
equations, partial-differential equations, and simulation. In the simulation
approach, a series of forecast asset values are created using the Geometric
Brownian Motion, and the maximization calculation is applied to the end
point of the series, and discounted back to time zero, at the risk-free rate.
That is, starting with an initial seed value of the underlying asset, simulate
out multiple future pathways using a Geometric Brownian Motion, where
�St � St�1(rf (�t) � ���t	). That is, the change in asset value �St at time t
is the value of the asset in the previous period St–1 multiplied by the Brown-
ian Motion (rf (�t) � ���t	). Recall that rf is the risk-free rate, �t is the
time-steps, � is the volatility, and � is the simulated value from a standard-
normal distribution with mean of zero and a variance of one.
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Figure 7G.1 illustrates an example of a simulated pathway used to 
solve a European option. Note that simulation can be easily used to solve
European-type options, but it is fairly difficult to apply simulation to solve
American-type options.1 In this example, the one-year maturity European
option is divided into five time-steps in the binomial lattice approach, which
yields $20.75, as compared to $19.91 using the continuous Black-Scholes
equation, and $19.99 using 1,000 Monte Carlo simulations on 10 steps. In
theory, when the number of time-steps in the binomial lattices is large
enough, the results approach the closed-form Black-Scholes results. Simi-
larly, if the number of simulation trials are adequately increased, coupled
with an increase in the simulation steps, the results stemming from Monte
Carlo simulation also approach the Black-Scholes value. The example Excel
worksheet is located in the Real Options Analysis Toolkit software menu
under the Examples folder. See Figure 7G.1

The first step in Monte Carlo simulation is to decide on the number of
steps to simulate. In the example, 10 steps were chosen for simplicity. Start-
ing with the initial asset value of $100 (S0), the change in value from this
initial value to the first period is seen as �S1 � S0(rf (�t) � ���t	). Hence,
the value of the asset at the first time-step is equivalent to S1 � S0 � �S1 �
S0 � S0(rf (�t) � ���t	). The value of the asset at the second time-step is
hence S2 � S1 � �S2 � S1 � S1(rf (�t) � ���t	), and so forth, all the way
until the terminal 10th time-step. Notice that because � changes on each
simulation trial, each simulation trial will produce an entirely different asset
evolution pathway. At the end of the 10th time-step, the maximization
process is then applied. That is, for a simple European option with a $100
implementation cost, the function is simply C10, i � Max[S10, i � X, 0]. This
is the call value C10,i at time 10 for the ith simulation trial. This value is
then discounted at the risk-free rate to obtain the call value at time zero,
that is, C0, i � C10, ie�r f (T ). This is a single-value estimate for a single simu-
lated pathway.

Applying Monte Carlo simulation for 1,000 trials and obtaining the
mean value of C0 yields $19.99. This is termed the path-dependent simu-
lation approach. There is a less precise shortcut to this simulation. That is,
collapse all the 10 time-steps into a single time-step, using ST � S0 � �ST �
S0 � S0(rf (T ) � ��T	 ), where the time T in this case is the one-year matu-
rity. Then the call option value can be estimated using C0, i � Max[(ST, i �
X )e�r f (T ), 0]. Simulating the results 1,000 times yields the estimated option
value of $18.29. Obviously, the higher the number of simulations and the
higher the number of steps in the simulation, the more accurate the results.

Figure 7G.2 illustrates the results generated by performing 1,000 sim-
ulation trials. The enclosed Real Options Analysis Toolkit software has 
an example spreadsheet that estimates the European option value using
Monte Carlo simulation.2 Notice the lognormal distribution of the pay-
off functions.
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APPLYING MONTE CARLO SIMULATION TO 
OBTAIN A RANGE OF REAL OPTIONS VALUES

Alternatively, Monte Carlo simulation can be applied to obtain a range of real
options values. That is, as seen in Figure 7G.3, risk-free rate and volatility are
the two example variables chosen for simulation. Distributional assumptions
are assigned to these two variables, and the resulting options values using
the Black-Scholes and binomial lattices are selected as forecast cells.

The results of the simulation are essentially a distribution of the real
options values as seen in Figure 7G.4.3 Notice that the ranges of real options
values are consistent for both the binomial lattice and the Black-Scholes
model. Keep in mind that the simulation application here is used to vary
the inputs to a real options model to obtain a range of results, not to model
and calculate the real options itself. However, simulation can be applied to
both simulate the inputs to obtain the range of real options results and also
solve the real options model through path-dependent modeling. However,
a word of caution is in order. Recall that volatility is an input in a real
options analysis, which captures the variability in asset value over time, and
a binomial lattice is a discrete simulation technique, while a closed-form
solution is obtained using continuous simulation models. Simulating real
options inputs may end up double-counting a real option’s true variability.
See Figure 7G.4.

Note that the distribution of the terminal values is lognormal in nature,
as all values are non-negative. Another word of caution is important here.
Attempting to simulate just the terminal values without using the Brownian
Motion approach will most certainly yield incorrect answers in general. The
answers may be similar but will never be robust. Thus, simply simulating
the terminal value outcomes and valuing them that way is completely
flawed.

Applying Monte Carlo Simulation to Solve Real Options 227
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Trinomial Lattices

For the sake of completeness, below is an illustration of a trinomial tree (see
Figure 7H.1). Building and solving a trinomial tree is similar to building and
solving a binomial tree, complete with the up/down jumps and risk-neutral
probabilities. However, the recombining trinomial tree below is more com-
plicated to build. The results stemming from a trinomial tree are the same
as those from a binomial tree at the limit, but the tree-building complexity
is much higher for trinomials or multinomial trees. Hence, the examples
thus far have been focusing on the binomial lattice, due to its simplicity and
applicability. It is difficult enough to create a three-time-step trinomial tree
as shown in Figure 7H.1. Imagine having to keep track of the number of

APPENDIX 7H
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FIGURE 7H.1 Trinomial Tree

S0u3

S0u2

S0u

S0

S0d

S0d2

S0d3

S0u2

S0u

S0

S0d

S0d2

S0u

S0

S0d

S0



Trinomial Lattices 231

nodes, bifurcations, and which branch recombines with which, in a very
large tree!
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Non-Recombining Lattices

Figure 7I.1 illustrates a five-step non-recombining lattice for solving an
American call option. Each node branches into two pathways that do not
meet with other branches along the way (i.e., they do not recombine). The
lattice shown here is the first lattice of the underlying asset.

APPENDIX 7I
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FIGURE 7I.1 Non-Recombining Underlying Asset Lattice

Assumptions:
Asset � $100
Cost � $80
Maturity � 5 Years
Risk-free � 5%
Volatility � 40%

Underlying Asset Lattice
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The lattice shown in Figure 7I.2 is the valuation lattice of the Ameri-
can call option, obtained using the backward-induction approach and apply-
ing a risk-neutral probability analysis.

The problem can also be solved using a recombining lattice as shown in
Figures 7I.3 and 7I.4. Notice the similar values along the non-recombining
and recombining lattices. In the recombining lattice, the amount of com-
putation work is significantly reduced because identical values for a partic-
ular time period are collapsed and summarized as unique nodes. 

Notice the similar results obtained using the recombining and non-
recombining lattices approach.

However, there is a caveat in comparing the recombining and non-
recombining lattices. For instance, the six terminal nodes on a recombining
tree are unique occurrences and a summary of the 32 terminal nodes on 
the non-recombining tree. Therefore, it is incorrect to assume that there is
a �

1
6

� probability of occurrence for the values 738, 332, 149, 67, 30, and 13.
See Figure 7I.5.
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FIGURE 7I.2 Non-Recombining Valuation Lattice

Intermediate Calculations:
Up Jump Size � 1.4918
Down Jump Size � 0.6703
Risk-Neutral

Probability � 0.4637

Valuation Lattice
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FIGURE 7I.3 Recombining Underlying Asset Lattice

Assumptions:
Asset � $100
Cost � $80
Maturity � 5 Years
Risk-free � 5%
Volatility � 40%
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FIGURE 7I.4 Recombining Valuation Lattice

Intermediate Calculations:
Up Jump Size � 1.4918
Down Jump Size � 0.6703
Risk-Neutral

Probability � 0.4637
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In reality, the distribution of the terminal nodes looks somewhat nor-
mal, with different outcome probabilities as seen in Figure 7I.6. Depending
on the input parameters, the distribution of the terminal nodes may change
slightly (higher volatility means a higher frequency of occurrence in the
extreme values).
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Although recombining lattices are easier to calculate and arrive at iden-
tical answers to the non-recombining lattices, there are conditions when
non-recombining lattices are required for the analysis. These conditions
include when there are multiple sources of uncertainty or when volatility
changes over time, as in Figure 7I.7.

First
volatility

Second
volatility

Third
volatility

Underlying Asset Lattice

902.5
332.0
366.9
135.0
366.9
135.0
149.2

54.9

405.5
149.2
164.9

60.7
164.9

60.7
67.0
24.7

405.5
149.2
164.9

60.7
164.9

60.7
67.0
24.7

182.2
67.0
74.1
27.3
74.1
27.3
30.1
11.1
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222.6
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100.0

100.0

40.7

245.9

100.0

100.0

40.7

110.5

44.9

44.9
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63.8

156.8
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28.7
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100.0

100.0

44.9

149.2

67.0

100.0

FIGURE 7I.7 Non-Recombining Underlying Asset Lattice for a Changing
Volatility Option

Assumptions:
Asset � $100
Cost � $80
Maturity � 5 Years
Risk-free � 5%
Volatility � 40%
New Volatility of 45%

after 2 years
New Volatility of 50% 

after 4 years
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Figure 7I.8 shows the valuation lattice on an American call option with
changing volatilities using the risk-neutral probability approach. 

Although non-recombining lattices are better suited for solving options
with changing volatilities, recombining lattices can also be modified to handle
this condition, thereby cutting down on analytical time and effort. The results

First
volatility

Second
volatility

Third
volatility

Valuation Lattice

822.5 Execute
252.0 Execute
286.9 Execute

55.0 Execute
286.9 Execute

55.0 Execute
69.2 Execute

0.0 Execute

325.5 Execute
69.2 Execute
84.9 Execute

0.0 Execute
84.9 Execute

0.0 Execute
0.0 Execute
0.0 Execute

325.5 Execute
69.2 Execute
84.9 Execute

0.0 Execute
84.9 Execute

0.0 Execute
0.0 Execute
0.0 Execute

102.2 Execute
0.0 Execute
0.0 Execute
0.0 Execute
0.0 Execute
0.0 Execute
0.0 Execute
0.0 Execute

471.3

146.5

146.5

28.1

169.9

34.5

34.5

0.0

169.9

34.5

34.5

0.0

41.5

0.0

0.0

0.0

276.7

76.8

90.0

14.6

90.0

14.6

17.5

0.0

157.5

45.8

45.8

7.4

92.8

24.0

53.2

FIGURE 7I.8 Non-Recombining Valuation Lattice for a Changing 
Volatility Option

Calculations:
up (1) � 1.4918
down (1) � 0.6703
prob (1) � 0.4637
up (2) � 1.5683
down (2) � 0.6376
prob (2) � 0.4445
up (3) � 1.6487
down (3) � 0.6065
prob (3) � 0.4267
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obtained are identical no matter which approach is used. The modified recom-
bining lattice below makes use of the fact that although volatility changes
three times within the five-year maturity period, volatility remains constant
within particular time periods. For instance, the 40 percent volatility applies
from time 0 to time 2, and the 45 percent volatility holds for time 2 to time
4. Within these time periods, volatility remains constant; hence, the lattice
bifurcations are recombining. The entire lattice analysis in Figure 7I.9 can
be segregated into three stages of recombining lattices. At the end of a con-
stant volatility period, each resulting node becomes the starting point of a
new recombining lattice. 

First
volatility

Second
volatility

Third
volatility

Underlying Asset Lattice

902.5
332.0
366.9
135.0
149.2
54.9

405.5
149.2
164.9
60.7
67.0
24.7

182.2
67.0
74.1
27.3
30.1
11.1

547.4

222.6

90.5
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349.0
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222.6
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44.9

149.2

67.0

100.0

FIGURE 7I.9 Solving the Underlying Asset Lattice Using Multiple
Recombining Lattices

Assumptions:
Asset � $100
Cost � $80
Maturity � 5 Years
Risk-free � 5%
Volatility � 40%
New Volatility of 45% 

after 2 years
New Volatility of 50% 

after 4 years



Non-Recombining Lattices 239

Figure 7I.10 is the modified recombining valuation lattice approach for
the changing volatility option analysis. Notice that the resulting option
value of $53.2 is identical to the result obtained using the non-recombining
lattice.

First
volatility

Second
volatility

Third
volatility

Valuation Lattice

822.5 Execute
252.0 Execute
286.9 Execute
55.0 Execute
69.2 Execute
0.0 Execute

325.5 Execute
69.2 Execute
84.9 Execute
0.0 Execute
0.0 Execute
0.0 Execute

102.2 Execute
0.0 Execute
0.0 Execute
0.0 Execute
0.0 Execute
0.0 Execute

471.3

146.5

28.1

169.9

34.5

0.0

41.5

0.0

0.0

276.7

76.8

90.0

14.6

17.5

0.0

157.5

45.8

7.4

92.8

24.0

53.2

FIGURE 7I.10 Solving the Valuation Lattice Using Multiple 
Recombining Lattices

Calculations:
up (1) � 1.4918
down (1) � 0.6703
prob (1) � 0.4637
up (2) � 1.5683
down (2) � 0.6376
prob (2) � 0.4445
up (3) � 1.6487
down (3) � 0.6065
prob (3) � 0.4267





Advanced Options Problems

INTRODUCTION

This chapter deals with more advanced topics in real options. These include
the optimal timing of projects, stochastic optimization of options, barrier-type
exit and abandonment options, switching options, and multiple compound
options. The problems of applying decision trees to real options analysis are
also discussed, explaining why decision trees by themselves are problematic
when trying to apply and solve real options. The technical appendixes at the
end of the chapter detail the different approaches to stochastic optimization as
well as present details of multiple exotic-options formulae.

THE ADVANCED PROBLEMS

One of the key uses of real options analysis is project ranking and selection,
as shown in Figure 8.1. For example, using a traditional net present value
metric, management would prioritize the initiatives A-D-B-C, from the most
preferred to least. However, considering the strategic management flexibil-
ity inherent in each of the initiatives and quantified through the real options
analysis, the initiative prioritization would now become A-D-C-B. If real
options value is not included, the selection criteria may lead to the wrong
initiative selection and conclusions.

For instance, suppose that Initiative B is to develop a certain automobile
model, while Initiative C is to develop the similar model but with an option
for converting it into a gas-electric hybrid. Obviously, the latter costs more
than the former. Hence, the NPV for Initiative C is less than that for Initia-
tive B. Therefore, choosing the project that has a higher NPV today is short-
sighted. If the option value is included, Initiative C is chosen, the optimal
decision, because given today’s uncertain technological environment, hybrid
cars may become extremely valuable in the future.

CHAPTER 8
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DECISION TREES

Figure 8.2 shows an example of a decision tree. One major misunderstand-
ing that analysts tend to have about real options is that they can be solved
using decision trees alone. This is untrue. Instead, decision trees are a great
way of depicting strategic pathways that a firm can take, showing graphically
a decision road map of management’s strategic initiatives and opportunities
over time. However, to solve a real options problem, it is better to combine
decision tree analytics with real option analytics, and not to replace it com-
pletely with decision trees.

Models used to solve decision tree problems range from a simple expected
value to more sophisticated Bayesian probability updating approaches. Nei-
ther of these approaches is applicable when trying to solve a real options prob-
lem. A decision tree is not the optimal stand-alone methodology when trying
to solve real options problems because subjective probabilities are required,
as are different discount rates at each node. The difficulties and errors in fore-
casting the relevant discount rates and probabilities of occurrence are com-
pounded over time, and the resulting calculated values are oftentimes in error.
In addition, as shown in Chapter 7, binomial lattices are a much better way
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FIGURE 8.1 Project Selection and Prioritization
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to solve real options problems, and because these lattices can also ultimately
be converted into decision trees, they are far superior to using decision trees
as a stand-alone application for real options. Nonetheless, there is a com-
mon ground between decision trees and real options analytics.

Figure 8.2 shows a decision tree but without any valuation performed
on it. On each node of the tree, certain projects or initiatives can be attached.
The values of these nodes can be determined separately using binomial lat-
tices, closed-form solutions, or any of the other number of ways used to solve
real options problems.

Figure 8.2’s hypothetical e-business strategy starts with e-procurement
through globalization of an International Internet Coalition (IIC). The deci-
sion tree simply shows that there are multiple paths that can lead to this IIC
end state. However, at each intermediate state, there is path-dependence. For
instance, the firm cannot enter the Asian market without first having the cor-
rect infrastructure for setting up e-learning and e-procurement capabilities.
The success of the former depends on the success of the latter, which is noth-
ing but a compound sequential option. At each intermediate decision node,
there are also abandonment options. In addition, simulation analysis, critical
trigger values, and optimal timing can be applied and quantified along each
decision node in a real options framework but cannot be done using a simple
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FIGURE 8.2 Decision Tree Analysis
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Notice that at each node, we can calculate the optimal trigger values, acting like traffic lights, indicating under which certain conditions execution 
waiting is optimal. The optimal timing can also be calculated at each time period. Finally, the uncertainty in cash flows and strategic option 
can also be quantified at certain branches through simulation 
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decision tree analysis. However, presenting strategies in a decision tree pro-
vides key insights to management as to what projects are available for exe-
cution, and under what conditions.

One of the fatal errors analysts tend to run into includes creating a deci-
sion tree and calculating the expected value using risk-neutral probabilities,
akin to the risk-neutral probability used in Chapter 7. This is incorrect because
risk-neutral probabilities are calculated based on a constant volatility. The
risk structures of nodes on a decision tree (for instance, e-learning versus a
dot.corp strategy have very different risks and volatilities). In addition, for
risk-neutral probabilities, a Martingale process is required. That is, in a bino-
mial lattice, each node has two bifurcations, an up and a down. The up and
down jump sizes are identical in magnitude for a recombining tree. This has
to hold before risk-neutral probabilities are valid. Clearly the return mag-
nitudes of different events along the decision tree are different, and risk-
neutralization does not work here. Because risk-neutral probabilities cannot
be used, the risk-free rate therefore cannot be used here for discounting the
cash flows. Also, because risks are different at each strategy node, the mar-
ket risk-adjusted discount rate, such as a WACC, should also be different at
every node. A correct single discount rate is difficult enough to calculate, let
alone multiple discount rates on a complex tree, and the errors tend to com-
pound over time, by the time the net present value of the strategy is calculated.

In addition, chance nodes are usually added in decision tree analysis, indi-
cating that a certain event may occur given a specific probability. For instance,
chance nodes may indicate a 30 percent chance of a great economy, a 45 per-
cent chance of a nominal one, and a 25 percent chance of a downturn. Then
events and payoffs are associated with these chances. Back-calculating these
nodes using risk-neutral probabilities will be incorrect because these are chance
nodes, not strategic options. Because these three events are complementary—
that is, their respective probabilities add up to 100 percent—one of these
events must occur, and given enough trials, all of these events must occur at
one time or another. Real options analysis stipulates that one does not know
what will occur, but only what the strategic alternatives are if a certain event
occurs. If chance nodes are required in an analysis, the discounted cash flow
model can accommodate them to calculate an expected value, which could
then be simulated based on the probability and distributional assumptions.
These simulated values can then be run in a real options modeling environ-
ment. The results can be shown on an event tree looking similar to a decision
tree as depicted in the previous chapter. However, strategic decision path-
ways should be shown in the decision tree environment, and each strategy
node or combinations of strategy nodes can be evaluated in the context of
real options analysis as described throughout this book. Then the results can
be displayed in the decision tree.

In summary, both decision tree analysis and real options analysis are in-
complete as a stand-alone analysis in complex situations. Both methodologies

244 APPLICATION



approach the same problem from different perspectives. However, a com-
mon ground could be reached. Taking the advantages of both approaches and
melding them into an overall valuation strategy, decision trees should be
used to frame the problem, real options analytics should be used to solve
any existing strategic optionalities (either by pruning the decision tree into
sub-trees or solving the entire strategy tree at once), and the results should
be presented back on a decision tree.

EXIT AND ABANDONMENT OPTIONS

Exit options are abundant in the real business world where projects can be
scrapped and salvaged resources can then be redeployed elsewhere. How-
ever, certain projects may not be that easily abandoned at certain times because
of “project stickiness” and business psychology, or the fact that management
can be stubborn and reluctant to kill a project due to personal reasons.

Figure 8.3 shows a down and out barrier abandonment option. This type
of option means that a project will not be terminated immediately once it
falls out of profitability. Instead, management sets a critical barrier assump-
tion, and should the project’s profitability level fall below this barrier, the
project will be abandoned. The barrier may be set after accounting for proj-
ect stickiness and any other operational issues. The analysis can be solved
using the Real Options Analysis Toolkit software on the enclosed CD-ROM.
In addition, basic barrier options can be solved in a binomial tree by adding
in IF/AND/OR statements nested with the regular MAX functions in Excel.
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FIGURE 8.3 Exit Option with a Barrier

Project Value

Time

management set 
critical barrier

revenue or metric evolution structure

execution 

Exit Option

At every phase, management has the option to abandon and exit. The
resources saved can then be redeployed to other initiatives. As all resources
are deployed and diversified over time, this exit option provides significant
intrinsic value to management by hedging the project’s risks over time.



That is, the value of an option at a particular node comes into-the-money
if the underlying asset value broaches a barrier.

COMPOUND OPTIONS

In some cases, there exist complex compound options, where the execution
of one project provides downstream opportunities. For instance, in Figure
8.4, we see that the infrastructure in place provides a compound option com-
prising a series of three future phases. Notice that Phase III cannot proceed
without the completion and execution of Phase II, which itself cannot pro-
ceed without the completion of Phase I. In some cases, these phases in the
future can be a combination of different types of options. For example, Phase
II options are simply an expansion of Phase I projects, while Phase III proj-
ects are only executed if some preset barriers in Phase II are achieved. The
Real Options Analysis Toolkit software in the enclosed CD-ROM provides
examples of a 10-phase sequential compound option as well as a multiple-
phase option with different costs, expansion, contraction, and abandonment
options at each phase.
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FIGURE 8.4 Multiple Complex Compound Option
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TIMING OPTIONS

Figure 8.5 shows the payoff profile on an option. The static line indicates the
strategic options value of a project with respect to changes in the underlying
variable, the revenues generated by the project assuming no volatility in the
cash flows. This is in essence the NPV of the project at termination. The
curved line above the static payoff line is the strategic options value, assum-
ing there are risks and cash flows may be volatile. Hence, with uncertainty,
cash flows can be higher than expected, and with time before expiration,
the project is actually worth more than its NPV suggests.

Briefly, a timing option provides the holder the option to defer making
an investment decision until a later time without much restriction. That is,
competitive or market effects (market share erosion, first to market, strate-
gic positioning, and the like) have negligible effect on the value of the proj-
ect. Assuming that this holds true, then shifting a project for execution in the
future only depends on two factors: the rate of growth of the asset over time
and the discount rate or rate of erosion of the time value of money.

SOLVING TIMING OPTIONS CALCULATED
USING STOCHASTIC OPTIMIZATION

Optimally timing an option execution is a tricky thing. This is because if there
are highly risky projects with significant amounts of uncertainty, waiting is
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FIGURE 8.5 Timing Option
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sometimes preferred to executing immediately. However, certain projects have
an indefinite economic life and during this infinite economic life, certain
real options exist. Hence, for an infinite life real option with high volatility,
does this mean you wait forever and never do it? In addition, many other
factors come into play with analyzing an optimal trigger value and optimal
timing on a real option as shown in Figure 8.6. In certain cases, a Game The-
ory framework incorporating dynamic games competitors may play can be
incorporated into the analysis.

To solve the timing option, start by assuming that the value of an under-
lying asset’s process X � (Xt ) follows a Geometric Brownian Motion—that
is, dXt � �Xtdt � XtdZt . Then we define the value of a call option to be
(X) � Emax[(XT � I)e��T, 0], where I is the initial capital investment out-
lay, XT is the time value of the underlying asset at the terminal time T, and
� is the discount rate.

The optimal investment strategy is to maximize the value of the option
with respect to time T given the underlying stochastic investment process X—
in other words, we want to find *(X ) � maxTEmax[(XT � I )e��T, 0].

First, consider the near-zero volatility case, where there is negligible
uncertainty. Next, we require a drift rate, usually measured as the growth
rate in the asset value, and defined as �. We will further assume that � � �,
that is, the drift or growth rate of the underlying asset value does not exceed
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FIGURE 8.6 Stochastic Optimization
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metrics) and optimal timing for each decision node, to determine when and under what optimal conditions
management should execute a strategic option. 
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the discount rate. Otherwise, the process keeps increasing at a much higher
rate than can be discounted, the terminal value of the asset becomes infinite,
and it is never optimal to exercise the option. Because we have defined � as
the growth rate on the underlying investment process, it becomes the growth
rate in the deterministic case. Now the problem above simplifies to the con-
dition where *(X ) � maxT max[(X0e�T � I)e��T, 0] That is, the under-
lying asset X0 at time zero grows at this growth rate � such that at time T,
the value of the continuously compounded asset value becomes X0e�T. In
addition, due to the time value of money, the net present value is discounted
at a continuous rate of e��T. Here we see that delaying the execution of an
option creates the marginal benefit of the compounding growth of the asset
value over time, while the marginal cost is the time value of money. The
optimal timing can then be derived to obtain the equilibrium execution time
where the net present value is maximized.

The optimal value of the option can be simply derived through the dif-
ferential equation of the net present value with respect to time. Starting with
(X ) � maxT max[(X0e�T � I )e��T, 0], we obtain:

�
d

dT
(X )
� � (� � �)X0e(���)T � � Ie��T � 0

for the maximization process, yielding:

(� � � )X0e(���)T � � Ie��T

(� � � )X0 �
e
e

�

�T

T
� � �

e
�

�

I
�

�

�T ln(� � �)X0 � ln(�I )

The optimal time to execution is therefore

T � �
�

1
� ln��(� �

�

�

I
)X0

��
Table 8.1 illustrates this example, where if the asset value at time zero is

equivalent to the implementation cost $100, while the discount rate is assumed
to be 25 percent and the corresponding risk-free rate is 5.5 percent, the cal-
culated optimal time to execution is 4.52 years, using 

T � �
0.

1
55
� ln� � = 4.52 years.

Notice that the period 4.52 years provides the maximum NPV. Hence, this
maximum NPV of $9.12 is the option value of waiting, as compared to
$100 � $100 � $0 NPV if the project is executed immediately.

(.25)($100)
���
(.25 � .055)($100)
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Finally, to avoid any negative or undefined values of the optimal tim-
ing, we can simply redefine the optimal timing to equal

T* � Max ��
�

1
�ln ��(� �

�

�

I
)X0

�� ; 0�.
Using this optimal timing value of 

T � �
�

1
�ln ��(� �

�

�

I
)X0

�� ,

a very interesting result can be obtained. Specifically, rearranging this equa-
tion yields

e� t � �
(� �

�

�

I
)X0

� ,

and we obtain the following: 

�
X0

I
e�t
� � �

(� �

�

�)
� ,

which is the optimal trigger value of the project. The left-hand-side equation
is termed the profitability index, that is, the future value of the underlying
asset divided by the implementation cost. If the profitability index exceeds
1.0, this implies that the NPV is positive, because the value of the asset exceeds
the implementation cost. An index less than 1.0 implies that the NPV is neg-
ative. See Table 8.2. Hence, using this profitability index is akin to making
decisions using the NPV analysis.
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TABLE 8.1 The Optimal Value of the Option

Assumptions:
Asset Value at Time 0 (X0) $100
Fixed Implementation Cost I $100
Discount Rate 25%
Growth Rate of Underlying Asset 5.5%
Calculated Optimal Time to Execution 4.52

Time NPV
1.00 $4.40
2.00 $7.05
3.00 $8.47
4.00 $9.05
4.52 $9.12 This is the maximum NPV value
5.00 $9.07
6.00 $8.72
7.00 $8.16
8.00 $7.48



Table 8.3 shows the optimal timing to execute an option given the respec-
tive growth and discount rates. Notice that as discount rates increase, hold-
ing the growth rate constant, it is more optimal to execute the option earlier.
This is because the time value of money and opportunity cost losses in rev-
enues surpass the growth rate in asset value over longer periods of time. In
contrast, holding the discount rate constant and increasing the growth rate,
it is clear that waiting is more optimal than immediate execution. This is
because the growth rate in asset value appreciation far surpasses the discount
rate’s opportunity cost of lost revenues. For example, assuming a 10 percent
discount rate and a 1 percent growth rate, if a project’s asset value exceeds
the implementation cost by a ratio of 1.111, or if the net profit exceeds the
implementation cost by 11.1 percent, it is optimal to execute the project
immediately; otherwise, it is more optimal to wait.

Advanced Options Problems 251

TABLE 8.2 Profitability Indexes for Different Growth and Discount Rates

Growth Rates
1.00% 2.00% 3.00% 4.00% 5.00%

10% 1.111 1.250 1.429 1.667 2.000
15% 1.071 1.154 1.250 1.364 1.500
20% 1.053 1.111 1.176 1.250 1.333
25% 1.042 1.087 1.136 1.190 1.250
30% 1.034 1.071 1.111 1.154 1.200
35% 1.029 1.061 1.094 1.129 1.167
40% 1.026 1.053 1.081 1.111 1.143
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TABLE 8.3 Optimal Timing for Different Growth and Discount Rates

Growth Rates
1.00% 2.00% 3.00% 4.00% 5.00%

10% 10.54 11.16 11.89 12.77 13.86
15% 6.90 7.16 7.44 7.75 8.11
20% 5.13 5.27 5.42 5.58 5.75
25% 4.08 4.17 4.26 4.36 4.46
30% 3.39 3.45 3.51 3.58 3.65
35% 2.90 2.94 2.99 3.03 3.08
40% 2.53 2.56 2.60 2.63 2.67
Investment Cost $100
Asset Value $100
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Tables 8.2 and 8.3 above assume negligible uncertainty evolving through
time. However, in the uncertain or stochastic case when the growth rate 
of the underlying asset value is uncertain—that is, � fluctuates at the rate of
 (volatility)—optimal timing can no longer be ascertained. Simulation is



preferred in this case. However, the optimal trigger value can still be deter-
mined.1 The optimal trigger value measured in terms of a profitability index
value is now as follows:

Table 8.4 illustrates the optimal trigger values with a stochastic 10 per-
cent volatility on growth rates. Notice that the corresponding trigger values
measured in terms of profitability indexes are higher for stochastic growth
rates than for the deterministic growth rates. This is highly intuitive because
the higher the level of uncertainty in the potential future of the underlying
asset, the better off it is to wait before executing.
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TABLE 8.4 Profitability Indexes for Different Growth versus Discount Rates

Growth Rates
1.00% 2.00% 3.00% 4.00% 5.00%

10% 1.333 1.451 1.616 1.848 2.184
15% 1.250 1.315 1.397 1.500 1.629
20% 1.206 1.250 1.303 1.367 1.442
25% 1.179 1.211 1.250 1.295 1.347
30% 1.160 1.186 1.216 1.250 1.289
35% 1.145 1.167 1.191 1.219 1.250
40% 1.134 1.152 1.173 1.196 1.222
Volatility 10%
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SWITCHING OPTIONS

In the ability to switch from technology 1 to technology 2, the option value is

S2� � � S1� �
� S1X� �

where X is the proportional cost with respect to the current technology 1’s
asset value S1 . Hence, the optimal behavior is such that if the new technology’s
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asset value S2 exceeds the value of the current technology S1 plus any asso-
ciated switching costs S1X, then it is optimal to switch.

Obviously, if multiple switching options are available, the problem be-
comes more complicated. Recall from the chooser option example in Chap-
ter 7 that the value of the chooser option is not a simple sum of the individual
options to expand, contract, and abandon. This is due to the mutually exclu-
sive and path-dependent nature of these options, where the firm cannot both
expand and abandon its business on the same node at the same time, or both
expand and contract on the same node at the same time, etc. Valuing these
options individually and then adding them together implies that each option
is performed independent of one another and that two option executions may
occupy the same space. Hence, to obtain the correct results, any crossovers
where two options interact in the same space have to be accounted for. The
same rule applies here. Thus, when an option exists that allows the switch-
ing from technology 1 to technology 2 or 3, the total value of the option is
not simply the option to go from 1 to 2 plus the option to go from 1 to 3.

Tables 8.5 through 8.9 illustrate the relationships between the value of
a switching option from an old technology to a new technology, and its cor-
responding input parameters. For example, in Table 8.5, where the present
value of both technologies is currently on par with each other and the volatil-
ity is very close to 0 percent, with this negligible uncertainty, the value of the
option is close to $0, similar to the static net present value of $0 because
there is no point in being able to switch technology if the value of both tech-
nologies is identical. In contrast, when volatility increases slightly in the sec-
ond technology, the value of being able to switch to this second technology
increases. The rest of the examples are fairly self-explanatory.
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TABLE 8.5 The Higher the Volatility of the New Technology, the Greater the Value
of the Ability to Switch Technology

PV First Asset 100.00 100.00 100.00 100.00 100.00 100.00
PV Second Asset 100.00 100.00 100.00 100.00 100.00 100.00
First Asset

Volatility 0% 1% 1% 1% 1% 1%
Second Asset

Volatility 0% 1% 2% 3% 4% 5%
Correlation

between Assets 0.00 0.00 0.00 0.00 0.00 0.00
Cost Multiplier 0.00 0.00 0.00 0.00 0.00 0.00
Time to Expiration 1.00 1.00 1.00 1.00 1.00 1.00
Risk-Free Rate 0% 0% 0% 0% 0% 0%
Portfolio Volatility 0.00 0.01 0.02 0.03 0.04 0.05
Switching

Option Value 0.01 0.56 0.89 1.26 1.64 2.03
Static NPV 0.00 0.00 0.00 0.00 0.00 0.00
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TABLE 8.6 The Higher the Value of the Original Technology, the Lower the Value
of the Ability to Switch Technology

PV First Asset 100.00 110.00 120.00 130.00 140.00 150.00

PV Second Asset 100.00 100.00 100.00 100.00 100.00 100.00
First Asset

Volatility 10% 10% 10% 10% 10% 10%
Second Asset

Volatility 10% 10% 10% 10% 10% 10%
Correlation

between Assets 0.00 0.00 0.00 0.00 0.00 0.00
Cost Multiplier 0.00 0.00 0.00 0.00 0.00 0.00
Time to Expiration 1.00 1.00 1.00 1.00 1.00 1.00
Risk-Free Rate 0% 0% 0% 0% 0% 0%
Portfolio Volatility 0.14 0.14 0.14 0.14 0.14 0.14
Switching

Option Value 5.64 2.21 0.72 0.20 0.05 0.01

Static NPV 0.00 �10.00 �20.00 �30.00 �40.00 �50.00

TABLE 8.7 The Higher the Value of the New Technology, the Higher the Value of
the Ability to Switch Technology

PV First Asset 100.00 100.00 100.00 100.00 100.00 100.00
PV Second Asset 100.00 110.00 120.00 130.00 140.00 150.00

First Asset
Volatility 10% 10% 10% 10% 10% 10%

Second Asset
Volatility 10% 10% 10% 10% 10% 10%

Correlation
between Assets 0.00 0.00 0.00 0.00 0.00 0.00

Cost Multiplier 0.00 0.00 0.00 0.00 0.00 0.00
Time to Expiration 1.00 1.00 1.00 1.00 1.00 1.00
Risk-Free Rate 0% 0% 0% 0% 0% 0%
Portfolio Volatility 0.14 0.14 0.14 0.14 0.14 0.14
Switching

Option Value 5.64 12.21 20.72 30.20 40.05 50.01

Static NPV 0.00 10.00 20.00 30.00 40.00 50.00



Advanced Options Problems 255

TABLE 8.8 The Higher the Switching Cost, the Lower the Value of the Ability to
Switch Technology

PV First Asset 100.00 100.00 100.00 100.00 100.00 100.00
PV Second Asset 100.00 100.00 100.00 100.00 100.00 100.00
First Asset

Volatility 10% 10% 10% 10% 10% 10%
Second Asset

Volatility 10% 10% 10% 10% 10% 10%
Correlation

between Assets 0.00 0.00 0.00 0.00 0.00 0.00
Cost Multiplier 0.00 0.10 0.20 0.30 0.40 0.50

Time to Expiration 1.00 1.00 1.00 1.00 1.00 1.00
Risk-Free Rate 0% 0% 0% 0% 0% 0%
Portfolio Volatility 0.14 0.14 0.14 0.14 0.14 0.14
Switching

Option Value 5.64 2.21 0.72 0.20 0.05 0.01

Static NPV 0.00 �10.00 �20.00 �30.00 �40.00 �50.00

TABLE 8.9 The Longer the Ability to Switch, the Higher the Value of the Ability
to Switch Technology

PV First Asset 100.00 100.00 100.00 100.00 100.00 100.00
PV Second Asset 100.00 100.00 100.00 100.00 100.00 100.00
First Asset

Volatility 10% 10% 10% 10% 10% 10%
Second Asset

Volatility 10% 10% 10% 10% 10% 10%
Correlation

between Assets 0.00 0.00 0.00 0.00 0.00 0.00
Cost Multiplier 0.00 0.00 0.00 0.00 0.00 0.00
Time to Expiration 1.00 2.00 3.00 4.00 5.00 6.00

Risk-Free Rate 0% 0% 0% 0% 0% 0%
Portfolio Volatility 0.14 0.14 0.14 0.14 0.14 0.14
Switching

Option Value 5.64 7.97 9.75 11.25 12.56 13.75

Static NPV 0.00 0.00 0.00 0.00 0.00 0.00



SUMMARY

Multiple other real options problems requiring more advanced techniques are
required in certain circumstances. These models include the applications of
stochastic optimization as well as other exotic types of options. In addition,
as discussed, decision trees are insufficient when trying to solve real options
problems because subjective probabilities are required as well as different dis-
count rates at each node. The difficulties in forecasting the relevant discount
rates and probabilities of occurrence are compounded over time, and the re-
sulting values are oftentimes in error. However, decision trees by themselves
are great as a depiction of management’s strategic initiatives and opportuni-
ties over time. Decision trees should be used in conjunction with real options
analytics in more complex cases.

CHAPTER 8 QUESTIONS

1. Decision trees are considered inappropriate when used to solve real
options problems. Why is this so?

2. What are some of the assumptions required for risk-neutral probabilities
to work?

3. What is stochastic optimization?
4. Assuming a 25 percent discount rate, 5.5 percent growth rate, and $100

in both present value of underlying assets and investment cost, change
each of these variables at one-unit steps. That is, holding all inputs con-
stant, change discount rate from 25 percent to 26 percent and so forth,
and explain what happens to the optimal time to execution. Repeat
the steps for growth rate, investment cost, and underlying asset value.
Explain your results.

256 APPLICATION



Stochastic Processes

Throughout the book the author talks about using stochastic processes for
establishing simulation structures, risk-neutralizing revenue and cost, and
obtaining an evolution of pricing structures. A stochastic process is nothing
but a mathematically defined equation that can create a series of outcomes
over time, outcomes that are not deterministic in nature. That is, an equa-
tion or process that does not follow any simple discernible rule such as price
will increase X percent every year or revenues will increase by this factor of
X plus Y percent. A stochastic process is by definition non-deterministic, and
one can plug numbers into a stochastic process equation and obtain differ-
ent results every time. For instance, the path of a stock price is stochastic
in nature, and one cannot reliably predict the stock price path with any cer-
tainty. However, the price evolution over time is enveloped in a process that
generates these prices. The process is fixed and predetermined, but the out-
comes are not. Hence, by stochastic simulation, we create multiple pathways
of prices, obtain a statistical sampling of these simulations, and make infer-
ences on the potential pathways that the actual price may undertake given
the nature and parameters of the stochastic process used to generate the
time-series.

Four basic stochastic processes are discussed, including the Geometric
Brownian Motion, which is the most common and prevalently used process
due to its simplicity and wide-ranging applications. The mean-reversion
process, barrier long-run process, and jump-diffusion process are also briefly
discussed.

SUMMARY MATHEMATICAL CHARACTERISTICS 
OF GEOMETRIC BROWNIAN MOTIONS

Assume a process X, where X � [Xt:t � 0] if and only if Xt is continuous,
where the starting point is X0 � 0, where X is normally distributed with
mean zero and variance one or X � N(0, 1), and where each increment in
time is independent of each other previous increment and is itself normally
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distributed with mean zero and variance t, such that Xt�a � Xt � N(0, t).
Then, the process dX � �Xdt � XdZ follows a Geometric Brownian Mo-
tion, where � is a drift parameter,  the volatility measure, dZ � �t��dt	
such that 

ln� � � N(�, )

or X and dX are lognormally distributed. If at time zero, X(0) � 0 then the
expected value of the process X at any time t is such that E[X(t)] � X0e�t

and the variance of the process X at time t is V[X(t)] � X 2
0e2�t(e 2t � 1).

In the continuous case where there is a drift parameter �, the expected value
then becomes

E��
�

0
X(t)e�rtdt� � ��

0
X0e�(r��)tdt � �

(r �

X0

�)
�.

SUMMARY MATHEMATICAL CHARACTERISTICS 
OF MEAN-REVERSION PROCESSES

If a stochastic process has a long-run attractor such as a long-run production
cost or long-run steady state inflationary price level, then a mean-reversion
process is more likely. The process reverts to a long-run average such that
the expected value is E[Xt] � X	 � (X0 � X	)e��t and the variance is

V [Xt � X	] � .

The special circumstance that becomes useful is that in the limiting case
when the time change becomes instantaneous or when dt→0, we have the
condition where Xt � Xt�1 � X	(1 � e��) � Xt�1(e�� � 1) � �t, which is the
first order autoregressive process, and � can be tested econometrically in a
unit root context.

SUMMARY MATHEMATICAL CHARACTERISTICS 
OF BARRIER LONG-RUN PROCESSES

This process is used when there are natural barriers to prices—for exam-
ple, floors or caps—or when there are physical constraints like the maxi-
mum capacity of a manufacturing plant. If barriers exist in the process,
where we define X	 as the upper barrier and X

�
as the lower barrier, we have

a process where 

X(t) � .
2�
�
2

2
��
2�(1 � e�2�t)

dX
�
X
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SUMMARY MATHEMATICAL CHARACTERISTICS 
OF JUMP-DIFFUSION PROCESSES

Start-up ventures and research and development initiatives usually follow a
jump-diffusion process. Business operations may be status quo for a few
months or years, and then a product or initiative becomes highly successful
and takes off. An initial public offering of equities is a textbook example of
this. Assuming that the probability of the jumps follows a Poisson distribu-
tion, we have a process dX � f (X, t)dt � g(X, t)dq, where the functions f
and g are known and where the probability process is

dq � 0 with P(X ) � 1 � �dt
� with P(X ) � Xdt     

.
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Differential Equations 
for a Deterministic Case

One of the many approaches to solving a real options problem is the use of
stochastic optimization. This optimization process can be done through a
series of simulations or partial-differential equations to obtain a unique
closed-form solution. Below is a very simplistic discussion and example of
an optimization problem with constraints. Then a partial-differential equa-
tion framework is presented. Appendix 9C illustrates a more complex opti-
mization technique known as stochastic optimization, used in portfolio
optimization and capital resource allocation where the input variables are
stochastic and solvable only using Monte Carlo simulation.

OPTIMIZATION

A simple optimization process is shown in Figure 8B.1, where we can set
up simple optimization problems in an Excel spreadsheet environment. In
addition, we can solve optimization problems mathematically, as seen in the
simple steps below:

� Create an objective function f(x, y) � 3xy
� Set the constraint c(x, y) � 200 � 5x � 15y
� Set the LaGrange Multiplier �(x, y, �) � f(x, y) � �c(x, y) � 3xy �

�(200 � 5x � 15y)
� Optimize using partial-differentials:

� � 200 � 5x � 15y

� � 3y � 5�
∂�
�
∂x

∂�
�
∂�

APPENDIX 8B

260260



Differential Equations for a Deterministic Case 261

Say there are two products X and Y being manufactured. Product X provides a $20 profit and product Y a $15 profit.
Product X takes 3 hours to manufacture and product Y takes 2 hours to produce. In any given week, the manufacturing
equipment can make both products but has a maximum capacity of 300 hours. In addition, based on market demand,
management has determined that they cannot sell more than 80 units of X and 100 units of Y in a given week
and prefers not to have any inventory on hand. Therefore, management has set these demand levels as 
the maximum output for products X and Y, respectively. The issue now becomes what is the optimal
production levels of both X and Y such that profits would be maximized in any given week?

Based on the situation above, we can formulate a linear optimization routine where we have:

The Objective Function:  Max 20X + 15Y 

subject to Constraints: 3X + 2Y  	 300
X 	 80
Y 	 100

We can more easily visualize the constraints by plotting them out one at a time as follows:

The graph below shows the combination of all three constraints. The shaded area shows the feasible area, where all constraints
are simultaneously satisfied. Hence, the optimal should fall within this shaded region.

We can easily calculate the intersection points of the
constraints. For example, the intersection between Y = 100
and 3X + 2Y = 300 is obtained by solving the equations 
simultaneously. Substituting, we get 3X + 2(100) = 300.
Solving yields X = 33.24 and Y = 100. 

Similarly, the intersection between X = 80 and 
3X + 2Y = 300 can be obtained by solving the equations
simultaneously. Substituting yields 3(80) + 2Y = 300.
Solving yields Y = 30 and X = 80.

The other two edges are simply intersections between the
axes. Hence, when X = 80, Y = 0 for the X = 80 line and
Y = 100 and X = 0 for the Y = 100 line.

From linear programming theory, one of these four intersection edges or extreme values is the optimal solution. One method is
simply to substitute each of the end points into the objective function and see which solution set provides the highest profit level.

Using the objective function where Profit = 20X + 15Y and substituting each of the extreme value sets:

When X = 0 and Y = 100: Profit = $20 (0) + $15 (100) = $1,500
When X = 33.34 and Y = 100: Profit = $20 (33.34) + $15 (100) = $2,167
When X = 80 and Y = 30: Profit = $20 (80) + $15 (30) = $2,050
When X = 80 and Y = 0: Profit = $20 (80) + $15 (0) = $1,600

Here, we see that when X = 33.34 and Y = 100, the profit function is maximized. We can also further verify this
by using any combinations of X and Y within the feasible (shaded) area above. For instance, X =10 and Y =10
is a combination that is feasible, but their profit outcome is only $20 (10) + $15 (10) = $350. We can calculate
infinite combinations of X and Y sets, but the optimal combination is always going to be at extreme value edges.

We can easily verify which extreme value will be the optimal solution
set by drawing the objective function line. If we set the objective 
function to be:

20X + 15Y = 0 we get X = 20, Y = 15
20X + 15Y = 1000 we get X = 60, Y = 80

If we keep shifting the profit function upward to the right,
we will keep intersecting with the extreme value edges. The
edge that provides the highest profit function is the optimal
solution set. 

In our example, point B is the optimal solution, which was
verified by our calculations above, where X = 33.34 and Y = 100.

Linear Programming - Graphical Method

3X + 2Y = 300

Y

X

100

150

3X + 2Y  	 300

Y

Y = 100

Y 	 100

X

100

X

X = 80

X 	 80

Y

80

Optimal Solution
A

B

C

D

20X + 15Y

X

Y

20 60

15

80

(X=0, Y=100)
(X=33.34, Y=100)

(X=80, Y=30)

(X=80, Y=0)

Y

X

FIGURE 8B.1 Linear Programming
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� � 3x � 15�

� Solving yields x � 20, y � 6.67, � � 4 and

� Optimal output f *(x, y) � 3(20)(6.67) � 400

� � is the constraint relaxation ratio, where an increase of a budget unit
increases the optimal output by � � 4

� Using these optimization methods, we can then set up a more com-
plex optimization process.

∂�
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Exotic Options Formulae

BLACK AND SCHOLES OPTION
MODEL— EUROPEAN VERSION

This is the famous Nobel Prize–winning Black-Scholes model without any
dividend payments. It is the European version, where an option can only
be executed at expiration and not before. Although it is simple enough to
use, care should be taken in estimating its input variable assumptions, espe-
cially that of volatility, which is usually difficult to estimate. However, the
Black-Scholes model is useful in generating ballpark estimates of the true
real options value, especially for more generic-type calls and puts. For more
complex real options analysis, different types of exotic options are required.

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
T time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution

Computation

Call � S� � � Xe�rT� �

Put � Xe�rT��� ��� S��� ��ln(S �X) � (r � 2 � 2)T
���

�T	

ln(S �X) � (r � 2 � 2)T
���

�T	

ln(S �X) � (r � 2 � 2)T
���

�T	
ln(S �X) � (r � 2 � 2)T
���

�T	
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BLACK AND SCHOLES WITH DRIFT 
(DIVIDEND) — EUROPEAN VERSION

This is a modification of the Black-Scholes model and assumes a fixed div-
idend payment rate of q in percent. This can be construed as the opportu-
nity cost of holding the option rather than holding the underlying asset.

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
T time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution
q continuous dividend payout or opportunity cost (%)

Computation

Call � Se�qT� �
� Xe�rT� �

Put � Xe�rT��� ��
� Se�qT��� ��

BLACK AND SCHOLES WITH FUTURE 
PAYMENTS — EUROPEAN VERSION

Here, cash flow streams may be uneven over time, and we should allow for
different discount rates (risk-free rate should be used) for all future times,
perhaps allowing for the flexibility of the forward risk-free yield curve.

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)

ln(S �X ) � (r � q � 2� 2)T
����

�T	

ln(S �X ) � (r � q � 2� 2)T
����

�T	

ln(S �X ) � (r � q � 2� 2)T
����

�T	

ln(S �X ) � (r � q � 2� 2)T
����

�T	
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T time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution
q continuous dividend payout or opportunity cost (%)
CFi cash flow at time i

Computation

S* � S � CF1e�rt1 � CF2e�rt2 � … � CFne�rtn � S � �
n

i�1
CFie�rti

Call � S*e�qT� �

� Xe�rT� �

Put � Xe�rT��� ��

� S*e�qT��� ��

CHOOSER OPTIONS (BASIC CHOOSER)

This is the payoff for a simple chooser option when t1 � T2, or it doesn’t
work! In addition, it is assumed that the holder has the right to choose
either a call or a put with the same strike price at time t1 and with the same
expiration date T2. For different values of strike prices at different times,
we need a complex variable chooser.

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
t1 time to choose between a call or put (years)
T2 time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution
q continuous dividend payments (%)

ln(S*�X ) � (r � q � 2� 2)T
����

�T	

ln(S*�X ) � (r � q � 2� 2)T
����

�T	

ln(S*�X ) � (r � q � 2� 2)T
����

�T	

ln(S*�X ) � (r � q � 2� 2)T
����

�T	
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Computation

OptionValue � Se�qT2� �

� Se�qT2� �

� Xe�rT2� � �T2	�

� Xe�rT2� � �t1	�
COMPLEX CHOOSER

The holder of the option has the right to choose between a call and a put
at different times (TC and TP) with different strike levels (XC and XP) of calls
and puts. Note that some of these equations cannot be readily solved using
Excel spreadsheets. Instead, due to the recursive methods used to solve cer-
tain bivariate distributions and critical values, the use of programming scripts
is required.

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
T time to expiration (years) for call (TC) and put (TP)
 volatility (%)
 cumulative standard-normal distribution
� cumulative bivariate-normal distribution
q continuous dividend payout (%)
I critical value solved recursively
Z intermediate variables (Z1 and Z2)

Computation

First, solve recursively for the critical I value as below

0 � Ie�q(TC�t)� �

� XCe�r(TC�t)� � �TC �	t	�ln(I �XC) � (r � q � 2� 2)(TC � t)
����

�TC �	t	

ln(I �XC) � (r � q � 2� 2)(TC � t)
����

�TC �	t	

�ln(S �X ) � (q � r)T2 � t12� 2
����

�t1	

ln(S �X ) � (r � q � 2� 2)T2
����

�T2	

�ln(S �X ) � (q � r)T2 � t12� 2
����

�t1	

ln(S �X ) � (r � q � 2� 2)T2
����

�T2	
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� Ie�q(TP�t)� �

� XPe�r(TP�t)� � �TP � t	�
Then using the I value, calculate

d1 � and d2 � d1 � �t	

y1 � and

y2 �

�1 � �t/ TC	 and �2 � �t / TP	

Option Value � Se�qTC�(d1; y1; �1) � XCe�rTC�(d2; y1 � �TC	; �1)

� Se�qTP�(�d1;�y2; �2) � XPe�rTP�(�d2;�y2 � �TP	; �2)

COMPOUND OPTIONS ON OPTIONS

The value of a compound option is based on the value of another option.
That is, the underlying variable for the compound option is another option.
Again, solving this model requires programming capabilities.

Definitions of Variables

S present value of future cash flows ($)
r risk-free rate (%)
 volatility (%)
 cumulative standard-normal distribution
q continuous dividend payout (%)
I critical value solved recursively
� cumulative bivariate-normal distribution
X1 strike for the underlying ($)
X2 strike for the option on the option ($)
t1 expiration date for the option on the option (years)
T2 expiration for the underlying option (years)

ln(S �XP) � (r � q � 2� 2)TP
����

�TP	

ln(S �XC) � (r � q � 2� 2)TC
����

�TC	

ln(S � I ) � (r � q � 2� 2)t
���

�t	

�ln(I �XP) � (q � r � 2� 2)(TP � t)
�����

�TP � t	

�ln(I �XP) � (q � r � 2� 2)(TP � t)
�����

�TP � t	
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Computation

First, solve for the critical value of I using

X2 � Ie�q(T2�t1)� �

� X1e�r(T2�t1)� �

Solve recursively for the value I above and then input it into

� ; �
; �t1 / T2	

ln(S � I ) � (r � q � 2� 2)t1
����

�t1	

ln(S �X1) � (r � q � 2� 2)T2
����

�T2	

ln(I �X1) � (r � q � 2� 2)(T2 � t1)
����

�(T2 �	t1)	

ln(I �X1) � (r � q � 2� 2)(T2 � t1)
����

�(T2 �	t1)	
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� X1e�rT2�� � �T2	; �
� �t1	; �t1 / T2	

� X2e�rt1� � �t1	�

EXCHANGE ASSET FOR ASSET OPTION

The exchange asset for an asset option is a good application in a mergers
and acquisition situation when a firm exchanges one stock for another firm’s
stock as a means of payment.

Definitions of Variables

S present value of future cash flows ($) for Asset 1 (S1) and Asset 2 (S2)
X implementation cost ($)
Q quantity of Asset 1 to be exchanged for quantity of Asset 2
r risk-free rate (%)
T time to expiration (years) for call (TC) and put (TP)
 volatility (%) of Asset 1 (1) and Asset 2 (2)
* portfolio volatility after accounting for the assets’ correlation �
 cumulative standard-normal distribution

ln(S � I ) � (r � q � 2� 2)t1
���

�t1	

ln(S � I ) � (r � q � 2� 2)t1
���

�t1	

ln(S �X1) � (r � q � 2� 2)T2
����

�T2	

Call on call � Se�qT2�



q1 continuous dividend payout (%) for Asset 1
q2 continuous dividend payout (%) for Asset 2

Computation

Option �

Q1S1e�q1T� �ln(Q1S1 �Q2S2) � (q2 � q1 � (2
1 � 2

2 � 2�12) �2)T
������

�T(2
1 �	 2

2 �	 2�1	2)	

Exotic Options Formulae 269

� Q2S2e�q2T� �
� �T(2

1 �	 2
2 �	 2�1	2)	

FIXED STRIKE LOOK-BACK OPTION

The strike price is fixed in advance, and at expiration, the call option pays
out the maximum of the difference between the highest observed price in the
option’s lifetime and the strike X, and 0, that is, Call � Max[SMAX � X, 0].
A put at expiration pays out the maximum of the difference between the
fixed strike X and the minimum price, and 0, that is, Put � Max[X � SMIN, 0].

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
T time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution
q continuous dividend payout (%)

Computation

Under the fixed strike look-back call option, when we have X � SMAX, the
call option is

Call � Se�qT� �

� Xe�rT� � �T	�ln(S �X ) � (r � q � 2� 2)T
����

�T	

ln(S �X ) � (r � q � 2� 2)T
����

�T	

ln(Q1S1 �Q2S2) � (q2 � q1 � (2
1 � 2

2 � 2�12) �2)T
������

�T(2
1 �	 2

2 �	 2�1	2)	



� Se�rT �� ��
�2



(r
2

�q)
�

 � �� �T	

� e(r�q)T� �
However, when X 	 SMAX the call option is

Call � e�rT(SMAX � X) � Se�qT� �

� SMAXe�rT� � �T	�

� Se�rT �� ��
�2



(r
2

�q)
�

 � �� �T	

� e(r�q)T� �

FLOATING STRIKE LOOK-BACK OPTIONS

Floating strike look-back options give the call holder the option to buy the
underlying security at the lowest observable price and the put holder the
option to sell at the highest observable price. That is, we have a Call �
Max (S � SMIN, 0) and Put � Max (SMAX � S, 0).

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
T time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution
q continuous dividend payout (%)

ln(S �SMAX) � (r � q � 2� 2)T
������������

�T	

2(r � q)
�



ln(S �SMAX) � (r � q � 2� 2)T
����

�T	
S

�
SMAX

2
�
2(r � q)

ln(S �SMAX) � (r � q � 2� 2)T
������������

�T	

ln(S �SMAX) � (r � q � 2� 2)T
������������

�T	

ln(S �X ) � (r � q � 2� 2)T
����

�T	

2(r � q)
�



ln(S �X ) � (r � q � 2� 2)T
����

�T	
S
�
X

2
�
2(r � q)

270 APPLICATION

�� ��
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(r
2

�q)
�


S
�
X

�� ��
�2



(r
2

�q)
�


S

�
SMAX



Computation

Call � Se�qT� �

� SMINe�rT� � �T	�

� Se�rT � ��
�2



(r
2

�q)
�

 � �� �T	

� e(r�q)T� �

Put � SMAXe�rT� � �T	�

� Se�qT� �

� Se�rT �� ��
�2



(r
2

�q)
�

 � �
� �

2(r


� q)
� �T	

� e(r�q)T� �

FORWARD START OPTIONS

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
t1 time when the forward start option begins (years)
T2 time to expiration of the forward start option (years)
 volatility (%)
 cumulative standard-normal distribution
q continuous dividend payout (%)

ln(S �SMAX) � (r � q � 2 �2)T
����

�T	

ln(S �SMAX) � (r � q � 2 �2)T
����

�T	S
�
SMAX

2
�
2(r � q)

�ln(S �SMAX) � (r � q � 2 �2)T
����

�T	

�ln(S �SMAX) � (r � q � 2 �2)T
����

�T	

�ln(S �SMIN) � (r � q � 2 �2)T
����

�T	

2(r � q)
�



�ln(S �SMIN) � (r � q � 2�2)T
����

�T	
S

�
SMIN

2
�
2(r � q)

ln(S �SMIN) � (r � q � 2�2)T
����

�T	

ln(S �SMIN) � (r � q � 2 �2)T
����

�T	
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(r
2

�q)
�


S

�
SMIN

�� ��
�2



(r
2

�q)
�


S

�
SMAX



Computation

Call � Se�qt1e�q(T2�t1)� �

� Se�qt1�e(�r)(T2�t1)� � �T2 � t	1	�

Put � Se�qt1�e(�r)(T2�t1)� ��T2 � t	1	�
� Se�qt1e�q(T2�t1)� �

where � is the multiplier constant.

Note: If the option starts at X percent out-of-the-money, � will be (1 � X ).
If it starts at-the-money, � will be 1.0, and (1 � X ) if in-the-money.

GENERALIZED BLACK-SCHOLES MODEL

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
T time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution
b carrying cost (%)
q continuous dividend payout (%)

Computation

Call � Se(b�r)T� �
�Xe�rT� �

Put � Xe�rT��� ��
� Se(b�r)T��� ��ln(S � X ) � (b � 2�2)T

���
�T	

ln(S � X ) � (b � 2�2)T
���

�T	

ln(S � X ) � (b � 2�2)T
���

�T	

ln(S � X ) � (b � 2 �2)T
���

�T	

�ln(1 ��) � (r � q � 2 �2)(T2 � t1)
�����

�T2 � t	1	

�ln(1 ��) � (r � q � 2 �2)(T2 � t1)
�����

�T2 � t	1	

ln(1 ��) � (r � q � 2 �2)(T2 � t1)
����

�T2 � t	1	

ln(1 ��) � (r � q � 2 �2)(T2 � t1)
����

�T2 � t	1	
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Notes:
b � 0 Futures options model
b � r � q Black-Scholes with dividend payment
b � r Simple Black-Scholes formula
b � r � r* Foreign currency options model

OPTIONS ON FUTURES

The underlying security is a forward or futures contract with initial price F.
Here, the value of F is the forward or futures contract’s initial price, replac-
ing S with F as well as calculating its present value.

Definitions of Variables

X implementation cost ($)
F futures single-point cash flows ($)
r risk-free rate (%)
T time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution
q continuous dividend payout (%)

Computation

Call � Fe�rT� � � Xe�rT� �

Put � Xe�rT��� �� � Fe�rT��� ��

SPREAD OPTION

The payoff on a spread option depends on the spread between the two
futures contracts less the implementation cost.

Definitions of Variables

X implementation cost ($)
r risk-free rate (%)
T time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution
F1 price for futures contract 1

ln(F�X ) � (2 �2)T
���

�T	
ln(F�X ) � (2 �2)T
���

�T	

ln(F�X ) � (2 �2)T
���

�T	
ln(F�X ) � (2 �2)T
���

�T	
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F2 price for futures contract 2
� correlation between the two futures contracts

Computation

First, calculate the portfolio volatility:

 � 
2
1 � ��2���

2
� 2��12��

Then, obtain the call and put option values:

� �
� � � �T	�
� � �T	�
�  � �

DISCRETE TIME SWITCH OPTIONS

The discrete time switch option holder will receive an amount equivalent
to A�t at maturity T for each time interval of �t where the corresponding
asset price Si�t has exceeded strike price X. The put option provides a sim-
ilar payoff every time Si�t is below the strike price.

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
T time to expiration (years)
 volatility (%)
 cumulative standard-normal distribution

�ln��F2

F
�
1

X
�� � (2 �2)T

���
�T	

F1
�
F2 � X

�ln��F2

F
�
1

X
�� � (2 �2)T

���
�T	

ln��F2

F
�
1

X
�� � (2 �2)T

���
�T	

ln��F2

F
�
1

X
�� � (2 �2)T

���
�T	

F1
�
F2 � X

F2
�
F2 � X

F2
�
F2 � X
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Call � (F2 � X) e�rT �
Put � (F2 � X) e�rT  �



b carrying cost (%), usually the risk-free rate less any continuous div-
idend payout rate

Computation

Call � Ae�rT�
n

i�1
� ��t

Put � Ae�rT�
n

i�1
� ��t

TWO-CORRELATED-ASSETS OPTION

The payoff on an option depends on whether the other correlated option
is in-the-money. This is the continuous counterpart to a correlated quadra-
nomial model.

Definitions of Variables

S present value of future cash flows ($)
X implementation cost ($)
r risk-free rate (%)
T time to expiration (years)
 volatility (%)
� cumulative bivariate-normal distribution function
� correlation (%) between the two assets
q1 continuous dividend payout for the first asset (%)
q2 continuous dividend payout for the second asset (%)

Computation

� 2�T	;

� �2�T	; �

;

; �
ln(S1 � X1) � (r � q1 � 2

1 �2)T
����

1�T	

ln(S2 � X2) � (r � q2 � 2
2 �2)T

����
2�T	

ln(S1 � X1) � (r � q1 � 2
1 �2)T

����
1�T	

ln(S2 � X2) � (r � q2 � 2
2 �2)T

����
2�T	

�ln(S � X) � (b � 2 �2)i�t
����

�i�t	

ln(S � X) � (b � 2 �2)i�t
���

�i�t	
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Call � S2e�q2T�

� X2e�rT�



;

; �

� 2�T	;

� �2�T	; �
�ln(S1 � X1) � (r � q1 � 2

1�2)T
����

1�T	

�ln(S2 � X2) � (r � q2 � 2
2 �2)T

����
2�T	

�ln(S1 � X1) � (r � q1 � 2
1�2)T

����
1�T	

�ln(S2 � X2) � (r � q2 � 2
2 �2)T

����
2�T	

276 APPLICATION

Put � X2e�rT�

� S2e�q2T�



Real Options Analysis Toolkit
Software (CD-ROM)

INTRODUCTION

Now that you are confident with the applicability of real options analy-
sis and its intricate mathematical constructs, it is time to move on and
use the real options modeling software on the enclosed CD-ROM. As

shown in the previous two chapters, applying real options is not an easy task.
The use of software-based models will allow the analyst to apply a consistent,
well-tested, and replicable set of models. It reduces computational errors and
allows the user to focus more on the process and problem at hand rather than
on building potentially complex and mathematically intractable models. A
complete list of the 69 Excel-based model functions that come with the Real
Options Analysis Toolkit software CD-ROM is included in Appendix 9A.

INTRODUCTION TO THE REAL OPTIONS
ANALYSIS TOOLKIT SOFTWARE CD-ROM

The enclosed CD-ROM has several demo software programs, including the
Real Options Analysis Toolkit software, Crystal Ball’s® Monte Carlo Simula-
tion software, as well as example student problems and solutions. Appendix
9A lists the Excel-based functions available on the Real Options Analysis
Toolkit software, while Appendix 9B provides a quick-start overview of using
Crystal Ball’s® Monte Carlo simulation package. The remainder of this chap-
ter is devoted to providing examples of short real options problems and their
solution using the enclosed Real Options Analysis Toolkit software. To install
the software, browse the content of the CD-ROM and open the relevant
Real Options Analysis Toolkit folder and run the setup.exe file.

After successfully installing the Real Options Analysis Toolkit software,
run the software by clicking on Start, selecting Crystal Ball and Real Options

CHAPTER 9
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Analysis Toolkit. Then select Toolkit (Demo). Make sure you select Enable
Macros when prompted. Leave the registration number field empty for a trial
version of the software and select OK to continue. You will see a screen simi-
lar to Figure 9.1, which lists the different real options models available for
use in the software. The models are aggregated into three distinct cate-
gories: Binomial Lattices with Closed-Form Models, Closed-Form Partial-
Differential Models, and Stochastic Differential Models. The first category
of models uses the binomial approach discussed in Chapters 6 and 7, in
concert with closed-form models discussed in Appendix 8C. These two
approaches are used together to confirm the analytical results. The second
category of models consists purely of closed-form models or binomial lat-
tice models performed in isolation. The last category of models focuses on
stochastic modeling techniques. The demo version only has some models
activated. The models with a yellow dot on the welcome screen have been
deactivated. Click on Purchase Full Version or e-mail JohnathanMun@cs.com
for further details on obtaining the fully functional version.

A simple example is now in order. Click on the Abandonment option
button from the Real Options Analysis Toolkit Main screen. The American
Abandonment Option will now appear, as seen in Figure 9.2. This modeling
screen is similar for most of the models in the software. That is, there is a
title bar, input parameters box, intermediate calculations box, results box,
Index and Help buttons, options payoff graphics, pricing and valuation lat-
tices, and a decision lattice. Take a moment to familiarize yourself with the
modeling environment in Figure 9.2. Notice that there is a Help button that
will provide the user more detailed information on the models currently 
in use.
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Let us revisit the Abandonment Option first introduced in Chapter 7’s
Figures 7.1 and 7.2. Recall that the example was a simple abandonment
option with a five-year life, a cash flow volatility of 30 percent, $150 million
in present value of future cash flows, 5 percent risk-free rate, no dividend
outflows, and a $100 million salvage value. Figure 9.2 shows the Input Para-
meters in the colored input boxes. The Intermediate Calculations box shows
the relevant calculations in the binomial context, representing the time-step
size (�t), up jump size (u), down jump size (d ), and risk-neutral probability
(p) calculations. Compare these results with Figure 7.1.

The analysis also provides a view into two lattices. The first is a pric-
ing lattice, where $150 can either have an up step jump or a down step jump,
proportional to u and d. The second lattice shows the option valuation lat-
tice. The value of the real option (NPV and options value) is calculated as
$156.64 million, similar to that calculated in Figure 7.2. The decision lat-
tice shows the individual decision nodes of the valuation lattice. That is, the
decision lattice shows when the project should be abandoned and when the
abandonment option should be kept open. Keeping an option open is some-
times more valuable than immediate execution as there is still time and hence
a chance that executing the option at a later stage is more beneficial. Notice
that there are two results in the Results box. The first comes from the sim-
ple five-step Binomial Lattice analysis. The second comes from the Super Lat-
tice analysis, that is, the exact result that would be obtained if the five-step
binomial lattice were extended to 1,000 steps. The user can define the num-
ber of steps (ranging from 5 to 5,000) using the drop-down box beside the
Super Lattice result. Notice that if five steps were chosen, the result would
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be identical to the binomial lattice approach. As seen in Chapter 6, the higher
the number of steps, the greater the granularity in the binomial lattice and
the more accurate the results. The user can perform a quick test by selecting
progressively greater steps and notice the results converging to a single num-
ber. Notice that if the full-version software is installed, the user can also
obtain the same results in his or her personal spreadsheet through the use of
functions in Excel. For instance, a user can input the following formula in Excel:1

�ROBinomialAmericanAbandon
(Salvage, Asset, Years, Riskfree, Volatility, Dividend, Steps)

Replace the labels in the function with the relevant input assumptions. That
is, if the following formula is entered into an Excel spreadsheet:

�ROBinomialAmericanAbandon(100,150,5,0.05,0.30,0,5)

the result will yield $156.6412. Conversely, if the following is entered:

�ROBinomialAmericanAbandon(100,150,5,0.05,0.30,0,1000)

the result will yield $157.0878, similar to the results shown using the 1,000-
step Super Lattice analysis. To close out of the Abandonment Option, click
on Main to return to the index of models. At the main index, click on
Contract-Exp-Abandon to launch the American Chooser Option, that is, the
option to contract, expand, or abandon at every time period up to and includ-
ing the maturity date.

Figure 9.3 illustrates a simple chooser option calculation, similar to the
problem introduced in Chapter 7’s Figures 7.7 and 7.8. Notice that in this
example, five steps were chosen for the Super Lattice analysis, which yields
a result identical to that obtained with the binomial approach. In this exam-
ple, two additional calculations are made as comparison benchmarks: the
closed-form approximation of an American Option and a Black-Scholes
model. Because there are no exact closed-form equations that exist for a
chooser option as illustrated here, these two models are used only as a bench-
mark for the ballpark results, useful as a sanity check of the results. Simi-
larly, the results can be obtained through a function in Excel:

�ROBinomialAmericanConExpAban(Salvage Value, Contraction Factor,
Contraction Savings, Expansion Factor, Asset Value, Expansion Cost,

Maturity in Years, Riskfree Rate, Volatility, Dividends, Number of Steps)

Replacing the labels with the relevant input parameter values such as

�ROBinomialAmericanConExpAban
(100, 0.90, 25, 1.30, 100, 20, 5, 0.05, 0.15, 0, 5)

will yield $119.0291.
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CREATING AND SOLVING A CUSTOMIZED OPTION
USING THE SOFTWARE

From the main index, select Custom Lattice to launch the customized options
analysis. Click on Step I: Reset Sheet to reset the spreadsheet before creating
a customized option model. This is important because any prior input param-
eters will be cleared from memory. Then, click on Step II: Enter Starting
Asset Value, and you will see the dialog box shown in Figure 9.4.

Click on OK, and enter a starting value for the pricing lattice, which is
essentially the present value of future cash flows. Type 100, and hit enter, as
seen in Figure 9.5.
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FIGURE 9.3 Chooser Option

FIGURE 9.4 Customized Real Options Dialog Box with Simple Statement



Then, click on Step III: Create Pricing Lattice, and you will be prompted
for more information as seen in the dialog box in Figure 9.6.

Enter the cell reference (e.g., D22) that contains the 100 value previously
entered. Enter the additional parameters requested, such as volatility in per-
cent, maturity in years, risk-free rate in percent, dividends in percent, and
the number of steps. The demo version will support up to 20 steps only, while
the fully functional version will support up to 250 steps. Click on Create, and
the pricing lattice is created, together with a summary of the input parame-
ters, as seen in Figure 9.7.
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FIGURE 9.5 Customized Options

FIGURE 9.6 Pricing Lattice Dialog Box



Then click on Step IV: Enter Terminal and Intermediate Formulae to
continue. A dialog box will provide further information. See Figure 9.8. The
next step is to enter the customized valuation lattice equations, first for the
terminal nodes and then for the intermediate nodes.

Figure 9.9 shows the next step. In cell P36, type in the terminal period
formula; for example, type in the following equation:

�MAX(P22 − 100,0)

where P22 refers to the corresponding node on the pricing lattice and 100
is the cost to execute this option. Then, in cell O36, enter in the intermedi-
ate formula; for example, type in the following equation:

�MAX((Prob*P36 � (1 − Prob)*P37)*Discount, O22 − 100)
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where Prob is the risk-neutral probability based on the previous inputs and
Discount is the discount factor, or the e�rf(�t) value. Replace the ‘Prob’ and
‘Discount’ with the relevant risk-neutral probability and discount factor
values.

Then click on Step V: Perform Lattice Valuation, and you will be prompted
with the dialog box shown in Figure 9.10.

Enter the number of steps corresponding to the number of steps
entered previously when generating the pricing lattice. Enter or select the
cell with the terminal equation (e.g., P36), and enter or select the cell with
the intermediate equation (e.g., O36), and click on Value! to create the val-
uation lattice, as seen in Figure 9.11. The value of this simple option is
$29.27.

Using the same approach, the user can create multiple and complex cus-
tom option types easily and effectively, by merely entering the correct ter-
minal and intermediate equations for each successive valuation lattice.
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ADVANCED REAL OPTIONS MODELS
IN THE SOFTWARE

The sample screen shots on the following pages illustrate some of the more
advanced models available on the CD-ROM, installed in the Real Options
Analysis Toolkit software. Figure 9.12 shows the module used in estimating
volatility using the logarithmic cash flow returns approach, as described in
Appendix 9A.

Figure 9.13 shows the American closed-form approximation model for
a long-term call option with multiple dividends, paid at a single percent con-
tinuous dividend payout rate. This is the closed-form counterpart of using
binomial or Super Lattices in estimating the value of American options, which
are exercisable at any time up to the time of maturity. The model also comes
with a set of upside and downside sensitivities. That is, holding all the vari-
ables constant and changing each variable by the percentage sensitivity level,
the difference in the option value is shown.

Figure 9.14 shows the double barrier European option, which provides
four different models: Up and In & Down and In Call (when the asset level
rises above the upper barrier or drops below the lower barrier, the call option
kicks in and comes into-the-money); Up and In & Down and In Put (when
the asset level rises above the upper barrier or drops below the lower barrier,
the put option kicks in and comes into-the-money); Up and Out & Down and
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Out Call (when the asset level rises above the upper barrier or drops below
the lower barrier, the call option comes out-of-the-money and is worthless);
Up and Out & Down and Out Put (when the asset level rises above the upper
barrier or drops below the lower barrier, the put option comes out-of-the-
money and is worthless).

Figure 9.15 shows a stochastic calculator, which uses marginal revenues,
marginal operating costs, and marginal capital expenditures to calculate if
and when an investment should be optimally executed. It takes into account
the projected time when the project can be reasonably implemented and the
potential value of implementing it at a later time. With later implementation,
the marginal implementation capital expenditures can be defrayed, and by
virtue of time value of money, a delay in implementation promulgates itself
as a reduction in cost, making the project more profitable. However, by delay-
ing implementation, the firm also loses out on the potential marginal revenues
and growth in asset value that can be generated if the project were imple-
mented on schedule. This balancing procedure is calculated here, resulting in
a recommended time to execution and optimal trigger values whereby if the
investment cash flow stream exceeds this trigger value, the investment becomes
optimal and should begin immediately.

The stochastic prioritizer in Figure 9.16 allows the user to input five dif-
ferent alternative investment opportunities, calculates the resulting strategic
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optionality value, and prioritizes the alternatives from the most attractive
to the least attractive. A net present value analysis is also included, as are the
returns index and volatility index. First, enter the assumptions in the high-
lighted boxed region. The underlying asset value is the net present value of
a time series of free cash flows. These free cash flows are the projected rev-
enues less projected direct and indirect costs (cost of goods sold, operating
expenses, depreciation, and taxes) with an add-back in depreciation expenses,
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capital expenditures, changes in net working capital, and so forth, after taxes.
The capital expenditures input is simply the total capital expenditures needed
to implement this strategy. Timing is simply when you intend to start this
project in the future. Standard deviation is the volatility of the underlying.
The risk-free rate is the rate of return on a risk-free asset for the time hori-
zon of the investment.

The strategic option value provides the intrinsic value above what is nor-
mally tabulated under a net present value regime. Even when the project on
the outset seems cashless and has a negative net present value, there may still
be some intrinsic strategic value to implementing the project. This strategic
intrinsic value comes from the ability to delay the project’s start date, thereby
waiting for new information and allowing uncertainties to be uncovered as
well as being able to defray the initial investment cost. By virtue of time val-
uation of money, this equates to a cost reduction, making the project more
profitable. However, by delaying, you are forgoing potential revenues until
the project is undertaken.

The returns index is simply the ratio of projected free cash flows dis-
counted at the hurdle rate, to the capital expenditures discounted at a risk-
free rate over time. The volatility index is a time-adjusted volatility measure,
and the net present value is the traditional application of a discounted cash
flow analysis with two separate discount rates over time. The returns index
should be used in tandem with the volatility index. A returns index greater
than one implies a profitable project. A returns index of less than one implies
an unprofitable project. However, even a static unprofitable project with a
ratio less than one can still become optimal if the volatility index is sufficiently
high. Given time, due to the higher volatility and with fixed capital expen-
ditures, the uncertain flow of revenues could be high enough to make the
project justifiable and acceptable due to the occurrence of some uncertain
series of events.

The stochastic valuation model shown in Figure 9.17 assumes an option
with an infinite life starting at a future time t. The model uses a partial-
differential model in estimating the optimal trigger value of an option and
the optimal execution time of an option given the relevant parameters.

The American 4-D multiple-sequential-compound option model shown
in Figure 9.18 is exercisable any time up to its expiration as measured in years.
The option value depends on the successful execution of another option in
sequence. That is, the second option is interacting sequentially when the first
option depends on the underlying asset, and the second option’s values depend
on the value of the first option as its underlying, and so forth, up to as many
as 10 optional phases. Notice that the length of time of the second option is
shorter than that of the first option, that of the third will be shorter than
that of the second, and so forth. Otherwise this model would become a simul-
taneous compound option. Volatility is calculated based on the base case’s
underlying cash flow series (the natural logarithm of cash flow returns). 
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PV of asset value is the present value of future net cash flows of the base case,
not including the implementation costs of the option. Risk-free rate is the rate
of return on a risk-free asset with maturity similar to that of the underlying
option. Dividend rate is the single continuous percent cash opportunity out-
flow of holding on to the option and not executing. First cost is the imple-
mentation cost of the first option, and Second cost is the implementation 
of the second option, and so forth, until the 10th phase. The Real Options
Analysis Toolkit software was created by the author based on the materials
of this book and his upcoming book, which focuses purely on real options
business problems and their step-by-step resolution. In this follow-up book,
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the problems are solved both analytically and using the accompanying real
options software. The methodologies employed include stochastic forecasting,
discounted cash flow analysis, Monte Carlo simulation, stochastic optimiza-
tion, and real options analysis (using binomial lattices, risk-neutral proba-
bility, market-replicating approach, state-pricing, trinomials, and closed-form
models).

SUMMARY

Having modeling software that performs real options is invaluable to a firm
when evaluating projects and strategies. It frees analysts from having to cre-
ate sophisticated models or keep a complex array of linked spreadsheets, and
allows them instead to focus on framing the problem. This is most certainly
true in complex problems that require complicated options mathematics that
cannot be easily created in a spreadsheet environment. A software package
with built-in modeling flexibility can allow a user to replicate results with ease
through a repeatable, consistent, and reliable process.

CHAPTER 9 EXERCISES

1. Open the Real Options Analysis Toolkit software and rerun the expan-
sion option example in Chapter 7.

2. Open the Real Options Analysis Toolkit software and rerun the aban-
donment option example in Chapter 7.

3. Open the Real Options Analysis Toolkit software and rerun the contrac-
tion option example in Chapter 7.

4. Open the Real Options Analysis Toolkit software and rerun the chooser
option example in Chapter 7.

5. Re-create the expansion option example using the Custom Lattice mod-
ule in the Real Options Analysis Toolkit software.
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Real Options Analysis Toolkit’s
Function Description for Excel

These functions are available for use in the full version of the Real Options
Analysis Toolkit software. Once the full version is installed, simply click on
Start, select Programs, then Crystal Ball and Real Options Analysis Toolkit.
Next, select Functions. The software will be loaded into Excel, and the fol-
lowing models are directly accessible through Excel by typing them directly
in a spreadsheet or by clicking on the Equation Wizard and selecting the
Financial/All categories. Scroll down to the RO section for a listing of all
the models.

1. American 3D Binomial Two Asset Call Option with Dual Strike Prices

This is a European option exercisable at termination, where the value
of the option depends on two correlated assets with different implemen-
tation strike costs, calculated using a combination of multiple binomial
lattices.
Function: RO3DBinomialAmericanCallDualStrike(1st Asset, 2nd
Asset, 1st Quantity, 2nd Quantity, 1st Cost, 2nd Cost, Maturity Time,
Riskfree, 1st Carrying Cost, 2nd Carrying Cost, 1st Volatility, 2nd
Volatility, Correlation, Steps)

2. American 3D Binomial Two Asset Call Option on the Maximum

This is a European option exercisable at termination, where the value
of the option depends on the maximum of two correlated underlying
assets’ values, calculated using a combination of multiple binomial lat-
tices.
Function: RO3DBinomialAmericanCallMax(1st Asset, 2nd Asset, 1st
Quantity, 2nd Quantity, 1st Cost, 2nd Cost, Maturity Time, Riskfree,
1st Carrying Cost, 2nd Carrying Cost, 1st Volatility, 2nd Volatility,
Correlation, Steps)
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3. American 3D Binomial Two Asset Call Option on the Minimum

This is a European option exercisable at termination, where the value of
the option depends on the minimum of two correlated underlying assets’
values, calculated using a combination of multiple binomial lattices.
Function: RO3DBinomialAmericanCallMin(1st Asset, 2nd Asset, 1st
Quantity, 2nd Quantity, 1st Cost, 2nd Cost, Maturity Time, Riskfree,
1st Carrying Cost, 2nd Carrying Cost, 1st Volatility, 2nd Volatility,
Correlation, Steps)

4. American 3D Binomial Two Asset Portfolio Call Option

This is a European option exercisable at termination, where the value of
the option depends on the portfolio effect of two correlated underlying
assets’ values, calculated using a combination of multiple binomial lattices.
Function: RO3DBinomialAmericanCallPortfolio(1st Asset, 2nd Asset,
1st Quantity, 2nd Quantity, 1st Cost, 2nd Cost, Maturity Time,
Riskfree, 1st Carrying Cost, 2nd Carrying Cost, 1st Volatility, 2nd
Volatility, Correlation, Steps)

5. American Call Option Approximation with a Single Dividend Payment

This American call option is based on a closed-form approximation of
a call that can be exercised at any time up to and including its expiration
date, and has a single lump sum dividend payment in the future prior to
expiration.
Function: ROAmericanDividendCall(Asset, Cost, Dividend Time,
Expiration Time, Riskfree, Volatility, Dividend)

6. American Long-Term Call Option Approximation with a Dividend Stream

This American call option is based on a closed-form approximation of
a call, with a constant percent dividend stream and can be exercised at
any time up to and including its expiration date.
Function: ROAmericanLongTermCall(Asset, Cost, Time, Riskfree,
Carry, Volatility)

7. American Long-Term Put Option Approximation with a Dividend Stream

This American put option is based on a closed-form approximation of
a put, with a constant percent dividend stream and can be exercised at
any time up to and including its expiration date.
Function: ROAmericanLongTermPut(Asset, Cost, Time, Riskfree,
Carry, Volatility)

8. Single Barrier Option: Down and In Call

This European single lower barrier call option is exercisable only at
expiration. This call option becomes activated only when the asset value
breaches a lower barrier.
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Function: ROBarrierCallDownIn(Asset, Cost, Barrier, Cash Rebate,
Time, Riskfree, Carrying Cost, Volatility)

9. Single Barrier Option: Down and Out Call

This European single lower barrier call option is exercisable only at expi-
ration. This call option becomes activated only when the asset value does
not breach a lower barrier.
Function: ROBarrierCallDownOut(Asset, Cost, Barrier, Cash Rebate,
Time, Riskfree, Carrying Cost, Volatility)

10. Single Barrier Option: Up and In Call

This European single upper barrier call option is exercisable only at
expiration. This call option becomes activated only when the asset value
breaches an upper barrier.
Function: ROBarrierCallUpIn(Asset, Cost, Barrier, Cash Rebate, Time,
Riskfree, Carrying Cost, Volatility)

11. Single Barrier Option: Up and Out Call

This European single upper barrier call option is exercisable only at expi-
ration. This call option becomes activated only when the asset value does
not breach an upper barrier.
Function: ROBarrierCallUpOut(Asset, Cost, Barrier, Cash Rebate,
Time, Riskfree, Carrying Cost, Volatility)

12. Single Barrier Option: Down and In Put

This European single lower barrier put option is exercisable only at
expiration. This put option becomes activated only when the asset value
breaches a lower barrier.
Function: ROBarrierPutDownIn(Asset, Cost, Barrier, Cash Rebate,
Time, Riskfree, Carrying Cost, Volatility)

13. Single Barrier Option: Down and Out Put

This European single lower barrier put option is exercisable only at expi-
ration. This put option becomes activated only when the asset value does
not breach a lower barrier.
Function: ROBarrierPutDownOut(Asset, Cost, Barrier, Cash Rebate,
Time, Riskfree, Carrying Cost, Volatility)

14. Single Barrier Option: Up and In Put

This European single upper barrier put option is exercisable only at expi-
ration. The value of this put option comes in-the-money only when the
asset value breaches an upper barrier.
Function: ROBarrierPutUpIn(Asset, Cost, Barrier, Cash Rebate, Time,
Riskfree, Carrying Cost, Volatility)
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15. Single Barrier Option: Up and Out Put

This European single upper barrier put option is exercisable only at
expiration. This put option becomes activated only when the asset value
does not breach an upper barrier.
Function: ROBarrierPutUpOut(Asset, Cost, Barrier, Cash Rebate,
Time, Riskfree, Carrying Cost, Volatility)

16. Basic Chooser Option

This option gives the holder the right to choose between a call or put.
Both calls and puts are constrained by the same expiration date and
strike price. Either option may be exercised prior to the expiration date.
Function: ROBasicChooser(Asset, Cost, Chooser Time 1, Maturity
Time 2, Riskfree, Carrying Cost, Volatility)

17. American Call Option Using the Binomial (Super Lattice) Approach

This American option gives the holder the right to execute its existing
operations, at any time within a particular period.
Function: ROBinomialAmerican(Asset, Cost, Time, Riskfree, Volatility,
Dividend, Steps)

18. American Abandonment Option Using the Binomial (Super Lattice)
Approach

This American option gives the holder the right to abandon existing
operations at any time within a particular period and receive the sal-
vage value.
Function: ROBinomialAmericanAbandon(Salvage, Asset, Time,
Riskfree, Volatility, Dividend, Steps)

19. American Call Option Using the Binomial (Super Lattice) Approach

This American call option gives the holder the right to execute a proj-
ect at any time within a particular period at a set implementation cost,
calculated using the Binomial approach with consideration for dividend
payments.
Function: ROBinomialAmericanCall(Asset, Cost, Time, Riskfree,
Volatility, Dividend, Steps)

20. American Contraction and Abandonment Option Using the Binomial
Approach

This American option gives the holder the right to either contract its
existing operations by a contraction factor in order to create some sav-
ings, or abandon entirely its existing operations at any time within a par-
ticular period and receive the salvage value.
Function: ROBinomialAmericanConAban(Salvage, Contraction,
Savings, Asset, Time, Riskfree, Volatility, Dividend, Steps)
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21. American Contraction and Expansion Option Using the Binomial
(Super Lattice) Approach

This American option gives the holder the right to either contract its
existing operations by a contraction factor in order to create some savings
in a market downturn, or expand its existing operations at an expansion
factor at any time within a particular period by spending an appropri-
ate implementation cost in a market upturn.
Function: ROBinomialAmericanConExp(Contraction, Savings,
Expansion, Asset, Cost, Time, Riskfree, Volatility, Dividend, Steps)

22. American Contraction, Expansion, and Abandonment Option Using the
Binomial (Super Lattice) Approach

This American option gives the holder the right to choose among con-
tracting its existing operations by a contraction factor in order to create
some savings, or expanding its existing operations at an expansion fac-
tor by spending an appropriate implementation cost, or abandoning its
operations entirely and receiving a salvage value, at any time within a
particular period.
Function: ROBinomialAmericanConExpAban(Salvage, Contraction,
Savings, Expansion, Asset, Cost, Time, Riskfree, Volatility, Dividend, Steps)

23. American Contraction Option Using the Binomial (Super Lattice)
Approach

This American option gives the holder the right to contract its existing
operations by a contraction factor in order to create some savings, at
any time within a particular period.
Function: ROBinomialAmericanContract(Contraction, Asset, Savings,
Time, Riskfree, Volatility, Dividend, Steps)

24. American Expansion and Abandonment Option Using the Binomial
(Super Lattice) Approach

This American option gives the holder the right to choose between
expanding its existing operations at an expansion factor by spending an
appropriate implementation cost, or abandoning its operations entirely
and receiving a salvage value, at any time within a particular period.
Function: ROBinomialAmericanExpAban(Salvage, Expansion, Asset,
Cost, Time, Riskfree, Volatility, Dividend, Steps)

25. American Expansion Option Using the Binomial (Super Lattice) Approach

This American option gives the holder the right to expand its existing
operations at an expansion factor by spending an appropriate imple-
mentation cost, at any time within a particular period.
Function: ROBinomialAmericanExpansion(Expansion, Asset, Cost,
Time, Riskfree, Volatility, Dividend, Steps)
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26. American Put Option Using the Binomial (Super Lattice) Approach

This American put option approximation with dividends is exercisable
at any time within a particular period, calculated using the Binomial
approach, with consideration for dividend payments.
Function: ROBinomialAmericanPut(Asset, Cost, Time, Riskfree,
Volatility, Dividend, Steps)

27. American Sequential Compound Option Using the Binomial (Super
Lattice) Approach

This American option is the value of two option phases occurring in
sequence, and is exercisable at any time within a particular period, where
the execution of the second option depends on the successful imple-
mentation of the first option.
Function: ROBinomialAmericanSeqCompound(Asset, Underlying 1st
Cost, Option 2nd Cost, Underlying 1st Time, Option 2nd Time,
Riskfree, Volatility, Dividend, Steps)

28. American Simultaneous Compound Option Using the Binomial (Super
Lattice) Approach

This American option is the value of two option phases occurring simul-
taneously, and is exercisable at any time within a particular period, where
the execution of the second option depends on the successful implemen-
tation of the first option.
Function: ROBinomialAmericanSimCompound(Asset, Underlying Cost1,
Option Cost2, Maturity Time, Riskfree, Volatility, Dividend, Steps)

29. Changing Cost Option Using the Binomial (Super Lattice) Approach

This is the value of an American option with different implementation
costs at different times, where the option is executable at any time up
to maturity.
Function: ROBinomialCost(Asset, Cost1, Cost2, Cost3, Cost4, Cost5,
Time1, Time2, Time3, Time4, Time5, Volatility, Riskfree, Dividend, Steps)

30. Binomial Lattice Down Jump-Step Size

This is the calculation used in obtaining the down jump-step size on a
binomial lattice.
Function: ROBinomialDown(Volatility, Time, Steps)

31. European Call Option Using the Binomial (Super Lattice) Approach

This is the European call calculation performed using a binomial ap-
proach, and is exercisable only at termination.
Function: ROBinomialEuropeanCall(Asset, Cost, Time, Riskfree,
Volatility, Dividend, Steps)
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32. European Put Option Using the Binomial (Super Lattice) Approach

This is the European put calculation performed using a binomial ap-
proach, and is exercisable only at termination.
Function: ROBinomialEuropeanPut(Asset, Cost, Time, Riskfree,
Volatility, Dividend, Steps)

33. Binomial Lattice Risk-Neutral Probability

This is the calculation used in obtaining the risk-neutral probability on
a binomial lattice.
Function: ROBinomialProb(Volatility, Time, Steps, Riskfree, Dividend)

34. Binomial Lattice Up Jump-Step Size

This is the calculation used in obtaining the up jump-step size on a bino-
mial lattice.
Function: ROBinomialUp(Volatility, Time, Steps)

35. Black-Scholes Call Option with No Dividends

This is the European call calculated using the Black-Scholes model, with
no dividend payments, and is exercisable only at expiration.
Function: ROBlackScholesCall(Asset, Cost, Time, Riskfree, Volatility)

36. Black-Scholes Call Option with a Carrying Cost

This is the European call calculated using the Generalized Black-Scholes
model, with a carrying cost adjustment, and is exercisable only at expi-
ration. The carrying cost adjustment is simply the difference between the
risk-free rate and the dividend payments, both in percent.
Function: ROBlackScholesCarryingCall(Asset, Cost, Time, Riskfree,
Volatility, Carrycost)

37. Black-Scholes Put Option with a Carrying Cost

This is the European put calculated using the Generalized Black-Scholes
model, with a carrying cost adjustment, and is exercisable only at expi-
ration. The carrying cost adjustment is simply the difference between the
risk-free rate and the dividend payments, both in percent.
Function: ROBlackScholesCarryingPut(Asset, Cost, Time, Riskfree,
Volatility, Carrycost)

38. Black-Scholes Call Option with Dividends

This is the European call calculated using the Generalized Black-Scholes
model, with a dividend stream in percent, and is exercisable only at
expiration.
Function: ROBlackScholesDividendCall(Asset, Cost, Time, Riskfree,
Volatility, Dividend)
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39. Black-Scholes Put Option with Dividends

This is the European put calculated using the Generalized Black-Scholes
model, with a dividend stream in percent, and exercisable only at expi-
ration.
Function: ROBlackScholesDividendPut(Asset, Cost, Time, Riskfree,
Volatility, Dividend)

40. Black-Scholes Put Option with No Dividends

This is the European put calculated using the Black-Scholes model, with
no dividend payments, and is exercisable only at expiration.
Function: ROBlackScholesPut(Asset, Cost, Time, Riskfree, Volatility)

41. Complex Chooser Option

This is the European complex chooser option exercisable only at expi-
ration. This option gives the option holder the right to choose between
a call or put at different times with different strike prices. The same
expiration date applies to both puts and calls.
Function: ROComplexChooser(Asset, Call Cost, Put Cost, Chooser
Time, Call End Time, Put End Time, Riskfree, Carrying Cost, Volatility)

42. Compound Call-on-Call Option

This is the European Compound option exercisable only at expiration,
where the value of the option depends on another underlying option.
This is the continuous counterpart of the Binomial Sequential Compound
Option.
Function: ROCompoundCallonCall(Asset, Underlying Cost 1, Option
Cost 2, Option Time 1, Underlying Time 2, Riskfree, Carry, Volatility)

43. Compound Put-on-Call Option

This is the European Compound option exercisable only at expiration,
where the value of the option depends on another underlying option.
This is the continuous counterpart of the Binomial Sequential Compound
Option.
Function: ROCompoundPutonCall(Asset, Underlying Cost 1, Option
Cost 2, Option Time 1, Underlying Time 2, Riskfree, Carry, Volatility)

44. Simple Sequential Compound Option Using the Binomial (Super Lat-
tice) Approach

This is the American Compound option exercisable at any time up to
expiration, where the value of the option depends on a series of up to
10 other options, occurring in sequence. Each option phase has its own
implementation cost occurring at different times.
Function: ROCorrSeqCompound(Asset, Cost1...Cost11, Time1…
Time11, Riskfree, Volatility, Dividends, Steps)
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45. Customized Complex Sequential Compound Option Using the Bino-
mial (Super Lattice) Approach

This is the Customized American sequential phased compound option
exercisable at any time up to expiration, where the value of the option
depends on a series of up to four other phases, occurring in sequence.
Each option phase has its own asset value, volatility, implementation cost,
and different implementation times. In addition, at any phase, there is
an option to execute the expanded phase, abandon, or contract. Please
note that this function is not available in the Equation Wizard due to
limitations in Excel but is available by directly entering into Excel the
function and its associated values.
Function: ROCustomLattice(Asset, Cost1…Cost4, Time1…
Time4, Riskfree, Volatility, Dividends, Steps, ExpansionPhase1,
ExpansionPhase2, ExpansionPhase3, ExpansionPhase4,
AbandonvaluePhase1, AbandonvaluePhase2, AbandonvaluePhase3,
AbandonvaluePhase4, ContractionPhase1, ContractionPhase2,
ContractionPhase3, ContractionPhase4, SavingsPhase1, SavingsPhase2,
SavingsPhase3, SavingsPhase4)

46. Double Barrier Option: Up-and-In, Down-and-In Call Option

This is the European double barrier call option that becomes activated
and in-the-money when the asset value crosses above the upper barrier
or below the lower barrier, and is exercisable only at expiration.
Function: RODoubleBarrierUIDICall(Asset, Cost, Lower Barrier,
Upper Barrier, Time, Riskfree, Carrying Cost, Volatility)

47. Double Barrier Option: Up-and-In, Down-and-In Put Option

This is the European double barrier put option that becomes activated
and in-the-money when the asset value crosses above the upper barrier
or below the lower barrier, and is exercisable only at expiration.
Function: RODoubleBarrierUIDIPut(Asset, Cost, Lower Barrier, Upper
Barrier, Time, Riskfree, Carrying Cost, Volatility)

48. Double Barrier Option: Up-and-Out, Down-and-Out Call Option

This is the European double barrier call option that becomes in-the-money
and activated when the asset value does not breach the upper barrier or
cross below the lower barrier, and is exercisable only at expiration.
Function: RODoubleBarrierUODOCall(Asset, Cost, Lower Barrier,
Upper Barrier, Time, Riskfree, Carrying Cost, Volatility)

49. Double Barrier Option: Up-and-Out, Down-and-Out Put Option

This is the European double barrier put option that becomes in-the-money
and activated when the asset value does not breach the upper barrier or
cross below the lower barrier, and is exercisable only at expiration.
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Function: RODoubleBarrierUODOPut(Asset, Cost, Lower Barrier,
Upper Barrier, Time, Riskfree, Carrying Cost, Volatility)

50. Forward Start Call Option

This is the European call option that starts only sometime in the future,
and is exercisable only at expiration.
Function: ROForwardStartCall(Asset, Alpha, T1, Time, Riskfree,
Carrying Cost, Volatility)

51. Forward Start Put Option

This is the European put option that starts only sometime in the future,
and is exercisable only at expiration.
Function: ROForwardStartPut(Asset, Alpha, T1, Time, Riskfree,
Carrying Cost, Volatility)

52. Futures Call Option

This is the European call option that depends on an underlying asset that
resembles a futures contract, and is exercisable only at expiration.
Function: ROFuturesCall(Futures, Cost, Time, Riskfree, Volatility)

53. Futures Put Option

This is the European put option that depends on an underlying asset
that resembles a futures contract, and is exercisable only at expiration.
Function: ROFuturesPut(Futures, Cost, Time, Riskfree, Volatility)

54. Standard-Normal Cumulative Distribution

This is the standard-normal cumulative distribution of a Z-value, based
on a normal distribution with a mean of zero and variance of one.
Function: ROPhiDist(Z)

55. Multiple Volatility Option Analysis

This is the American option applying different volatilities at different
times.
Function: ROMultiVolatility � oRo.ROMultiVolatility(Asset, Cost,
Time, Riskfree, Volatility, Dividends, Steps, Volatility2, TimeStep2,
Volatility3, TimeStep3, Volatility4, TimeStep4, Volatility5, TimeStep5)

56. Standard Bivariate-Normal Cumulative Distribution

This is the standard Bivariate-Normal cumulative distribution of two
correlated variables.
Function: ROOmegaDist(Variable 1, Variable 2, Correlation)

57. Stochastic Option Flexibility Parameter

This is the Flexibility Parameter calculated using stochastic methodolo-
gies, where the optimal exercise price is obtained by multiplying this
parameter by the option’s implementation cost.
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Function: ROStochasticFlexibility(InterestRate, OpportunityCost,
Volatility)

58. Stochastic Option Value

This is the stochastic valuation of an option based on its asset value,
implementation cost, volatility, interest rate, and opportunity cost.
Function: ROStochasticOptionValue (InterestRate, OpportunityCost,
Volatility, ImplementationCost, AssetValue)

59. Switching Option

This is the European switching option valuing two exchangeable assets,
each with its own risk structure or volatility, but that at the same time
may be correlated to each other. There is a cost associated with switch-
ing, which is the cost multipler multiplied by the value of the first asset.
Function: ROSwitching(Asset1, Asset2, Volatility1, Volatility2,
Correlation, CostMultiplier, Time, Riskfree)

60. Stochastic Timing Option—Option Value

This is the value of the timing option assuming the execution of the
option falls exactly on the optimal time to execute.
Function: ROTimingOption(Revenue, OperatingExpenses,
ImplementationCost, Time, GrowthRate, DiscountRate)

61. Stochastic Timing Option—Optimal Timing

This model provides the optimal time to executing an option given a
growth rate in the asset value and a discount rate.
Function: ROTimingTime(Revenue, OperatingExpenses,
ImplementationCost, GrowthRate, DiscountRate)

62. Stochastic Timing Option—Trigger Value

This is the optimal trigger value on a timing option, where if the net
value of the asset exceeds this trigger, it is optimal to exercise the option
immediately.
Function: ROTimingTrigger(ImplementationCost, GrowthRate,
DiscountRate)

63. Two Asset Correlation Call Option

This is the European call option exercisable only at expiration, where the
value of the option depends on two correlated underlying assets.
Function: ROTwoAssetCorrelationCall(Asset1, Asset2, Cost1, Cost2,
Time, Dividend1, Dividend2, Riskfree, Vol1, Vol2, Correlation)

64. Two Asset Correlation Put Option

This is the European put option exercisable only at expiration, where
the value of the option depends on two correlated underlying assets.
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Function: ROTwoAssetCorrelationPut(Asset1, Asset2, Cost1, Cost2,
Time, Dividend1, Dividend2, Riskfree, Vol1, Vol2, Correlation)

65. Call Sensitivity on Asset

This is the instantaneous sensitivity on asset value—that is, the change
in option value given a unit change in asset value.
Function: ROSensitivityAsset(Asset, Cost, Time, Riskfree, Dividend,
Volatility)

66. Call Sensitivity on Cost

This is the instantaneous sensitivity on cost—that is, the change in option
value given a unit change in cost.
Function: ROSensitivityCost(Asset, Cost, Time, Riskfree, Dividend,
Volatility)

67. Call Sensitivity on Risk-Free

This is the instantaneous sensitivity on risk-free rate—that is, the change
in option value given a unit change in risk-free rate.
Function: ROSensitivityRiskfree(Asset, Cost, Time, Riskfree, Dividend,
Volatility)

68. Call Sensitivity on Time

This is the instantaneous sensitivity on time—that is, the change in
option value given a unit change in time.
Function: ROSensitivityTime(Asset, Cost, Time, Riskfree, Dividend,
Volatility)

69. Call Sensitivity on Volatility

This is the instantaneous sensitivity on volatility—that is, the change in
option value given a unit change in volatility.
Function: ROSensitivityVolatility(Asset, Cost, Time, Riskfree,
Dividend, Volatility)
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Getting Started with Crystal Ball®

Monte Carlo Simulation

This appendix serves as a guide to getting started with Crystal Ball’s® Monte
Carlo simulation software provided in the enclosed CD-ROM. To begin
using your sample simulation software, run the setup.exe file in the Crystal
Ball® simulation folder in the CD-ROM. Follow the online instructions. Once
installation is complete, restart the computer and open Excel. The Crystal
Ball® splash screen should appear momentarily, and the icon bar in Figure
9B.1 should appear in Microsoft Excel®.

To get started and to run a simple simulation, we are only concerned with
three functions: Assign Assumption, Assign Forecast, and Run Simulation.
Every Monte Carlo simulation analysis requires a minimum of these three
sets of commands. If the toolbar does not appear, click on Tools and select
Add-Ins. Then make sure the check-box beside Crystal Ball ® is selected, and
hit OK. Assigning an assumption means selecting a cell in Excel populated
with a simple numerical entry and assigning a relevant distribution to it.
Assigning a forecast means to select a cell with a numerical equation and
requesting Crystal Ball® to capture its output results. Running a simulation
means the program initiates a Monte Carlo simulation of several thousand
trials, randomly selecting numbers from the assigned distribution and in-
putting these random numbers into the selected assumption cell. The result-
ing calculations in the forecast cell are then captured in the software.

APPENDIX 9B

Assign Assumption 
Assign Forecast  

Run Simulation 

FIGURE 9B.1 Icon Bar on Crystal Ball®
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A simple example is in order here. Open the file Simulation from the
Examples folder in the Real Options Analysis Toolkit menu item in the Crys-
tal Ball folder from the Start taskbar. The Excel file looks like Figure 9B.2.

The Excel file opened is a simple discounted cash flow model that pro-
vides a single-point estimate of net present value. Suppose that the user wishes
to simulate the discount rate on cash flow and each of the revenue estimates,
as they have been previously determined to be stochastic and uncertain. In
order to simulate the model, select cell D9 for the discount rate. Click on the
Assign Assumption icon, and the assumption dialog appears, as shown in
Figure 9B.3. 

A set of different distributions appears in the Distribution Gallery. For
help in choosing the correct distribution, click on Help, visit the online Tuto-
rial included in the software, or revisit Appendix 5B for a detailed listing
of different distributional assumptions. For illustration, choose the Normal
Distribution. The dialog box in Figure 9B.4 appears.

Here, the user can input the appropriate distributional parameters—in
this case, the mean and standard deviation of the normal distribution. Sup-
pose the user does not know the relevant distributional parameters. If that is
the case, a distributional fitting function can be executed. This Fit function
is located on the distribution gallery shown in Figure 9B.3. Otherwise, enter
15 percent as the mean and 5.17 percent as the standard deviation. In addi-
tion, the user can click on the Parms button to obtain the alternate param-
eters input box. See Figure 9B.5. Select 5%, 95% - tile.

FIGURE 9B.2 Sample Simulation DCF without Colors
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FIGURE 9B.3 Distribution Gallery

FIGURE 9B.4 Discount Rate Using Mean and Standard Deviation
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This function calls up alternate parameters for input. See Figure 9B.6.
In this case, the 5th percentile and the 95th percentile are the required

inputs. Management can then decide what the range of actual discount rates
should fall between 90 percent of the time. In our example, the 90 percent
confidence interval is between 6.5% and 23.5%. Hit OK to continue.

Next, select cell D18 for year 2002’s revenue value and click on the
Assign Distribution icon. This time, select Uniform Distribution in the Dis-
tribution Gallery. Enter 90 for the minimum and 110 for the maximum, and
click on OK to continue. This implies that the revenue in year 2002 can

FIGURE 9B.5 Parameter Drop-Down Box

FIGURE 9B.6 Discount Rate Using 5 Percent and 95 Percent



fluctuate randomly between $90 and $110 with equal probability. Continue
this procedure with these revenue figures:

Year 2003 Min � 180 Max � 220
Year 2004 Min � 270 Max � 330
Year 2005 Min � 360 Max � 440
Year 2006 Min � 450 Max � 550

Now that the assumptions have been defined, select cell H11 for the net
present value. Notice that the cell has an equation for net present value asso-
ciated with it, a requirement for assigning a forecast. Then click on the
Assign Forecast icon and click on OK to continue. The Excel sheet should now
look like Figure 9B.7.

Notice that on-screen the assumption cells have been colored green and
the forecast cell has been colored blue, for easy recognition. The simulation
is now ready to be run. Crystal Ball® automatically sets the number of trials
at 1,000. The number of trials can be changed by clicking on the Run menu,
selecting Run Preferences, and changing the number of trials. For now, keep
the 1,000 trials for this exercise. Click the Run icon on the toolbar to start
the Monte Carlo simulation routine. The Excel sheet now comes to life, and
numbers will change on the screen.
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FIGURE 9B.7 Sample Simulation DCF
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At the conclusion of the simulation run, the forecast screen shown in
Figure 9B.8 appears. This is the resulting net present value based on simu-
lating the model 1,000 times. The net present value’s 90 percent confidence
interval is between $70.85 and $234.70. That is, based on all the input
assumptions, 90 percent of the time, the actual net present value will fall
between these values. In addition, the 5 percent worst-case scenario can be
interpreted as $70.85. The user can type in a certainty value, press enter, and
obtain another confidence interval. In addition, the black triangles straddling
the X-axis can also be dragged around, to obtain the corresponding proba-
bilities of occurrence based on the net present value selected.

Another view that may be of interest is the forecast statistics screen. Press
the space bar once on the keyboard to access the forecast statistics screen.
This view provides the user with the basic statistics of the forecast net pres-
ent value, as seen in Figure 9B.9.

This is only a simple getting started guide for using Crystal Ball’s® Monte
Carlo simulation software. For more information and example files on run-
ning Monte Carlo simulation, click on the Start button in Microsoft Windows®,
select Programs, and select Crystal Ball®. Here, help files and example Excel
simulation models are available for use. Remember that the simulation soft-
ware is a 30-day trial version. It will not run if you have a previous version
of Crystal Ball®. Visit the Crystal Ball® Web site at www.decisioneering.com
for additional technical information.

FIGURE 9B.8 Forecast Net Present Value Frequency Chart
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FIGURE 9B.9 Forecast Net Present Value
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Resource Optimization Using
Crystal Ball’s® Opt-Quest Software

Figure 9C.1 illustrates a sample model on resource portfolio optimization
on four projects. For each project, a set of forecast cash flows is obtained
and simulated. The highlighted cells (first-year revenues and revenue growth
rates) indicate where Monte Carlo simulation is performed. The analysis
results include a set of financial metrics, including the net present value
(NPV), internal rate of return (IRR), and so forth.

Each project has these sets of identical metrics. In addition, the portfo-
lio assumptions are seen at the bottom of the figure. The total portfolio NPV
of $286 is calculated using a weighted average of returns on the portfolio:
RP � �ARA � �BRB � �CRC � �DRD, where RP is the return on the portfo-
lio, RA,B,C,D are the individual returns on the projects, and �A,B,C,D are the
respective weights or capital allocation across each project. In addition, the
value 938 is the portfolio level risk coefficient (P), where we define the port-
folio risk coefficient as

P � 
�
i

i �1
�i

2��i
2 � ��

n

i �1
�
m

j �1� 2�i�j��i,ji�j� .
Here, �A,B,C,D are the respective cross-correlations. Hence, if the cross-
correlations are negative, there are risk diversification effects, and the port-
folio risk decreases.

Before optimization can be performed, simulation assumptions, decision
variables, and forecast variables first have to be assigned. Assign the simu-
lation assumptions and forecast variables the same way as discussed in Appen-
dix 9B. A predefined spreadsheet is available in the CD-ROM for your use
and to follow along with this example.1 To access this example, click on Start,
then select Crystal Ball, Real Options Analysis Toolkit, Examples, and Resource
Optimization.
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The weights assigned to each project are the decision variables. That is,
select the project weights and click on the assign decision variable icon in
Crystal Ball®. The assign decision variable icon is between the assign assump-
tion and assign forecast icons. The dialog box in Figure 9C.2 appears. Input
the relevant name for the decision and any minimum or maximum constraints
on this particular weight (for instance, no individual project may exceed 50
percent of the total portfolio budget).

Notice that this optimization process assumes a continuous allocation,
which means that given the budget constraint, the proportion of budget can
be allocated as a percentage of the whole budget. In contrast, the project
analysis can be assumed to be discrete, which means that each project is either
a “go” or “no-go.” See Figure 9C.3. That is, the optimal portfolio project selec-
tion that maximizes returns and minimizes risks subject to the constraints
can be A only; B only; C only; D only; A and B; A and C; A and D; B and

Resource Optimization Using Crystal Ball’s® Opt-Quest Software 313

FIGURE 9C.1 Optimization Example



314 APPLICATION

C; A, B, and C only; and so forth. For now, assume a continuous allocation
example.

Then, in Microsoft Excel, click on CB Tools, and select OptQuest, and
click on the new project icon. The screen in Figure 9C.4 comes up.

The upper and lower bounds may now be changed if necessary. Click on
Next to continue. On the next screen, shown in Figure 9C.5, click on Sum
All Variables, and set it equal to one before continuing. This forces the budget
weight allocations to sum to 100 percent.

In the following step, select Maximize Objective with respect to the Final
Value, for the Sharpe Ratio. See Figure 9C.6. The Sharpe Ratio is simply the

FIGURE 9C.3 Defining Decision Variables Using Discrete
Optimization Steps

FIGURE 9C.2 Defining Decision Variables Using Continuous 
Optimization Steps



ratio of portfolio NPV to portfolio risk. Because projects should not be cho-
sen on the basis of maximum return or minimum risk alone, the Sharpe
Ratio is often used for portfolio optimization to obtain the efficient fron-
tier of project portfolio allocation, where the maximum return is obtained
with the combination of the minimum risk, subject to any constraints. In
addition, the portfolio level returns and risks are used. The portfolio risk also
accounts for any diversification effects among individual projects selected.
The individual project risks used to calculate the portfolio risk come from
the standard deviation of the simulated NPV results of each project.

Obviously, other criteria may be appropriate here. For instance, a budget
constraint can be included. This is done in the objective screen, where instead
of simply maximizing the Sharpe Ratio, an additional requirement can be
added, the Total Cost variable. Here, the mean of the total cost after simu-
lation can never exceed $3,250, the budget constraint. Then, click on Next,
and begin the optimization process.

After the optimization process is complete, the results look like Figure
9C.7.

The best result based on running thousands of simulations is such that
based on the optimization assumptions, the total budget should be allocated
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FIGURE 9C.4 Decision Variables in Optimization

FIGURE 9C.5 Sum-of-Weights-Equals-One Constraint

FIGURE 9C.6 Objective Maximization
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2.8 percent to Project A, 50 percent to Project B, 42.4 percent to Project C,
and 4.8 percent to Project D. This capital allocation ensures that the maxi-
mum return is obtained, with minimum amount of risk, subject to satisfying
the budget constraint.

FIGURE 9C.7 Results on Optimization



Results Interpretation
and Presentation

INTRODUCTION

Now that you’ve done some fancy real options analytics, the difficult part
comes next: explaining the results to management. It would seem that
getting the right results was half the battle. Explaining the results in

such a convincing way that management will buy into your recommendations
is another story altogether. This chapter introduces some novel approaches to
presenting your real options results in a clear and convincing manner, con-
verting black box analytics into nothing more than a series of transparent steps
of a logical analytical process. The chapter is arranged in a series of key points
that analysts should contemplate when attempting to interpret, present, and
defend their results. Each key point is discussed in detail, and examples of how
to broach a particular point are also provided. These include high-powered
graphics, charts, tables, and explanatory notes. The major key issues and ques-
tions that management may ask that are discussed are as follows:

1. How does real options analysis compare with traditional analysis? What
are some of the key characteristics? What one-liner can you use to con-
vince management that real options are nothing different from traditional
analysis but provide increased insights and greater accuracy while taking
into consideration the uncertainty of outcomes and risks of projects?

2. What are some of the steps taken in a real options analysis? What is the
process flow? Does it make logical sense? Have you discarded the tra-
ditional approach and replaced it with real options? Where do the tra-
ditional analyses end and the new analytics begin?

3. At the executive summary level, can an analyst differentiate traditional
results from the new analytics results? What is the relationship, and how
do they compare against one another?

CHAPTER 10
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4. How do multiple projects compare against one another? How do you
compare larger initiatives with smaller ones? What about project-specific
risks?

5. Have you looked at both risk and return profiles of the projects? Which
projects have the best bang-for-the-buck?

6. What is the impact to the company’s bottom line?

7. What are the major critical-success-factors driving the decision?

8. What are the risks underlying the results? How confident are you of the
analysis results?

9. When will the project pay for itself? What is the break-even point? How
long before payback occurs?

10. How did you get the relevant discount rate for the projects? What were
some of the assumptions?

11. What were some of the assumptions underlying your real options analy-
sis? Where did the assumptions come from?

12. How was your real options analysis performed? What are some of the
key insights obtained through the analysis?

13. How confident are you of the real options analysis results?

This chapter discusses each of these questions in turn, with a series of exam-
ples on how to appropriately discuss and broach the issues with management.

COMPARING REAL OPTIONS ANALYSIS
WITH TRADITIONAL FINANCIAL ANALYSIS

We begin by discussing the comparison between the real options process and
traditional financial analysis. Senior management is always skeptical about
using new, fancy analytics when old methods have served them so well in
the past. It would seem that the main approach to alleviate management’s
concerns is to show that the real options methodology is not that far off—
in principle, at least—from the conventions of traditional financial analysis.
As a matter of fact, traditional discounted cash flow analysis can be seen 
as a special case of real options analysis when there is negligible uncer-
tainty. That is, when the underlying asset’s volatility approaches zero, the
real options value approaches zero, and the value of the project is exactly as
defined in a discounted cash flow model. It is only when uncertainty exists,
and management has the flexibility to defer making mid-course corrections
until uncertainty becomes resolved through time, that a project has option
value.

Change-management specialists have found that there are several crite-
ria to be met before a paradigm shift in thinking is found to be acceptable in
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a corporation. For example, in order for senior management to accept a new
and novel set of analytical approaches, the models and processes themselves
must have applicability to the problem at hand, and not be merely an aca-
demic exercise. As we have seen previously, the former is certainly true in that
large multinationals have embraced the concept of real options with signif-
icant fervor, and that real options is here to stay. It is not simply an academic
exercise, nor is it the latest financial analysis fad that is here today and gone
tomorrow. In addition, the process and methodology has to be consistent,
accurate, and replicable. That is, it passes the scientific process. Given sim-
ilar assumptions, historical data, and assertions, one can replicate the results
with ease and predictability. This is especially so with the use of software
programs like the ones included in the CD-ROM.

Next, the new method must provide a compelling value-added propo-
sition. Otherwise, it is nothing but a fruitless and time-consuming exercise.
The time, resources, and effort expended must be met and even surpassed by
the method’s value-add. This is certainly the case in larger capital invest-
ment initiatives, where a firm’s future or the future of a business unit may be
at stake. Other major criteria include the ability to provide the user a com-
parative advantage over competitors, which is certainly the case when the
additional valuable insights generated through real options analysis will help
management identify options, value, prioritize, and select strategic alterna-
tives that may otherwise be overlooked.

Finally, in order to accept a change in mindset, the new methodology,
process, or model must be easy to explain and understand. In addition, there
has to be a link to previously acceptable methods, whether it is an extension
of the old or a replacement of the old due to some clear superior attributes.
These last two points are the most difficult to tackle for an analyst. The sets
of criteria prior to this are direct and easy to define. However, how does one
explain to senior management the complexities of real options and that the
approach is the next best thing since sliced bread? How do real options
extend the old paradigm of discounted cash flow models with which man-
agement has been brought up? An effective method that the author has found
useful with clients has been to boil it down to its simplest parts. Figure 10.1
shows a simple example.

In a traditional financial analysis, the analyst usually calculates the net
present value (NPV), which simply defined is benefits less cost (first equation),
where benefits equal the present value of future net cash flows after taxes,
discounted at some market risk-adjusted cost of capital, and cost equals the
present value of investment costs discounted at the risk-free rate. Manage-
ment is usually knowledgeable of NPV and the way it is calculated. Conven-
tional wisdom is such that if benefits outweigh costs, that is, when NPV is
positive, one would be inclined to accept a particular project. This is sim-
ple and intuitive enough. However, when we turn to options theory, the call
option is also nothing but benefits less cost (second equation) with a slight
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modification. The difference is the introduction of a �(d) multiplier behind
benefits and costs. Obviously, the multipliers are nothing but the respective
probabilities of occurrence.

Hence, in real options theory, one can very simply define the value of
an option as nothing but benefits less costs, taking into account the risk or
probabilities of occurrence for each variable. It is easy to understand that
option value in this case is far superior to the NPV analysis because it pro-
vides an added element of stochastic variability around benefits and costs.
It is hubris to say that we know for certain (on a deterministic level) what
future benefits and costs will be, when in reality, business conditions change
daily. In addition, we can say that the expanded net present value (eNPV),
shown as equation three in Figure 10.1, is the sum of the deterministic base-
case NPV and the strategic flexibility option value. The option value takes
into account the value of flexibility, that is, the option to execute on a strate-
gic option but not the obligation to do so. The eNPV accounts for both base-
case analysis plus the added value of managerial flexibility. If there is negligible
uncertainty, volatility approaches zero, which means that the probability mul-
tiplier approaches one (outcomes are certain). The options equation reverts
back to the NPV equation, indicating that the NPV analysis is a special case
of an options analysis when there is no uncertainty.

Finally, the two graphs in Figure 10.1 tell a compelling story of why real
options provide an important insight into decision analysis. The first graph
in the background shows the distribution of the base-case NPV analysis.
That is, the first moment or the mean, median, and mode of the graph show
the central tendency location of the most likely occurrence of a project’s
value. Some analysts will call this the expected value of the project. The sec-
ond moments or the standard deviation, width, variance, and range of the
distribution tell of the risk of the project. That is, a wider distribution
implies a higher risk because there is a wider range of outcomes the project
value may fall between. Clearly, the graph in the foreground shows a much
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FIGURE 10.1 Enhanced Return with Risk Reduction



smaller risk structure but a higher average return, which is attributable 
to real options analysis. We know from many previous illustrations that
employing a real options strategy—for example, the passive and active
options to wait—will create a higher value because we are hedging project
risks by not betting the entire investment outlay now but instead waiting
until we get a better idea of the uncertainty that exists over time. Once
uncertainty becomes resolved, we can act accordingly. This delaying action
helps hedge our losses and thus truncates the distribution in terms of width
and moves it to the right because management will never execute a bad
strategy assuming they know what will happen if they do. This moves the
entire distribution to the right and at the same time reduces the risk, as seen
through a reduction in width. Thus, real options, just like its cousins the
financial options, help the holder of the option to hedge project risk (lower
second moment) while increasing its financial returns leverage (higher first
moment).

THE EVALUATION PROCESS

The next issue an analyst should discuss with management pertaining to real
options analysis is the steps taken to obtain the results—in other words,
what the process flow looks like, how it makes logical sense, and where the
traditional analysis ends and the new analytics take over. A thorough under-
standing of the process flow will make management more comfortable in
accepting the results of the analysis. A career-limiting or a high-potential
career-ending move is to show management a series of complicated stochas-
tic differential Ito calculus equations, crunch out a number, and then ask the
CEO to bet the company’s future on it. How can management buy in on an
analysis if the analyst can’t even explain the process flow properly? Figure
10.2 shows a visual representation of the process flow for a robust real options
analysis process.

In the first step, the analyst starts off with a list of qualified projects,
that is, projects that have been through qualitative screening by manage-
ment. Having met preset criteria, whether they be strategic visions or goals
of the company, these are the projects that need to be analyzed. They may of
course be different courses of actions, initiatives, or strategies. For each 
of these strategies or projects, the base-case NPV analysis is performed, as
indicated in step two. This could be done in terms of the market, income,
or cost approach, using something akin to a discounted cash flow model, as
seen in the third step. In certain circumstances, the analyst may elect to
perform some intermediate calculation like time-series forecasting and sim-
ulation to predict future revenue and cost streams. Depending on the avail-
ability of historical data, some fancy econometric, forecasting, regression,
time-series, cross-sectional, or stochastic model may be constructed for this
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purpose. These three steps encapsulate the traditional approach. Using the
revenues and cost structures coupled with conventional accounting proce-
dures, the analyst would calculate the net present value of the projects 
or strategies. Occasionally, other financial metrics may be used, such as an
internal rate of return (IRR) or some form of return on investment (ROI)
measure. In most cases, a decision will be made based on these determinis-
tic results.

In more advanced financial analysis, specifically, a recommended step
for the real options approach is the application of Monte Carlo simulation.
Based on some sensitivity analysis, the analyst decides which input variables
to the discounted cash flow model previously constructed are most vulner-
able to risks and sudden exogenous and systemic shocks. Using historical
data, the analyst can take the time-series or cross-sectional data and fit them
to a multitude of different distributions. The analyst may also opt to use
management assumptions, hunches, experience, or economic behaviors of
variables to make the distributional determination. The discounted cash
flow model is then simulated. The result is a distribution of the variable of
interest, for example, the net present value. Instead of obtaining single-point
estimates, the analyst now has a probability distribution of outcomes, indi-
cating with what probabilities certain outcomes will most likely occur. Based
on this Monte Carlo simulation, certain intrinsic variables key to the real
options analysis are calculated and imported into the real options analysis.
These key variables that flow out of the simulation procedures include the
volatility of the underlying variable, typically the lognormal returns on 
the future free cash flows; the implied cross-correlation pairs between the
underlying projects; and the expected present value of cash flows.

The fifth and sixth steps involve framing the problem in terms of a real
options paradigm. That is, having identified the optionality of the project or
strategy, the analyst then chooses the relevant sets of options to analyze. Based
on the types of models chosen, the calculation may then proceed automat-
ically in different ways, whether through the use of binomial lattices, closed-
form solutions, or path-dependent simulation.

The results are then presented in the seventh and last step of the analy-
sis. The reports may include charts on sensitivity, tables of the financials,
including the impact to bottom line, graphs of different risk and returns,
and combinations of projects in portfolios. Here, an optional step depend-
ing on the type of analysis is the application of portfolio optimization for
efficient resource allocation. Portfolio optimization incorporates the inter-
relationships between projects or strategies as they evolve in a portfolio.
Firms usually do not have stand-alone projects; rather, firms usually have
multiple projects interacting with each other. Therefore, management is
usually more interested in seeing how these projects interact with each other
on a rolled-up basis, that is, on a portfolio of options, projects, and strate-
gies. In addition, management usually wants to see what the optimal mix of
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projects should look like, given budgetary, resource, or timing constraints.
The result is usually an optimal portfolio mix plotted on an efficient fron-
tier, where every point along this efficient frontier is an optimal mix of proj-
ect combinations, depending on management’s risk and return appetite.
Having shown management the process and steps taken to perform the
analysis as well as receiving their buy-in into viability and importance of a
real options analysis, we can now proceed with the results presentation.

SUMMARY OF THE RESULTS

Figure 10.3 shows a quick and easy-to-understand executive summary of each
project or strategy, allowing management to differentiate between traditional
results and the new real options analytics results. It also shows the relation-
ships among projects and how they compare with each other in terms of risk,
return, and time horizon. On the right, we see the traditional analysis valu-
ation results (NPV Phases I and II) coupled with the real options results, where
together they form the expanded net present value (eNPV) pie chart. On the
left, we see a set of summary projects or strategies as delineated by risk on
the vertical axis, time on the horizontal axis, and returns (eNPV) as the size
of the spheres. Management can very easily view all projects at a glance, with
respect to their relevant risk, return, and timing.
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FIGURE 10.3 Project Comparison (Risk and Return)

This report displays the relative size of each of the project returns. The chart on the left indicates the 
relative positioning of the projects or strategies with respect to their risk (measured in volatility of free cash
flows) and time horizon of their strategic options. The size of the circles indicates the relative dollar amount
of their expanded NPV. On the right chart, the diameter of the pie chart indicates the magnitude of the
expanded NPV (eNPV), which comprises the projects that make up the strategy as well as their real options
strategic value. The pie chart is located on a two-dimensional axis of risk and timing.



COMPARING ACROSS DIFFERENT-SIZED PROJECTS

Another issue to be discussed is how these multiple projects compare against
one another when their relative sizes are dramatically different. That is, how
do you compare a $10 million investment that provides a $20 million return
to a larger $1 billion investment that returns $100 million? Should the proj-
ect with the 200 percent return be chosen over the 10 percent return? Should
the project returning a higher $100 million face value be chosen? What about
the risks inherent in each project?

Can we create a replicating portfolio where we can spend the $1 billion
investment on 100 identical $10 million projects and yield $2 billion in return
as compared to only $100 million? Obviously, the answer is not a simple
one. It strictly depends on whether the firm has the $1 billion budget to begin
with. Not to mention that there would need to be 100 projects you can invest
in, different projects with similar functions, markets, risks, and so forth. What
about diversification effects across different projects? Regardless, we have
shown previously in Figure 10.3 that we can depict the absolute revenue,
risk, and time horizons across multiple projects. In Figure 10.4, we show the
relative comparisons. That is, using some common-size ratios, we can com-
pare across multiple different projects and strategies.
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COMPARING RISK AND RETURN
OF MULTIPLE PROJECTS

Not only should we common-size the projects with respect to growth rates,
profitability ratios, and other accounting ratios, we should also compare each
project’s return to its risk, that is, the proverbial bang-for-the-buck, as seen
in Figure 10.5.

This return-to-risk ratio is important; otherwise, bad projects may be
selected depending on management’s strategic goals and risk tolerance. For
example, using the same analogy presented previously, where Project X costs
$10 million but provides $20 million in return and Project Y costs $1 billion
but returns $100 million. Suppose Project X has a standard deviation of $10
million (we use standard deviation here as a measure of risk) while Project
Y has a standard deviation of $100 million. Budget-constrained managers may
choose Project X because they may have no choice. Returns-driven managers
may, on the other hand, choose Project Y because it is more lucrative, assum-
ing these managers are not resource-constrained. A risk-adverse manager may
simply choose Project X due to the lower risk levels. Add a few more proj-
ects with different risk and return characteristics, and you have a conundrum
on your hands.

Obviously, the best way is to calculate a standardized ratio such as the
return-to-risk ratio.1 That is, the return to risk ratio of Project X is 2.0, while
Project Y has a ratio of 1.0. Clearly, Project X has the higher bang-for-the-
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Description

This report displays a risk and return profile for each project. The risk is measured as cash flow volatility 
and simulated VaR.  Returns are measured as NPV, options value, ENPV (expanded NPV), IRR, and 
ROI.  VaR, or Value at Risk, is defined as worst-case scenario losses 5% of the time.  ENPV, or 
expanded NPV, is defined as a project s NPV and option value.  

Project A Project B Project C
Categories
Return Present Value of Cash Flows $125M $137M $250

Net Present Value $75M $73M $100
Expanded NPV $200M $210M $350
Internal Rate of Return 70% 80% 103%

Risk Cash Flow Volatility 20% 34% 44%
Simulated Value at Risk (5%) $12M $14M $34M
Simulated Value at Risk (1%) $2M $2M $10M

Return to Risk NPV/Volatility 60% 42% 61%
ENPV/Volatility 76% 52% 77%
VaR/ENPV 34% 23% 34%

FIGURE 10.5 Project Comparison (Risk-Return Profiling)



buck. That is, for each unit of risk, Project X provides two units of return,
but Project Y only provides one unit of return. Conversely, for each unit of
return, Project X only requires half a unit of risk, while Project Y requires a
full unit of risk. The smart manager may simply create a replicating port-
folio to maximize profit and minimize risk, by spending $50 million on five
identical Project Xs returning $100 million while only being exposed to $50
million in risk. Compare that to spending $1 billion on a single Project Y and
receiving $100 million in return while being exposed to $100 million in risk!
This shows similar returns can cost less and have less risk when we take risk
and return into consideration. Imagine the disastrous decision made by the
first returns-driven manager who would only consider Project Y due to its
whopping absolute return levels.

IMPACT TO BOTTOM LINE

One of the key questions that will come up is what impact a specific proj-
ect will make to the company’s bottom line. This can be clearly presented
through the use of revenue and cost projections in a discounted cash flow
model. Depending on whether management wants to see operating income
before taxes or net income after taxes or free cash flows after taxes, the dis-
counted cash flow model will do a fairly decent job. Figure 10.6 illustrates
a sample discounted cash flow model summary. However, one thing that must
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FIGURE 10.6 Impact to Bottom Line



be made clear to management is that there is a difference between strategic
option value and explicit value.

A discounted cash flow will show the explicit value of a project, assum-
ing that the forecasted revenues and cost structures are correct, and the
impact to bottom line will be the cash flow stream calculated in the model.
However, strategic optionality value may or may not exist, depending on
whether the option is executed. Assuming that a strategic option is left to
expire without execution, there is actually zero value derived from the strate-
gic flexibility inherent in an option.

CRITICAL SUCCESS FACTORS 
AND SENSITIVITY ANALYSIS

A sensitivity analysis akin to the one seen in Figure 10.7 is vital for manage-
ment to understand what drives their business decisions. That is, what are
some of the key critical success drivers of the projects? The sensitivity analy-
sis could be done in several ways. The most prevalent method is simply
choosing the resulting variable of interest, for example, net present value,
and identifying all its precedent variables. Precedent variables include rev-
enues, costs, taxes, and so forth, which are required to derive the final net
present value result. While holding all precedent variables ceteris paribus or
constant and unchanging, select one precedent variable, change its value by
some predefined range, and gauge what happens to the net present value.

328 APPLICATION

Description

This report contains a sensitivity analysis of your 
discounted cash flow model.  The tornado chart displays 
each variable and the range between the variables’ 
minimum and maximum forecast values, with the variable 
with the greatest range at the top. 

Tornado charts are useful for measuring the sensitivity of 
variables that determine the free cash flows and allow you 
to do a quick pre-screening of the variables which drive the 
analysis. This analysis provides added insights into the 
critical success drivers in the project or strategy. In 
addition, it provides a list of candidates for performing 
Monte Carlo simulation.

Net Revenue
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$18

$11 

11

$6

$22

$10 $20 $30 $40 $50

Sale Price/Unit

Unit Sales

Variable Cost

Fixed Cost Downside

Upside

Results

Based on the 10% change of the variables that drive the 
DCF model, the most sensitive line items in decreasing 
order for determining free cash flows are:

NPV Input
Variable Downside Upside Range Downside Upside Base Case

Revenues 183.00 334.78 151.78 1.80 2.20 2.00
Tax Rate 183.29 334.46 151.17 37.80 46.20 42.00
Operating Expenses 183.29 334.46 151.17 1,350.00 1,650.00 1,500.00
Discount Factor 227.25 292.93 65.67 11.00 9.00 10.00
Depreciation 225.53 288.03 62.50 9.00 11.00 10.00

FIGURE 10.7 Critical Success Factors



The results can be tabulated and plotted into a Tornado diagram as seen in
Figure 10.7, starting from the highest and most sensitive precedent variable
and going to the lowest and least sensitive variable. This is a key analysis for
identifying the variables upon which to perform a Monte Carlo simulation.
Armed with the knowledge of which variables are the most sensitive, an ana-
lyst can decide which ones have the most variability or risk, which are then
selected as prime candidates for Monte Carlo simulation.

RISK ANALYSIS AND SIMULATION ON NPV

Having performed a barrage of analyses, how confident are you of your
results, and how sure are you the assumptions and data entered were cor-
rect? Because most business cases involve risks and uncertainty, there is no
doubt that a margin of error exists. As we have shown in previous chapters
the errors of using point estimates, as illustrated in the Flaw of Averages exam-
ple, it is essential that when reporting results to management, to also pre-
sent a picture of the risks involved. Typically, risk-analysis results will take
the form of a Monte Carlo simulation forecast output, as shown in Figure
10.8. The graphical output is from Crystal Ball’s® simulation package.
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FIGURE 10.8 Project-Based Risk Analysis

BREAK-EVEN ANALYSIS AND PAYBACK PERIODS

One of the most infamous questions relating to project evaluation is the
concept of payback period or break-even analysis. That is, when will the
project pay for itself? As any good financial analyst knows, payback period
analysis is fraught with problems. It does not account for different time
horizons of projects, and the payback periods are usually based on an undis-
counted cash flow basis, usually leading to wrong decisions. For example,

The chart shows all possible outcomes based on Monte
Carlo simulation of the input variables in the DCF.
The frequency chart shows the probability at the 90%
confidence level occurring between $250 and $6850.



suppose we have two projects, A and B, each costing $100. Project A will
yield cash flows of $50 for only two years. Project B will yield cash flows
of $49 for 10 years. Clearly Project A has a payback period of two years,
while Project B has a payback period of 2.04 years. Strictly speaking, Proj-
ect A should be undertaken; but although Project B yields a slightly lower
cash flow, its economic life is 10 years. Net present value would have picked
this up, but not a simple break-even payback analysis. Even with this said
and done, management still wants to know what the payback period of a
particular project is, even if it is used as a gross approximation of the value
of a project.

There are ways to improve upon a break-even analysis, as shown in Fig-
ure 10.9. Instead of relying on single-point estimates—for example, instead
of saying that a particular project will take 4.0 years to pay back its costs—
we can add slightly more sophistication. Using discounted cash flow streams
in present value terms, we can say that a project has a 5 percent probability
of breaking even the first year, a 15 percent probability of breaking even the
second year, a 45 percent probability of breaking even the third year, a 92
percent probability of breaking even the fourth year, and a 99 percent prob-
ability of breaking even all subsequent years. So, we are stating not only when
the break-even point will occur but also how likely it will occur on a present
value basis.
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FIGURE 10.9 Simulated Discounted Payback Analysis



DISCOUNT RATE ANALYSIS

One of the key assumptions in discounted cash flow analysis, which forms
the basis for real options analysis, is the calculation of the discount rate. See
Figure 10.10.

Due to the significance of the discount rate in the overall analysis, man-
agement should feel comfortable with the assumptions used. The methods of
calculating discount rates abound; therefore, they should be used with due care
and diligence. Even using and explaining the most widely used discount rate
analysis, such as the CAPM (capital asset-pricing model) or WACC (weighted
average cost of capital), it still requires significant care and caution in that
the estimates are truly based on the underlying variable, which in real
options are usually nontradable assets. One should not use tradable and
highly liquid firm-level financial asset prices as a proxy for risk-adjustment
at the project or strategy level. For instance, the beta of traded stocks for a
particular firm may not be the best proxy for the beta-risk used in calcu-
lating the project-level specific risk. Rather, comparables should be used if
there are insufficient historical data of the underlying variables’ behavior.
That is, stripped-down firms with similar functions, markets, and risks should
be selected with care, and their financials should be sanitized to avoid includ-
ing any anomalous nonrecurring events or any financial window-dressing
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Description

This report shows the discount rate used in the analysis 
and its corresponding assumptions and results.  The 
discount rate method used is weighted average cost of 
capital.  This calculated rate is used for discounting future 
cash flows into today’s present value.

Assumptions

Risk free rate = 8%

Return on the market = 6%

Equity risk premium = 7%

Beta = 1.1

Size premium = 5%

Minority premium = 10%

Corporate tax rate = 35%

Outstanding debt = 10

Return on debt = 8%

Shares outstanding = 1,458,990

Current stock price = $4.68

Results

CAPM = 14.6%

Percent debt = 30%

Percent equity = 15%

Equity capitalization = 14%

Total capitalization = 12%

WACC = 11.8%

0.00%

5.00%

10.00%

15.00%

20.00%

25.00%

30.00%

35.00%

CAPM Percent debt Percent equity Equity
capitalization

Total
capitalization

WACC  

FIGURE 10.10 Discount Rate Analysis
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FIGURE 10.11 Real Options Assumptions

phenomenon. If historical data abound, the analyst can then determine 
the firm’s risk structure and calculate the risk-adjusted discount rate appro-
priately.

Appendix 2B’s discussion on discount rates should suffice as a guide on
how this is done. Nevertheless, management should be convinced of and
comfortable with the results of such discount rate analyses. In most cases,
the problem of finding the correct single discount rate for each project is a
gruesome task, but given the capability of performing Monte Carlo simu-
lation, the analyst can simulate the discount rate with certain management
assumptions, and, with a 90 percent confidence that the proper discount rate
is between two particular numbers, the resulting forecast will be more palat-
able to management.

REAL OPTIONS ANALYSIS ASSUMPTIONS

The next topic is real options analysis. What are the assumptions, and where
do they come from? These issues should be discussed clearly and concisely.
One approach is to show management something akin to Figure 10.11. It
doesn’t really matter if the approach you used to solve the real options was
a closed-form model or stochastic differential equation. You should be able
to present your results but at the same time be expositionally concise and
precise. That is, you know that using a binomial lattice with many time-steps
at the limit, where the time between nodes approaches zero, the value cal-
culated approaches the value of the closed-form equations. However, it is
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most certainly easier to explain and show management a simple binomial lat-
tice than it is to explain the intricacies of a stochastic partial-differential
equation. At least for presentation purposes, the binomial lattice is highly
favored. The analyst can caveat the results of the lattice—say, of five steps—
that it is only an approximation value, that the higher the number of time-
steps, the more accurate the results become. It is then that you present the
results from the closed-form equations.

A good explanation of the assumptions surrounding the real options
analysis should include where these assumptions come from—for example,
the fact that the present value of the underlying variable comes from the pres-
ent value of free cash flows in the discounted cash flow model, or that the
volatility estimates come from the volatility of the simulated free cash flow’s
lognormal returns.

REAL OPTIONS ANALYSIS

This is the crux of the analysis and is worthy of detailed explanation, includ-
ing how the valuation process works as well as the decisions that can be
derived from the real options analytics. One method the author has found
highly successful in disseminating results of a real options analysis is through
the use of collaborating methods. For example, Figure 10.12 shows the val-
uation lattice for an expansion option. The value calculated is $638 million
through the lattice and should be collaborated with that of a closed-form solu-
tion, if one exists. If we can show that both figures are in the ballpark, the
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analysis tends to hold more water. Although the analyst should understand
that at the limit the binomial lattice approach is identical to the closed-form
solution for generic types of options, the approaches tend to be different
when you have different real options interacting with each other or when
you are creating customized options analysis. However, a good sanity check
of the binomial models using closed-form approximations is always warranted
in such circumstances. No matter which models are used, the binomial lat-
tice is a more powerful graphical representation of decisions than an other-
wise complex mathematical model. The binomial lattice can then be converted
into a series of decision nodes. These nodes correspond to optimal decisions
that should be made under specific timing and underlying variable conditions.
For example, in the expansion option, the decisions include when to expand,
when to keep the option open for future use, or when to let the option expire
without exercising it. For instance, in Figure 10.12, expanding the project
prior to time period 3 is suboptimal, and it is wise to consider executing this
option starting from time period 3.

REAL OPTIONS RISK ANALYSIS

Similar to the risk analysis for discounted cash flow, we can perform a risk
analysis on real options. Because some of the input variables into the real
options models come directly from the discounted cash flow, and if Monte
Carlo simulation is performed in the discounted cash flow analysis, the sim-
ulated events flow through to the real options models. In addition, any of the
other input variables that do not flow through from the discounted cash flow
models can be simulated in the real options analysis. Figure 10.13 shows the
distribution of results from the eNPV analysis.

334 APPLICATION

����������


�'�����*-����'-.���'��+���+��-0����4����7-3��-*��-����+3��
���+7���$���'��*�-,�,�+��7�)�����,3��-���'-.����/'���+3�����
��0��/��-��-0��'���-��+$

���	���

�'��/'�����'-.���++�*-���,+��-3�/-����,���)�-��<-����
���+-����3+���-��-0��'����*3�������,+�������'�����+�-*��-���
�-)�+�$��'��0��@3��/7�/'�����'-.���'��*�-,�,�+��7�����'��
�	��/-�0�)��/��+���+�-//3����1�,��.�������	���)��6850$

 ��/����+���")��/��*��-�#H


	�������	 �	�������	����	�������	���	�����
	�	

�	��������	 �	������
�	����	������		����	��������	

�	��������	 
		������			

�	�����

FIGURE 10.13 Real Options Risk Analysis



SUMMARY

Presenting and explaining the results of a real options analysis are vital. This
is because real options have always been viewed at a distance with reverence,
and its methodologies are assumed to be black box. To do a good job in
explaining the results, the analyst has to make this black box transparent.
A good approach is to start by comparing real options and traditional analy-
sis, understanding that real options are built on the precepts of discounted
cash flow models, where the value of an option can be seen as benefits less
costs. This is similar to a discounted cash flow model, with the exception that
a real options analysis assumes stochastic or unknown levels of benefits and
costs. In addition, the real options process has to be transparent, indicating
a step-by-step process acknowledging when the traditional analysis ends and
where the new analytics begin, complete with assumptions, input data, and
their results. Risk analysis results should also be presented, because single-
point estimates are highly unreliable. This is especially true when it comes to
real options analysis where management is skeptical of the inputs and results;
hence, providing a probability range of outcomes will make the analysis more
robust and results more trustworthy.

CHAPTER 10 QUESTIONS

1. Instituting a cultural change in a company is fairly difficult. However,
real options analysis has a very good chance of being adopted at major
corporations. What are some of the fundamental characteristics required
in a new paradigm shift in the way decisions are made before real
options analysis is accepted in a corporate setting?

2. Why is explaining to management the relevant process and steps taken
in a real options analysis crucial?

3. What does critical success factor mean?
4. Why is risk analysis a recommended step in a real options analysis?
5. Why is the use of payback period flawed?
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Summary of Articles

This section lists a summary of articles published both in academic journals
and popular press. The article summary has been carefully screened, and only
selected articles deemed relevant to the topics discussed are summarized.
The article listings are sorted by date of publication, starting from the most
current. This listing is by no means complete and exhaustive.

1. Gregory Taggart. November 2001. “Wait and Seek.” Taggart talks about
the value of waiting and says that “real options provide a powerful way
of thinking and I can’t think of any analytical framework that has been
of more use to me in the past 15 years that I’ve been in this business.”

2. Gunnar Kallberg and Peter Laurin. November 2001. “Real Options
in R&D Capital Budgeting—A Case Study at Pharmacy & Upjohn.”
Their model shows that a user-friendly spreadsheet including an options
approach could be a valuable and descriptive tool to add to a traditional
NPV technique. The conclusion of the thesis is that Pharmacia & Upjohn
should consider implementing the real options approach in order to
value the flexibility and opportunities inherent in their future projects.

3. Jerry Flatto. November 2001. “Using Real Options in Project Evalua-
tion.” This article discusses the concept of real options, which can be used
to expand your existing analysis methods. It also discusses why many of
the existing analysis techniques underestimate the value of a project and
how real options can capture some of the benefits that slip through the
cracks under existing analysis methods.

4. John M. Charnes, David Kellogg, and Riza Demirer. October 2001.
“Valuation of a Biotechnology Firm: An Application of Real Options
Methodologies.” This paper computes the value of a biotechnology firm,
Agouron Pharmaceuticals, Inc., as the sum of the values of its current proj-
ects. Each project’s value is found using the decision tree and binomial-
lattice methods.
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5. Robert Barker. Business Week Online. October 2001. “A new book on
investing is being endorsed by a veritable murderer’s row of finance slug-
gers, from strategist Peter Bernstein and TIAA-CREF’s resident rocket sci-
entist, Martin Leibowitz, to that DiMaggio of money managers, Legg
Mason’s Bill Miller. The book promotes real options as a great way to
gauge hard-to-value stocks.”

6. Peter Buxbaum. BudgetLink. October 2001. “There is a movement afoot
to incorporate into business strategic thinking analytic intelligence tech-
niques that take into account the fast moving and uncertain world in
which we live. These methodologies are increasingly being incorporated
into systems that help managers plan pricing and revenue strategies, as
well as supply-chain requirements. One of these emerging techniques is
called real options, a concept developed in the halls of academe as an
analogy to the financial option.”

7. Timothy A. Luehrman, PricewaterhouseCoopers LLP. Society of Petro-
leum Engineers. October 2001. “Investments in oil and gas are subjected
to increasingly advance financial analyses. Real option valuation is promi-
nent among the new financial analytical tools being applied prospectively
to projects in the industry. This paper begins with the observation that
many real option analyses are formally, technically correct and yet clearly
lack substantial influence on decisions and ongoing project management.”

8. Steven R. Rutherford, SPE, Anadarko Petroleum Corporation. Society of
Petroleum Engineers. October 2001. This paper describes a Real Options
evaluation of a real-world farm-out opportunity in case-history format.

9. S.H. Begg and R.B. Bratvold, Landmark Graphics Corporation; and 
J.M. Campbell, International Risk Management. Society of Petroleum
Engineers. October 2001. “This paper addresses the need for a holis-
tic, integrated approach to assessing the impacts of uncertainty on oil
and gas investment decision-making. Further applications are to the opti-
mization of development plans, real options and the generation of con-
sistent, risked cash flows for input to portfolio analysis.”

10. A. Galli, SPE, ENSMP; T. Jung, Gaz de France; M. Armstrong, ENSMP;
and O. Lhote, Gaz de France. Society of Petroleum Engineers. October
2001. “This case study is on a satellite platform close to a large gas and
condensate oil field in the North Sea.”

11. H.T. Hooper III and S.R. Rutherford, SPE, Anadarko Petroleum Corpo-
ration. Society of Petroleum Engineers. October 2001. “Three approaches
to economic evaluations that have been widely discussed in the litera-
ture are decision trees, Monte Carlo simulation, and real options. Authors
have shown that the incorporation of decision tree logic into Monte
Carlo simulation offers an added degree of insight into the evaluation, and
generally provides a more realistic valuation of an asset by incorporating
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some degree of management decision-making. While probabilistic eco-
nomics (either decision trees or Monte Carlo simulations) and real
options differ significantly in the type and amount of input data, as well
as the format and applicability of output, they both have capability 
to capture some value of active decision-making by management. This
paper attempts to bridge the gap between the two approaches, at least
conceptually, for the practicing engineer.”

12. Soussan Faiz, SPE, Texaco Inc. Society of Petroleum Engineers. October
2001. “Various business technologies will distinguish future industry
winners. The real options paradigm is emerging as the state-of-the-art
method for asset valuation. The concept of an ‘efficient frontier’ is mak-
ing headway for portfolio optimization within the energy sector.”

13. Lynn B. Davidson. Society of Petroleum Engineers. September 2001.
“This paper examines practical barriers to effectively using risk-based
decision tools and provides guidelines to overcome the barriers. The sec-
ond section explores real options: their appeal, problems, and best use.
The third section of the paper focuses on challenges related to portfo-
lio optimization. The paper ends with a summary of recommendations
to improve decision quality.”

14. Deloitte Consulting. Yahoo. September 2001. “Utilities and other energy
companies need better methods of deciding how heavily to bet on par-
ticular services and facilities, methods that foster flexibility in the face of
an uncertain business environment. It also includes interviews with Doug
Lattner, global director of the Deloitte Consulting energy practice.”

15. Christopher L. Culp. The RMA Journal. September 2001. “This article
explores common types of real options in the context of banking. Know-
ing the various types of options can help managers identify often-hidden
opportunities and risks.”

16. Kevin Sullivan, William Griswold, Yuanfang Cai, and Ben Hallen. ACM
SIGSOFT Symposium and Joint International Conference on Software
Engineering. September 2001. “We evaluate the potential of a new the-
ory—developed to account for the influence of modularity on the evo-
lution of the computer industry—to inform software design. The theory
uses design structure matrices to model designs and real options tech-
niques to value them.”

17. David Newton. Financial Times. June 2001. Newton gives the reader a
clear understanding of how real options are applicable to decisions in
the R&D industry and recognizes that knowledge has a value offset by
the time it takes to acquire.

18. Ash Vesudevan. CommerceNet. March 2001. “The greatest rewards go
to those companies that can create new business models in the context
of changing technological and demographic trends. Often times [sic], risk
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reduction becomes a competitive imperative in response to uncertainty.
An options approach, on the other hand, invokes a new perspective—
profiting from uncertainty. It gives you a chance to be at the edge of the
future. Doing that requires the right combination of breadth and depth.
Innovation today is a competitive imperative.”

19. Zeke Ashton and Bill Man. Motleyfool.com. February 2001. “Looking
at some real-world companies that use Real Options.”

20. Zeke Ashton. Motleyfool.com. February 2001. “Investors can use the
concept of real options to explain part of the difference in market value
and the intrinsic value as calculated using traditional methods. Real
options represent what is possible beyond the current business opera-
tions. Investors can ignore real options, try to find real option value for
free, or consciously seek out companies that have abundant real option
value.”

21. Shi-Jie Deng, UC Berkeley; Blake Johnson, Stanford; and Aram Sogomon-
ian, Pacificorp. Decision Support Systems. January 2001. “Valuing elec-
tricity derivatives using replicating portfolios. These valuation results
are used to construct real options-based valuation formulae for gener-
ation and transmission assets.”

22. Hemantha S.B. Herath, University of Northern British Columbia; and
Chan S. Park, Auburn University. The Engineering Economist. January
2001. Herath and Park show that the option value is equivalent to the
Expected Value of Perfect Information (EVPI). Models include environ-
mental preservation that involves a decision to develop a track of land;
and manufacturing of a new toy.

23. Chana R. Schoenberger. Forbes Global. December 2000. Schoenberger
writes about using real options theory to value entertainment and cable
stocks.

24. Rita Gunther McGrath and Ian MacMillan. Business and Management
Practices. July 2000. McGrath and MacMillan present a methodology
called STAR (strategic technology assessment review) for assessing uncer-
tain projects that approximates option value through scoring a series of
statements.

25. Diana Angelis, Naval Postgraduate School. Business and Management
Practices. July 2000. Angelis uses Black-Scholes to capture the value 
of a research and development project. Her model is based on deter-
mining volatility from the underlying distributions of costs and revenue
rather than net cash flows. She uses an example from Merck Pharma-
ceutical.

26. European Journal of Operational Research. July 2000. Real options 
are used to determine the optimal time of a phased rollout as well as the
optimal rollout area—that is, the article views a phased rollout of new
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products as an option on a worldwide launch. The article illustrates the
model with the rollout of a CD-I at Philips Electronics.

27. Peter Boer, CEO of Tiger Scientific; and John Lee, Yale University. Busi-
ness and Management Practices. July 2000. The article describes the sep-
aration of unique risk (amount of oil in proposed well, and the like) and
market risk (price of oil), using the Black-Scholes solution.

28. Michel Beneroch and Robert Kauffman. Information Access Company
(Thomson). July 2000. Beneroch and Kauffman present a case study
involving the deployment of point-of-sale debit services by the Yankee
24 shared electronic banking network of New England. The study used
an adjusted Black-Scholes model to evaluate a timing option.

29. John Rutledge. Forbes. May 2000. “Real options are the secret that allows
an investor to both pay a fair price for a business and earn extraordinary
returns.”

30. Michael Stroud. Business 2.0. April 2000. “Creating a standardized way
of valuing intellectual property and patents, and then allow them to be
bought and sold over the Web. Black-Scholes equation is used. The prin-
ciples, they decided, could be brought to bear on intellectual property—
replacing a call option’s variables with the price and volatility of its
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The following case studies require the use of Real Options Analysis Toolkit
software.*

CASE STUDY: OPTION TO ABANDON

Suppose a pharmaceutical company is developing a particular drug. How-
ever, due to the uncertain nature of the drug’s development progress, market
demand, success in human and animal testing, and FDA approval, manage-
ment has decided that it will create a strategic abandonment option. That is,
at any time period within the next five years of development, management
can review the progress of the research and development effort and decide
whether to terminate the drug development program. After five years, the
firm would have either succeeded or completely failed in its drug develop-
ment initiative, and there exists no option value after that time period. If the
program is terminated, the firm can potentially sell off its intellectual prop-
erty rights of the drug in question to another pharmaceutical firm with which
it has a contractual agreement. This contract with the other firm is exercis-
able at any time within this time period, at the whim of the firm owning the
patents.

Using a traditional discounted cash flow model, you find the present
value of the expected future cash flows discounted at an appropriate market
risk-adjusted discount rate to be $150 million. Using Monte Carlo simula-
tion, you find the implied volatility of the logarithmic returns on future cash
flows to be 30 percent. The risk-free rate on a riskless asset for the same time
frame is 5 percent, and you understand from the intellectual property officer
of the firm that the value of the drug’s patent is $100 million contractually,
if sold within the next five years. For simplicity, you assume that this $100
million salvage value is fixed for the next five years. You attempt to calcu-
late how much this abandonment option is worth and how much this drug
development effort on the whole is worth to the firm. By virtue of having this
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*A full version of the software is required. Answers to the cases are available via
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safety net of being able to abandon drug development, the value of the proj-
ect is worth more than its net present value. You decide to use a closed-form
approximation of an American put option because the option to abandon drug
development can be exercised at any time up to the expiration date. You also
decide to confirm the value of the closed-form analysis with a binomial lat-
tice calculation. With these assumptions, do the following exercises, answer-
ing the questions that are posed:

1. Solve the abandonment option problem analytically and confirm the
results using the software.

2. Select the right choice for each of the following:

a. Increases in maturity (increase/decrease) an abandonment option value.

b. Increases in volatility (increase/decrease) an abandonment option value.

c. Increases in asset value (increase/decrease) an abandonment option
value.

d. Increases in risk-free rate (increase/decrease) an abandonment option
value.

e. Increases in dividend (increase/decrease) an abandonment option value.

f. Increases in salvage value (increase/decrease) an abandonment option
value.

3. Verify the results using the software’s closed-form American Put Option
Approximation.

4. Using the Custom Lattice, build and solve the abandonment option.

5. Use the Black-Scholes model to benchmark the results.

6. Apply 1,000 steps using the software’s binomial lattice. 

a. How different are the results as compared to the 5-step lattice?

b. How close are the closed-form results compared to the 1,000-step
lattice?

7. Apply a 3 percent continuous dividend yield to the 1,000-step lattice.

a. What happens to the results?

b. Does a dividend yield increase or decrease the value of an abandon-
ment option?

8. Assume that the salvage value increases at a 10 percent annual rate. Show
how this can be modeled using the software’s Custom Lattice function.

CASE STUDY: OPTION TO EXPAND

Suppose a growth firm has a static valuation of future profitability using a
discounted cash flow model (in other words, the present value of the expected
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future cash flows discounted at an appropriate market risk-adjusted dis-
count rate) is found to be $400 million. Using Monte Carlo simulation, you
calculate the implied volatility of the logarithmic returns on the projected
future cash flows to be 35 percent. The risk-free rate on a riskless asset for
the next five years is found to be yielding 7 percent. Suppose that the firm
has the option to expand and double its operations by acquiring its com-
petitor for a sum of $250 million at any time over the next five years. What
is the total value of this firm assuming you account for this expansion
option?

You decide to use a closed-form approximation of an American call option
because the option to expand the firm’s operations can be exercised at any
time up to the expiration date. You also decide to confirm the value of the
closed-form analysis with a binomial lattice calculation. Do the following
exercises, answering the questions that are posed:

1. Solve the expansion option problem analytically, using the software.

2. Rerun the expansion option problem using the software for 100 steps,
300 steps, and 1,000 steps. What are your observations?

3. Show how you would use the American Call Approximation to estimate
and benchmark the results from an expansion option. How compara-
ble are the results?

4. Show the different levels of expansion factors but still yielding the same
expanded asset value of $800. Explain your observations in terms of why
the expansion value changes, and why the Black-Scholes and American
Option Approximation models are insufficient to capture the fluctuation
in value. 

a. Use an expansion factor of 2.00 and an asset value of $400.00 (yield-
ing an expanded asset value of $800).

b. Use an expansion factor of 1.25 and an asset value of $640.00 (yield-
ing an expanded asset value of $800).

c. Use an expansion factor of 1.50 and an asset value of $533.34 (yield-
ing an expanded asset value of $800).

d. Use an expansion factor of 1.75 and an asset value of $457.14 (yield-
ing an expanded asset value of $800).

5. Add a dividend yield, and see what happens. Explain your findings. 

a. What happens when the dividend yield equals or exceeds the risk-free
rate?

b. What happens to the accuracy of closed-form solutions like the Black-
Scholes and American Call Approximation models?

6. What happens to the decision to expand if a dividend yield exists?
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CASE STUDY: OPTION TO CONTRACT

You work for a large aeronautical manufacturing firm that is unsure of the
technological efficacy and market demand of its new fleet of long-range
supersonic jets. The firm decides to hedge itself through the use of strategic
options, specifically an option to contract 50 percent of its manufacturing
facilities at any time within the next five years. 

Suppose the firm has a current operating structure whose static valuation
of future profitability using a discounted cash flow model (in other words,
the present value of the expected future cash flows discounted at an appro-
priate market risk-adjusted discount rate) is found to be $1 billion. Using
Monte Carlo simulation, you calculate the implied volatility of the logarith-
mic returns on the projected future cash flows to be 50 percent. The risk-free
rate on a riskless asset for the next five years is found to be yielding 5 per-
cent. Suppose the firm has the option to contract 50 percent of its current
operations at any time over the next five years, thereby creating an addi-
tional $400 million in savings after this contraction. This is done through a
legal contractual agreement with one of its vendors, who has agreed to take
up the excess capacity and space of the firm, and at the same time, the firm
can scale back its existing workforce to obtain this level of savings. 

A closed-form approximation of an American option can be used, because
the option to contract the firm’s operations can be exercised at any time up
to the expiration date and can be confirmed with a binomial lattice calcula-
tion. Do the following exercises, answering the questions that are posed:

1. Solve the contraction option problem analytically, using the software.

2. Modify the continuous dividend payout rate until the option breaks even.
What observations can you make at this break-even point?

3. Use the American Long-Term Put Approximation to benchmark the con-
traction option. What are the input parameters?

4. How can you use the American Option to Abandon model as a bench-
mark to estimate the contraction option? If it is used, are the resulting
option values comparable?

5. Change the contraction factor to 0.7, and answer Question 4. Why are
the answers different?

CASE STUDY: OPTION TO CHOOSE

Suppose a large manufacturing firm decides to hedge itself through the use
of strategic options. Specifically, it has the option to choose among three
strategies: expanding its current manufacturing operations, contracting its
manufacturing operations, or completely abandoning its business unit at any
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time within the next five years. Suppose the firm has a current operating struc-
ture whose static valuation of future profitability using a discounted cash flow
model (in other words, the present value of the future cash flows discounted
at an appropriate market risk-adjusted discount rate) is found to be $100
million.

Using Monte Carlo simulation, you calculate the implied volatility of the
logarithmic returns on the projected future cash flows to be 15 percent. The
risk-free rate on a riskless asset for the next five years is found to be yielding
5 percent annualized returns. Suppose the firm has the option to contract 10
percent of its current operations at any time over the next five years, thereby
creating an additional $25 million in savings after this contraction. The expan-
sion option will increase the firm’s operations by 30 percent, with a $20 mil-
lion implementation cost. Finally, by abandoning its operations, the firm can
sell its intellectual property for $100 million. Do the following exercises,
answering the questions posed:

1. Solve the chooser option problem analytically, using the software.

2. Recalculate the option value accounting only for an expansion option.
3. Recalculate the option value accounting only for a contraction option.

4. Recalculate the option value accounting only for an abandonment option.
5. Compare the results of the sum of these three individual options in Ques-

tions 2 to 4 with the results obtained in Question 1 using the chooser
option.
a. Why are the results different?

b. Which value is correct?

6. Prove that if there are many interacting options, if there is a single dom-
inant strategy, the value of the project’s option value approaches this
dominant strategy’s value. That is, perform the following steps, then
compare and explain the results.

a. Reduce the expansion cost to $1.

b. Increase the contraction savings to $100.
c. Increase the salvage value to $150.

d. What inferences can you make based on these results?

CASE STUDY: COMPOUND OPTIONS

In a compound option analysis, the value of the option depends on the value
of another option. For instance, a pharmaceutical company currently going
through a particular FDA drug approval process has to go through human
trials. The success of the FDA approval depends heavily on the success of
human testing, both occurring at the same time. Suppose that the former costs
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$900 million and the latter $500 million. Further suppose that both phases
occur simultaneously and take five years to complete. Using Monte Carlo sim-
ulation, you calculate the implied volatility of the logarithmic returns on the
projected future cash flows to be 25 percent. The risk-free rate on a risk-
less asset for the next five years is found to be yielding 7.7 percent. The drug
development effort’s static valuation of future profitability using a discounted
cash flow model (in other words, the present value of the future cash flows
discounted at an appropriate market risk-adjusted discount rate) is found
to be $1 billion. Do the following exercises, answering the questions that
are posed:

1. Solve the simultaneous compound option analytically, using the software.
Use 5 and 100 steps for comparison. 

2. Swap the implementation costs such that the first cost is $500 and the
second cost is $900. Is the resulting option value similar or different?
Why?

3. What happens when part of the cost of the first option is allocated to
the second option? For example, make the first cost $450 and the sec-
ond cost $950. Does the result change? Explain.

4. Show how an American Long-Term Call Option Approximation can be
used to benchmark the results from a simultaneous compound option. 

5. Show how a Sequential Compound Option can also be used to calculate
or at least approximate the simultaneous compound option result. Use
the software’s 4D Multi-Sequential Compound Option module.

CASE STUDY: CLOSED-FORM COMPOUND OPTIONS

Compound options can also be analyzed using closed-form models rather
than binomial lattices. In theory, the results obtained from binomial lattices
have to approach closed-form models. As additional practice, do the follow-
ing exercises, answering the questions pertaining to compound options:

1. Using the American Simultaneous Compound Option module in the
software, obtain the option value of an asset worth $1,000, 50 percent
volatility, five years to maturity, and an assumed 5 percent risk-free rate.
Further, assume that the costs of the first and second options are both
$500. Show the value obtained using a 5-step lattice and a 100-step super
lattice analysis.

2. Compare the answers above by using the Compound Options on Options
closed-form model. Note that to approximate and benchmark a simulta-
neous compound option, you must set the time to maturity for the option
on option as 4.9999 years and set the time to maturity of the underly-
ing as 5.0000 years. This is because the Compound Options on Options

350 CASE STUDIES AND PROBLEMS IN REAL OPTIONS



module only directly calculates sequential compound options, not simul-
taneous compound options. 

3. Compare the answers using the 4D Multi-Sequential Compound Option
with 1,000 steps. 

4. Now, suppose the compound option occurs in sequence and not simul-
taneously. That is, assume that the underlying time is now four years and
the option time is two years. All other input parameters are identical.
a. Use the American Sequential Compound Option to calculate the new

option value (use 5 steps and 1,000 steps in the binomial lattice).

b. Confirm your results using the Compound Options on Options
module.

c. Confirm your results again using the 4D Multi-Sequential Compound
Option.

CASE STUDY: SEQUENTIAL COMPOUND OPTION

A sequential compound option exists when a project has multiple phases and
latter phases depend on the success of previous phases. Suppose a project has
two phases, the first of which has a one-year expiration that costs $500 mil-
lion. The second phase’s expiration is three years and costs $700 million.
Using Monte Carlo simulation, the implied volatility of the logarithmic returns
on the projected future cash flows is calculated to be 20 percent. The risk-
free rate on a riskless asset for the next three years is found to be yielding 7.7
percent. The static valuation of future profitability using a discounted cash
flow model—in other words, the present value of the future cash flows dis-
counted at an appropriate market risk-adjusted discount rate—is found to
be $1,000 million. Do the following exercises, answering the questions posed:

1. Solve the sequential compound option analytically, using the software.

2. Change the sequence of the costs. That is, set the first phase’s cost to
$700 and the second phase’s cost to $500. Compare your results. Explain
what happens. 

CASE STUDY: CHANGING STRIKES

A modification to the option types we have thus far been discussing is the
idea of changing strikes—implementation costs for projects may change over
time. Putting off a project for a particular period may mean a higher cost.
Keep in mind that changing strikes can be applied to any previous option
types as well; in other words, one can mix and match different option types.
Suppose implementation of a project in the first year costs $80 million but
increases to $90 million in the second year due to expected increases in the
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cost of raw materials and input costs. Using Monte Carlo simulation, you
calculate the implied volatility of the logarithmic returns on the projected
future cash flows to be 50 percent. The risk-free rate on a riskless asset for
the next two years is found to be yielding 7.0 percent. The static valuation
of future profitability using a discounted cash flow model (in other words,
the present value of the future cash flows discounted at an appropriate mar-
ket risk-adjusted discount rate) is found to be $100 million. Do the follow-
ing exercises, answering the questions posed:

1. Solve the changing strikes option analytically, using the software. How-
ever, change the maturity to five years instead for the software. Use the
binomial lattice of five steps.

2. Rerun the analysis after changing the first year’s costs to $90 million
and the second year’s costs to $80 million. Explain the results. Are they
intuitive?

CASE STUDY: CHANGING VOLATILITY

Instead of changing strike costs over time, in certain cases volatility on cash
flow returns may differ over time. Assume a two-year option in which volatil-
ity is 20 percent in the first year and 30 percent in the second year. In this
circumstance, the up and down factors are different over the two time peri-
ods. Thus, the binomial lattice will no longer be recombining. Assume an asset
value of $100, implementation costs of $110, and a risk-free rate of 10 per-
cent. (Note that changing volatility options can also be solved analytically
using non-recombining trees—see the section on non-recombining lattices). 

1. Solve the problem analytically, using the software.
2. Change the first volatility to 30 percent and the second to 20 percent.

What happens?

CASE STUDY: OPTION TO CONTRACT AND ABANDON

1. Solve the following Contraction and Abandonment option: Asset value
of $100, five-year economic life, 5 percent annualized risk-free rate of
return, 25 percent annualized volatility, 25 percent contraction with a
$25 savings, and a $70 abandonment salvage value.

2. Show and explain what happens when the salvage value of abandonment
far exceeds any chances of a contraction. For example, set the salvage
value at $200. 

3. In contrast, set the salvage value back to $70, and increase the contrac-
tion savings to $100. What happens to the value of the project?
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4. Solve just the contraction option in isolation. That is, set the contraction
savings to $25 and explain what happens. Change the savings to $100
and explain the change in results. What can you infer from dominant
option strategies?

5. Solve just the abandonment option in isolation. That is, set the salvage
value to $70, and explain what happens. Change the salvage value to
$200, and explain the change in results. What can you infer from dom-
inant option strategies? 

CASE STUDY: BASIC BLACK-SCHOLES 
WITH DIVIDENDS

The Black-Scholes equation is applicable for analyzing European-type
options—that is, options that can be executed only at maturity and not
before. The original Black-Scholes model cannot solve an option problem
when there are dividend payments. However, extensions of the Black-Scholes
model, termed the Generalized Black-Scholes model, can accommodate a
continuous dividend payout for a European Option. 

Do the following exercises and answer the questions posed, assuming
that a European call option’s asset value and strike cost are $100, subject to
25 percent volatility. The maturity on this option is five years, and the cor-
responding risk-free rate on a similar asset maturity is 5 percent. 

1. Using the software, calculate the European call option. 

2. Compare your results using 5, 10, 50, 100, 300, 500, 1,000, and 5,000
steps in the super lattice routine. Explain what happens when the num-
ber of steps gets higher.

3. Now assume that a continuous dividend payout yielding 3 percent exists.
What happens to the value of the option?

4. Show that the value of an American option is identical to the European
option when no dividends are paid. That is, it is never optimal to exe-
cute an American call option early when no dividend payouts exist.

5. Show that as a 3 percent dividend yield exists, the value of the American
call option exceeds the value of a European option. Why is this so?

CASE STUDY: BARRIER OPTIONS

Barrier options are combinations of call and put options such that they become
in-the-money or out-of-the-money when the asset value breaches an artifi-
cial barrier. 

Standard single upper barrier options can be call-up-and-in, call-up-and-
out, put-up-and-in, and put-up-and-out. Standard single lower barrier options
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can be call-down-and-in, call-down-and-out, put-down-and-in, and put-down-
and-out. Double barrier options are combinations of standard single upper
and lower barriers. 

1. Using the double barrier option, change each input parameter, and explain
the effects on the up-and-in and down-and-in call option, up-and-in and
down-and-in put option, up-and-out and down-and-out call option, and
up-and-out and down-and-out put option. Explain your observations
when the barrier levels change or when volatility increases.

2. Replicate the analysis using a standard lower barrier option.

3. Replicate the analysis using a standard upper barrier option.

CASE STUDY: SWITCHING OPTION

A switching option looks at the flexibility of being able to switch resources,
assets, or technology. This ability to switch use provides added value to a proj-
ect as a risk-hedging mechanism, in case the value of another technology or
project becomes more profitable in the future, subject to a switching cost.

1. Calculate the value of switching technologies assuming that the first tech-
nology is worth $100, but the second is worth only $90. Assume a five-
year maturity, 10 percent switching costs, and a negligible 0.001 percent
risk-free rate. The first asset has a volatility of 20 percent, while the sec-
ond has 35 percent volatility. Further, assume a cross-correlation coeffi-
cient of �0.2. How does the switching option compare with a static NPV? 

2. Change the correlation coefficient to �0.2. What happens to the value
of the switching option? Explain.

3. Run a series of switching option calculations. Change the following input
parameters and explain what happens to the value of the switching option:

a. Second asset’s volatility.

b. Present value of the first asset.
c. Present value of the second asset.

d. Cost multiplier.
e. Time to expiration.
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CHAPTER 1

1. What are some of the characteristics of a project or a firm that is best
suited for a real options analysis? The project has to be faced with uncer-
tainty, management must have flexibility to make mid-course corrections
when uncertainty becomes resolved over time, and management must be
credible enough to execute the profit-maximizing behavior at the appro-
priate time.

2. Define the following:

a. Compound option. The value of an option depends on the value of
another option executed either concurrently or in sequence.

b. Barrier option. The value of an option depends on the asset’s breach-
ing an artificial barrier.

c. Expansion option. The value of an option where a project has the
strategic ability but not the obligation to expand its existing operations.

3. If management is not credible in acting appropriately through profit-
maximizing behavior, are strategic real options still worth anything?
No. All the strategic options in the world are worthless if they will all
be left to expire without execution because management does not act
appropriately.

CHAPTER 2

1. What are the three traditional approaches to valuation? The market
approach, the income approach, and the cost approach.

2. Why should benefits and costs be discounted at two separate discount
rates? Benefits and costs have different sets of risks. Benefits are usually
driven by a project’s or firm’s revenues, which are subject to market risks
and uncertainty; hence, benefits should be discounted at the market risk-
adjusted rate of return. In retrospect, costs are usually faced with private
risk, which means that the market will not compensate the project for this
risk; hence, costs should be discounted at the risk-free rate.

answers to chapter questions
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3. Is the following statement true? Why or why not? “The value of a firm is
simply the sum of all its individual projects.” False. The value of a firm is
greater than the sum of its parts. This is due to network effects, diversi-
fication, synergy, and the ability to leverage on existing projects to pro-
vide growth options for the future.

4. What are some of the assumptions required in order for the CAPM to
work? Investors are risk-averse individuals who maximize their expected
utility of their end-of-period wealth; investors are price-takers and have
homogeneous beliefs and expectations about asset returns; there exists a
risk-free asset and investors may borrow or lend unlimited amounts at
the risk-free rate; the quantities of assets are fixed and all assets are mar-
ketable and perfectly divisible; asset markets are frictionless and infor-
mation is costless and available to all investors; and there are no market
imperfections like taxes, regulations, or restrictions on short sales.

5. The answer is available for downloading by registered faculty members
on the John Wiley & Sons, Inc., Web site (www.Wiley.com).

CHAPTER 3

1. Can an option take on a negative value? No, the value of an option is
always positive or zero, by definition. However, the value of an option
may be surpassed by the premium required to create the strategic option
to begin with. Hence, the net value may be negative, but the option itself
is never negative.

2. Why are real options sometimes viewed as strategic maps of convoluted
pathways? In traditional analyses, the discounted cash flow assumes that
all decisions are made at the outset, with no recourse for mid-course cor-
rections. In retrospect, real options analysis assumes that future outcomes
are uncertain and that management has the strategic flexibility to make
mid-course corrections whenever it deems appropriate, when some of these
uncertainties become known. That is, management sees projects as hav-
ing different potential outcomes, akin to a strategic roadmap, which it
can navigate.

3. Why are real options seen as risk reduction and revenue enhancement
strategies? Because real options imply that certain projects should not be
executed if conditions are poor, or that instituting certain strategic options
increases the value of the project. Thus, real options mitigate downside
risks. This is the risk reduction effect, while the revenue enhancement
effect comes from the ability of real options to leverage certain exogenous
business conditions, such as expanding when conditions are appropriate,
to capture the upside potential of a project.

4. Why are the real options names usually self-explanatory and not based
on names of mathematical models? Using basic names is important—when
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it comes to explaining the process and results to management, it makes it
easier for management to understand, and therefore increases the chances
of acceptance of the methodology and results. The use of mathematical
or formulaic names is irrelevant and serves no special purpose here.

5. What is a Tornado diagram as presented in Figure 3.5’s example? A tor-
nado diagram is named for its shape—it lists the variables that drive an
analysis, where the most sensitive variables are listed first, in descending
order of magnitude. For example, in a net present value analysis, a tornado
diagram will list the inputs that the net present value is most sensitive
to. Armed with this information, the analyst can then decide which key
variables are highly uncertain in the future and which are deterministic.
The uncertain key variables that drive the net present value and hence the
decision are called critical success drivers. These critical success drivers are
prime candidates for Monte Carlo simulation.

CHAPTER 4

1. What is Monte Carlo simulation? Monte Carlo simulation is a generic
type of parametric simulation, that is, a simulation where the particu-
lar variable to be simulated is assumed to follow certain distributional
parameters, hence the term parametric. The variable under simulation is
replaced with randomly generated numbers from the specified distribu-
tion and its associated parameters thousands of times. This is akin to cre-
ating thousands of scenario analyses. The result of a simulation is usually
a distribution of forecasts of the variable of interest, complete with prob-
abilities of outcomes.

2. What is portfolio optimization? Portfolio optimization considers the inter-
connected behavior and diversification effects of multiple projects grouped
into a portfolio. The goal of portfolio optimization is usually to maxi-
mize a certain variable (returns, profits, profit-to-risk index) or to mini-
mize a certain variable (cost, risks, and so forth) in the context of a
rolled-up portfolio, while considering the project’s interrelationships.
These goals are achieved subject to certain requirements or constraints
(budget, timing resources, and so forth). The results are usually a set of
criteria on how resources should be optimally allocated across multiple
projects to meet these goals.

3. Why is update analysis required in a real options analysis framework?
Because real options analysis is a dynamic decision analysis, where there
is value in uncertainty, updates are required because when uncertainty
becomes resolved through the passage of time, decisions need to be made.
Update analysis reflects the decisions made and what future actions may
be appropriate going forward.
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4. What is problem-framing? Problem-framing is viewing the project under
analysis within a real options paradigm—in other words, identifying
where strategic flexibility value exists and how management can exert its
flexibility in decision-making and create value.

5. Why are reports important? Reports are important because they provide
a concise and coherent view of the analytical process as well as the results
obtained through this process.

CHAPTER 5

1. What do you believe are the three most important differences between
financial options and real options? The length of maturity in real options
far surpasses that of a financial option. The underlying assets in finan-
cial options are highly liquid and tradable, and historical data are avail-
able. In real options, assets are usually nontradable and illiquid. The value
of a financial option is relatively small compared to significant values in
real options.

2. In the Flaw of Averages example, a nonparametric simulation approach is
used. What does nonparametric simulation mean? Nonparametric means
no parameters. That is, nonparametric simulation does not make any dis-
tributional and parameter assumptions. Instead, the simulation uses his-
torical data.

3. In simulating a sample stock price path, a stochastic process called Geo-
metric Brownian Motion is used. What does a stochastic process mean?
A stochastic process is the opposite of a deterministic process. That is, the
outcome of a stochastic process cannot be predicted in advance; instead,
it has an uncertainty variable that changes at every simulation trial. A
stochastic process can be easily valued through Monte Carlo simulation.

4. What are some of the restrictive assumptions used in the Black-Scholes
equation? The stocks underlying the call or put options provide no div-
idends during the life of the option; there are no transaction costs involved
with the sale or purchase of either the stock or the option; the short-term
risk-free interest rate is known and is constant during the life of the option;
the security buyers may borrow any fraction of the purchase price at the
short-term risk-free rate; short-term selling is permitted without penalty,
and sellers immediately receive the full cash proceeds at today’s price for
securities sold short; call or put options can be exercised only on their
expiration date; security trading takes place in continuous time, and stock
prices move in continuous time.

5. The answer is available for downloading by registered faculty members
on the John Wiley & Sons, Inc., Web site (www.Wiley.com).
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CHAPTER 6

1. Why does solving a real options problem using the binomial lattices ap-
proach the results generated through closed-form models? The underlying
mathematical structures of both approaches are identical. That is, closed-
form models are derived through stochastic differential calculus to obtain
the results of a continuous simulation process. In retrospect, the binomial
lattices approximate this continuous process through the creation of a dis-
crete simulation. Hence, when the number of steps in a binomial lattice
approaches infinity, such that the time between steps in a lattice approaches
zero, the discrete lattice simulation becomes a continuous simulation;
thus, the results are identical.

2. Is real options analysis a special case of discounted cash flow analysis,
or is discounted cash flow analysis a special case of real options analy-
sis? Discounted cash flow analysis is a special case of real options analy-
sis. This is because when all uncertainty is resolved (volatility equals zero),
or at the point of expiration with no time left for the option, the value
of the project is exactly the discounted cash flow result, because the real
options value is zero at that point.

3. Explain what a risk-neutral probability means. Risk-neutralization means
taking the risk away from something. Risk-neutral probability means to
risk-adjust the asset values at each node by taking away the risk through
an adjustment of the probabilities that lead to these asset values in the
first place. It is used in valuing options with binomial lattices.

4. What is the difference between a recombining lattice and a non-
recombining lattice? In recombining lattices—a binomial lattice, for
example—the middle branches of the lattice converge to the same result;
in a non-recombining lattice, they do not. Sometimes non-recombining
trees are required, especially when there are two or more stochastic under-
lying variables, or when volatility of the single underlying variable changes
over time.

5. The answer is available for downloading by registered faculty members
on the John Wiley & Sons, Inc., Web site (www.Wiley.com).

CHAPTER 7

Answers are available for downloading by registered faculty members on the
John Wiley & Sons, Inc., Web site (www.Wiley.com).

CHAPTER 8

1. Decision trees are considered inappropriate when used to solve real
options problems. Why is this so? Decision trees are great for setting 
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up a real options problem as well as presenting the results. However,
stand-alone decision trees are inadequate in solving real options prob-
lems. This is because subjective probabilities have to be assigned to each
branch on a decision tree, and in a complex tree, incorrect probabilities
will be compounded over different periods and the errors will grow the
further out in time. In addition, because decision trees have different
strategies attached to each decision node, the values assigned to each
node have to be discounted using a different market risk-adjusted dis-
count rate. Establishing the correct risk-based discount rate at each node
is fairly difficult to do, and errors tend to compound over time.

2. What are some of the assumptions required for risk-neutral probabilities
to work? Risk-neutral probabilities can be applied to binomial lattices and
not to decision trees because of some of their underlying assumptions.
Recall that in order for a risk-neutral probability to work, the underly-
ing asset evolution lattice needs to be created using discrete Brownian
Motion simulations. For example, a binomial lattice node has two bifur-
cations, one above and one below its current level, a property called the
Martingale process. This spreads out to multiple time periods. However,
in a decision tree analysis, the values on each strategy node in the future
do not necessarily have to be above as well as below the origin node or
have the same magnitude. Thus, using risk-neutralized probabilities in dis-
counting a decision tree back to its origination point will yield grossly
incorrect results.

3. What is stochastic optimization? Stochastic optimization is similar to a
simple optimization analysis with the exception that its inputs are sto-
chastic and changing. For instance, in Modern Portfolio Theory, the opti-
mal portfolio allocation of resources is obtained through the maximization
of returns and the minimization of risks, resulting in an efficient frontier,
which can be solved mathematically. However, in a stochastic optimiza-
tion problem, the inputs that drive returns and risks are stochastic and
changing at every instance. Hence, stochastic optimization that utilizes
Monte Carlo simulation is required to obtain the optimal values, rather
than being solved mathematically.

4. The answer is available for downloading by registered faculty members
on the John Wiley & Sons, Inc., Web site (www.Wiley.com).

CHAPTER 9

Answers are available for downloading by registered faculty members on the
John Wiley & Sons, Inc., Web site (www.Wiley.com).

360 ANSWERS TO CHAPTER QUESTIONS



CHAPTER 10

1. Instituting a cultural change in a company is fairly difficult. However,
real options analysis has a very good chance of being adopted at major
corporations. What are some of the fundamental characteristics required
in a new paradigm shift in the way decisions are made before real options
analysis is accepted in a corporate setting? The new shift in paradigm
must be applicable to solving particular problems, flexible enough to be
applicable across multiple types of problems, compatible with the old
approach, and able to provide significant value-added insights and com-
petitive advantage.

2. Why is explaining to management the relevant process and steps taken
in a real options analysis crucial? Management may find it difficult to
accept the results stemming from a series of black-box analyses. Instead,
if a series of logical and transparent steps are instituted and explained,
management buy-in may be simpler.

3. What does critical success factor mean? Critical success factors are the
key variables that are highly uncertain and variable, and that also drive
the value of the project, such that the success or failure of the project,
measured financially, is subject to these factors.

4. Why is risk analysis a recommended step in a real options analysis? Risk
analysis using Monte Carlo simulation provides a probability range of out-
comes that will make the analysis more robust and results more trust-
worthy. Simulation also accounts for the uncertainty in the input variables
that affect the analysis results.

5. Why is the use of payback period flawed? Payback period or break-even
analysis ignores the time value of money and ignores the highly valuable
stream of future cash flows beyond the break-even point. Making capital
investment decisions based solely on payback period will yield incorrect
and oftentimes disastrous decisions.
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CHAPTER 1. A NEW PARADIGM?

1. For a more detailed listing of articles, see Appendix 10A.

APPENDIX 1B. SCHLUMBERGER ON 
REAL OPTIONS IN OIL AND GAS

1. Unlike sandstones—which are made from mineral grains—carbonate
rocks (like chalk) are made up of much finer particles (the calcified
remains of plankton and other tiny sea creatures). As such, they have a
much smaller porosity but may still contain quantities of extractable
hydrocarbons that are found in fractures (from microns to meters in
length) that are common to such rocks.

2. R.C. Selley, Elements of Petroleum Geology— Second Edition, Academic
Press, 1998.

3. Pressure is needed to produce from the fluids from deep down in the
ground. Sometimes the reservoir has enough pressure of its own to allow
us to produce without any assistance. Other times we need to assist the
reservoir in some way (most commonly by injecting water). Once we
start producing oil (and/or gas), reservoir pressure goes down—as with
a toy water pistol, which when fully primed can produce a high-pressure
stream of water; but once the pressure is lower, the water jet becomes
weak and eventually dies out. The same occurs in a reservoir, so it is
important to maintain the pressure necessary to maintain flow.

4. Often (especially in the latter stages of the life of a reservoir) oil flows in
conjunction with water and sometimes solid particles (like sand and pos-
sibly scale deposits). These flows need to be treated in a separator before
being sent off along a pipeline (or vessel) to be refined. 

5. FPSO: Floating Production and Storage Operation. These can have sev-
eral forms—storage can be made on the rig and then offloaded by a buoy
to a dedicated tanker that commutes back and forth from the refinery.

6. Oil (and gas) is considered to “sweep” through a reservoir. We may
observe areas of a field which, for some reason, have not been swept
thereby residual deposits remain to be exploited.

endnotes
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7. J. Paddock, D. Siegel, and J. Smith, “Option Valuation of Claims on Phys-
ical Assets: The Case of Offshore Petroleum Leases,” Quarterly Journal
of Economics 103, no. 3 (1988), 479–508.

8. T.A. Luehrman, “Extending the Influence of Real Options: Problems
and Opportunities,” paper SPE 71407, presented at the 2001 Annual
Technical Conference and Exhibition, New Orleans, Louisiana, Septem-
ber 30 to October 3, 2001.

APPENDIX 1C. INTELLECTUAL PROPERTY 
ECONOMICS ON REAL OPTIONS IN PATENT 
AND INTANGIBLE VALUATION

1. Source: Brookings Institute.

2. See Business Week Online, “Royalties: A Royal Pain for Net Radio,” by
Stephen Wildstrom, McGraw-Hill Publishing, Mar. 29, 2002.

APPENDIX 1E. SPRINT ON REAL OPTIONS
IN TELECOMMUNICATIONS

1. Federal Communications Commission, Trends in Telephone Service, Aug.
2001, pg. 16-3.

2. Federal Communications Commission, Trends in Telephone Service, Aug.
2001, pg. 12-3.

3. AT&T 10-K.

CHAPTER 2. TRADITIONAL VALUATION APPROACHES

1. The NPV is simply the sum of the present values of future cash flows
less the implementation cost. The IRR is the implicit discount rate that
forces the NPV to be zero. Both calculations can be easily performed in
Excel using its “NPV( . . . )” and “IRR( . . . )” functions.

2. See Appendix 2B for a more detailed discussion on discount rate models.

3. A multiple regression or principal component analysis can be performed
but probably with only limited success for physical assets as opposed to
financial assets because there are usually very little historical data avail-
able for such analyses. 

4. Chapter 5 and its corresponding appendixes detail the steps and require-
ments for a Monte Carlo simulation.

5. Appendix 2A provides details on calculating free cash flows from finan-
cial statements.
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APPENDIX 2B. DISCOUNT RATE VERSUS 
RISK-FREE RATE

1. Use the after-tax cost of debt because interest paid on debt is tax de-
ductible. We need to include this tax shield. Therefore, Cost of Debt �
Interest Paid � Taxes Saved. Similarly, we have Cost of Debt � Kd �
TKd � Kd (1 � T ).

2. The cost of preferred stock is Kps � Dps � Pnet , where D is the dividend
paid (assumed to be a perpetuity) and P is the net or clean price paid
on the preferred stock after taking into account any accrued interest and
carrying costs. 

3. There are generally three accepted methods to calculating the cost of
equity: (a) The CAPM Approach uses Ks � Kr f � �i (Km � Krf), where � is
the beta-risk coefficient of the company’s equity, Km is the equity market
portfolio rate of return, and Krf is the corresponding maturity’s risk-free
Treasury rate. (b) The Discounted Cash Flow (Gordon Growth Model)
assumes Ks � [D1 � P0(1 � F )] � g, where g � Retention Rate � Return
on Equity and F is the floatation cost. (c) The Risk Premium over Bond
Yield approach assumes that Ks � Bond Yield � Risk Premium, corre-
sponding to the appropriate risk structure.

4. Suppose you have an asset that costs $100 and increases to $110 in the
first period but reverts to $100 the second period. The return in period
one is 10%, and the return in period two is �9.09%. Hence, the arith-
metic average of both periods’ returns is 0.455%, but it is illogical
because you ended up with what you started off with. The geometric
average is calculated as

2
�
1
1
1
0
0
0

� �� �
1
1
0
1
0
0

�� � 1 � 0%,

which seems more logical.
5. Book value is generally used because it captures the value of the security

when it was issued. However, critics have argued that the market value
more closely reflects the current situation the firm faces when operating
in its current condition. Furthermore, market values tend to be forward-
looking, and book values tend to be backward-looking. Because the val-
uation analysis looks at forecast values, we can argue for the use of market
value weightings. The problem with that logic is magnified when there
is significant volatility in the equity and debt market due to speculation.

6. The assumptions for the CAPM include the following: investors are risk-
averse individuals who maximize their expected utility of their end-of-
period wealth; investors are price-takers and have homogeneous beliefs
and expectations about asset returns; there exists a risk-free asset, and
investors may borrow or lend unlimited amounts at the risk-free rate;

Endnotes 365



the quantities of assets are fixed and all assets are marketable and per-
fectly divisible; asset markets are frictionless, and information is costless
and available to all investors; and there are no market imperfections like
taxes, regulations, or restrictions on short sales.

7. The CAPM requires that in equilibrium the market portfolio be efficient.
It must lie on the upper half of the minimum variance opportunity set
where the marginal rate of substitution equals the marginal rate of trans-
formation (MRS � MRT). The efficiency can be established based on
homogeneous expectation assumptions. Given this, they will all perceive
the same minimum variance opportunity set. The market portfolio must
hence be efficient because the market is simply the sum of all holdings
and all individual holdings are efficient. Given market efficiency, the mar-
ket portfolio M where all assets are held according to their market value
weights by simple algebraic manipulation, that is, equating the slope of
the capital market line with the slope of the opportunity set, we can
derive the following expression: E(Ri) � Rf � [E(Rm) � Rf] (i,m/2

m).
This CAPM model can also be derived using the MRT � MRS conven-
tion, where a linear programming method is used to solve for minimum
variance opportunity set and the maximum expected return efficiency set. 

8. For instance, multicollinearity, autocorrelation, random walk (nonsta-
tionarity), seasonality, and heteroskedasticity pose a problem in macro-
economic time-series. The model should be developed carefully.

CHAPTER 3. REAL OPTIONS ANALYSIS

1. These figures are for illustrative purposes. We will work through simi-
lar problems as well as more complicated real option models in later
chapters.

2. This is obtained using the Gordon constant growth model for collapsing
all future cash flows into a single figure. See Appendix 2A on financial
statements analysis for details.

CHAPTER 4. THE REAL OPTIONS PROCESS

1. Chapter 2 provides a good in-depth overview of using discounted cash
flow analysis, while Appendix 5C provides an overview of forecasting
approaches.

2. See Appendix 5B on Monte Carlo simulation for the technical details
on how specific distributions are chosen and what some of the simula-
tion conditions are. 

3. Chapter 7 provides the technical step-by-step approach to applying real
options analysis for multiple types of options. Chapter 8 previews more
of the mathematical intricacies in options modeling.
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4. Appendix 5D explains the approach to portfolio optimization.

5. Chapter 10 shows a step-by-step series of reports and how to present
them to senior management, providing a novel way to explain and break
down a difficult series of black-box analysis into clear, concise, and
transparent procedures. 

CHAPTER 5. REAL OPTIONS, FINANCIAL OPTIONS,
MONTE CARLO SIMULATION, AND OPTIMIZATION

1. In an abandonment option, there is usually a maximum to the salvage
value; thus, the payoff function may actually look like a put but with a
limit cap on the upside.

2. In this example, the median is a better measure of central tendency.

3. See Appendix 8A for details on Geometric Brownian Motion.

APPENDIX 5C. FORECASTING

1. The following texts provide detailed explanations of time-series fore-
casting and regression analysis, arranged from more advanced to more
basic applications:

Time Series Analysis, by James D. Hamilton, Princeton University
Press, 1994.

Forecasting with Dynamic Regression Models, by Alan Pankratz,
Wiley Series in Probability and Mathematical Statistics, 1991.

Econometrics, edited by John Eatwell, Peter Newman, and Murray
Milgate, W.W. Norton, 1990.

Handbook of Financial Analysis, Forecasting and Modeling, by Jae
Shim and Joel Siegel, PrenticeHall, 1988.

CHAPTER 6. BEHIND THE SCENES

1. Appendix 7B shows the derivation of the Black-Scholes model, while
Appendix 8C shows some of the closed-form solutions of the General-
ized Black-Scholes model and other exotic options.

2. This is simply an illustration of the size and computational requirements
for an exact binomial approximation where data from all the simulated
trials are saved.

3. The simulated actual values are based on a Geometric Brownian Motion
with a volatility of 20 percent calculated as the standard deviation of the
simulated natural logarithms of historical returns.
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4. See Appendix 8A for details on Brownian Motions.
5. In certain rare cases, these equations need to be modified, cases when

multinomial trees are used or when there are complex stochastic processes
that need to be incorporated, including jump-diffusions or mean rever-
sion.

6. In reality, this drift rate in a Martingale process is the risk-free rate, which
is also used in discounting the binomial lattice values back in time.

7. This assumes a continuous discounting approach. The continuous com-
pounding approach (e�r f (� t)) is used throughout the book rather than 
a discrete discounting approach ((1 � rf )�� t) because both approaches
will provide identical results when a high number of time steps is used
(usually above 10 steps). In addition, because the enclosed software
allows the user to calculate a high number of time steps quickly, using
the continuous compounding approach will facilitate the convergence
of the results at a higher rate.

CHAPTER 7. REAL OPTIONS MODEL

1. A similar approach is to use the Roll-Geske-Whaley (RGW) approxi-
mation. Note that these approximation models cannot be readily or 
easily solved within an Excel environment but instead require some pro-
gramming scripts or the use of software. The Real Options Analysis
Toolkit software CD-ROM has these American approximation models 
as well as the ability to solve up to 5,000 time-steps in the binomial
approach.

2. Note that these approximation models cannot be readily or easily solved
within an Excel environment but instead require some programming
scripts or the use of software. Be aware that closed-form American option
approximation models can only provide benchmark values for an expan-
sion option.

3. There is an end-of-chapter problem analyzing the expansion option when
the competition grows at a different rate and faces different risk struc-
tures. The problem can be easily tackled using binomial lattices.

4. The model is shown in Appendix 8C. Note that these approximation
models cannot be readily or easily solved within an Excel environment
but instead require some programming scripts or the use of software.

APPENDIX 7A. VOLATILITY ESTIMATES

1. See Tom Copeland and Vladimir Antikarov’s “Real Options,” by Texere
Publishing.
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APPENDIX 7F. REALITY CHECKS

1. The modified internal rate of return (MIRR) takes the sum of the future
values of all cash flows and discounts it to equal the present value of
implementation costs. The discount rate that equates these two values
is the MIRR.

2. The Wilcoxon signed-rank statistic calculation is represented by

W(X, �) � �
n

i � 1
S(Xi � �)�(|Xi � �|),

where S is the sign function and � is the rank function. From here, the
p-value is calculated using 

P�� �� b*� � 1 � �.

APPENDIX 7G. APPLYING MONTE CARLO
SIMULATION TO SOLVE REAL OPTIONS

1. This is due to the mathematical properties of American options, which
require the knowledge of what the optimal stopping times and optimal
execution barriers are. Using simulation to obtain American-type options
is fairly difficult and is beyond the scope of this book.

2. The Excel spreadsheet is located in the Examples folder under the name
Simulated Options Model. Note that the example spreadsheet requires
that Crystal Ball’s simulation software be installed to run properly. To
obtain similar results shown above, simply open the spreadsheet and hit
the RUN icon. Finally, note that because Monte Carlo simulation is by
definition a random selection of values from predefined distributions,
the results may not match exactly those seen in the examples. Finally,
to obtain similar results in the charts, the range of results shown is set
from 0.01 to infinity in Crystal Ball®.

3. The Excel spreadsheet is located in the Examples folder under the name
Simulating Options Analysis. Note that the example spreadsheet requires
that Crystal Ball’s simulation software be installed to run properly. To
obtain similar results shown above, simply open the spreadsheet and hit
the RUN icon. Finally, note that because Monte Carlo simulation is by
definition a random selection of values from predefined distributions,
the results may not match exactly those seen in the examples.

W(�) � E(�)
���


�n(n �� 1)
6
(2n� � 1)
��
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CHAPTER 8. ADVANCED OPTIONS PROBLEMS

1. The derivation of this optimal value is beyond the scope of this book,
because it applies stochastic calculus analytics. Dixit and Pindyck’s
Investment under Uncertainty (1994) provides a good guide to some of
the analytics on stochastic derivations.

CHAPTER 9. REAL OPTIONS ANALYSIS TOOLKIT
SOFTWARE (CD-ROM)

1. Appendix 9A lists all 69 models available in the software, as well as their
corresponding Excel-based function calls.

APPENDIX 9C. RESOURCE OPTIMIZATION USING
CRYSTAL BALL’S® OPT-QUEST SOFTWARE

1. The example is provided in the CD-ROM, under the Excel file name
Resource Optimization. A preinstalled version of Crystal Ball Professional
is required to run the portfolio optimization example.

CHAPTER 10. RESULTS INTERPRETATION 
AND PRESENTATION

1. This is also sometimes referred to as the inverse of the coefficient of vari-
ation, and its concept is related to the profitability index, Tobin’s q-ratio,
the Sharpe ratio, and Jensen’s alpha measure.

370 ENDNOTES



A

Abandonment options, 25, 26, 30,
136, 245, 246

calculations, 171–175
case study, 345, 346
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233

Barone-Adesi-Whaley
approximation model, 83, 179
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Trade dress, 21
Traditional approaches, 5, 30, 55–57

discounted cash flow. See
Discounted cash flow analysis

limitations of, 82, 83
new analytics compared, 64, 65
real options analysis compared,

85–87, 318–321
Trigger points, 52
Trigger values

optimal values, 213–214,
250–252

Trinomial lattices, 81, 230, 231
and Brownian Motion, 153

Two-correlated-assets option
computation, 275, 276

U

Uncertainty. See also Volatility
binomial lattices as discrete

simulation of, 151–154
cash flows, 146–149
cone of uncertainty, 135,

151–152
effects on profit or cost savings,

214
investment justification, 22
oil and gas industry, 17
real options, value of, 149, 150
and update analysis, 96
and use of real options approach,

10, 29, 30, 135
and value of waiting, 214

Unity, 163
Up/down equation, 159, 161. See

also Binomial equations
Up factor, 145, 173, 176, 179, 182,

185, 191
Update analysis, 93, 96, 357
Upside potential, unlimited, 23, 26,

27, 102
Utilities industry

use of real options, 27

V

Valuation
approaches to, 355
binomial lattices. See Binomial

lattices
Black-Scholes. See Black-Scholes

model
closed-form equations. See

Closed-form approaches
cost approach, 56, 57
discounted cash flow analysis. See

Discounted cash flow analysis
income approach, 56
intangibles, 56, 57
lattices, 156, 157, 179, 180, 183,

187
market approach, 55, 56
Monte Carlo path-dependent

simulation methods. See
Monte Carlo simulation

option value, 24–26, 173
other approaches, 56, 57
partial-differential equations. See

Partial-differential equations
price-to-earnings multiples

approach, 69, 70
technologies, 48
traditional approaches, 55–57
trinomial lattices. See Trinomial

lattices
variance reduction, 139

Value
defined, 55
explicit, 25, 328
implicit, 25
intrinsic, 24
negative value, 356
optimum, 50
real options, 149, 150
salvage value, 174, 194, 279, 280
strategic value, 150, 328
value-added aspect of proposed

new method, 319
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Value (continued)
value of a firm, 355
waiting, value of, 214

Variables
decision variables, 126, 128, 129

Vega, 215, 218, 219
Venture capital firms

barrier options, 22, 23
expansion options, 20–23

Volatility, 151–154, 161, 165. See
also Uncertainty

annualizing, 202
changing volatility option. See

Changing volatility options
implied volatility test, 221, 222
methods of calculating, 197–202
nonrecombining lattice, use of,

236

W

Wait and see option, 28, 50, 83, 84
Waiting strategies

active and passive, 5
value of waiting, 214

Wall Street Journal, 4, 29

Web sites
Crystal Ball®, 310
Decisioneering, Inc., 310
service-based, 21
Wiley, 345

Weighted average cost of capital
(WACC), 74, 75, 79–81, 331

and discounted cash flow
analysis, 58, 60–62

Wilcoxon sign-rank test, 221

X

Xerox, 43
Xi, 215, 219

Y

Yahoo®, 21

Z

Zero growth perpetuity, 63
calculations, 68

Zero strategic option value, 165
Zero-sum game, 102
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